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Abstract

In this paper the mathematical modeling and trajectory planning of a 3D ro-

tating manipulator composed of a rotating-prismatic joint and multiple rigid

links is considered. Possible trajectories of the end-effector of the manipulator -

following a sequence of 3D target points under the action of two external driving

torques and an axial force - are modelled using zenithal gnomic projections and

polar piecewise interpolants expressed as polynomial Hermite-type functions.

Due to the geometry of the manipulator, the time dependent generalized coor-

dinates are associated with the spherical coordinates named the radial distance

related to the manipulator length, and the polar and azimuthal angles describ-

ing the left and right, and respectively up and down motion of the manipulator.

The polar trajectories (left and right motion) of the end-effector are generated

using a inverse geometric transformation applied to the polar piecewise inter-

polants that approximate the gnomic projective trajectory of the 3D via-points.

The gnomic via-points - located on a projective plane situated on the northern

hemisphere - are seen from the manipulator base location which represents the

center of rotation of the extensible manipulator. The related azimuthal trajec-

tory (up and down motion) is generated by polar piecewise interpolants on the
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azimuthal angles. Smoothness of the polygonal trajectory is obtained through

the use of piecewise interpolants with continuous derivatives, while the kine-

matics and dynamics implementation of the model is well suited to computer

implementation (easy calculation of kinematics variables) and simulation. To

verify the approach and validate the model a numerical example - implemented

in Matlab - is presented and the results are discussed.

.
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1. Introduction

The use of numerical methods in solving engineering problems [5, 10] has

increased considerably in recent years. The development of such numerical

methods including numerical integration and numerical solutions of PDE gen-

erated advancement in all fields of engineering: automatic production lines and

industrial robots represent some explicit examples. Extending industrial robot

capabilities along production lines represents a critical key element to reduce

production costs and improve productivity in industry. The ability to control

the motion along a desired trajectory [12] is imperative, especially when some

features required at high operating speeds - such as kinematics and dynamics

constraints [15], execution time [3, 6], smooth (hereby reducing wear on the

robot) trajectory generation [10] and jerk [7] - are considered.

Implicit and explicit methods [22] are considered for the design, simulation

and control of industrial robots. The implicit methods are based on a poten-

tial field while the explicit methods [22] can be split in discrete and continuous

methods called kinematic or dynamic motion planning [10, 26, 22]. Both the

kinematics and dynamics models are indispensable for the simulation and con-

trol of novel industrial robots. Therefore, adaptive control schemes for realistic

control of robotic arms should be considered [2] using trajectory planning and

manipulation [26] strategies. Such trajectory planning [24] should diminish the
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manipulator induced vibrations, execution time and wear.

The increased requirements of new manipulators [1] demand rigorous trajec-

tory planning studies which by the means of adequate control should generate

smooth (high order of continuity) trajectories. The trajectory of a mobile ma-

nipulator with flexible links that allows carrying a maximum load between two

specified positions was considered and formulated as a trajectory optimization

problem in [11]. An optimal control approach for finding the maximum carry-

ing load capacity based on an indirect (explicit) solution have been addressed

in [19]. The corresponding joint optimal path planning of end-effectors subject

to actuator torque limits is presented and solved in [20] using inverse kinematic,

associated Hamiltonian function and Pontryagins minimum principle. A new

method of a hierarchical optimal control through system decoupling have been

introduced in [21] for maximum allowable load calculation and path planning.

The trajectories used in path planning can have different representations,

among them, piecewise interpolating curves [16], parametric and/or geomet-

ric continuous splines [28, 13], or uniform cubic B-spline with parametric and

geometric continuity, have been usually considered [17, 14, 16, 17]. The inter-

polation of smooth curves for generating orientation trajectories with minimal

angular acceleration is presented in [17]. A new interpolation methodology for

the path-planning of an industrial robot and a set of prescribed kinematical

requirements is presented in [27]. Algebraic-trigonometric Hermite polynomial

curves that are very practical in generating smooth and continuous manipulator

motion are considered in [29]. Smooth (C1) univariate cubic (L1) interpolating

splines in polar and Cartesian coordinates are presented in [23], and cross and

circum-polar continuity based on the interpolation on a non-uniform latitude-

longitude are discussed in [14].

In this paper the modelling and simulation of 3D trajectory of the end-

effector of a rotating extensible manipulator arm composed of a rotating-prismatic

joint and multiple rigid links is considered. The geometric path of the manipu-

lator is generated using a inverse geometric transformation applied to the polar

planar curves that approximate the gnomic projective trajectory of the 3D via
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points and the related azimuthal trajectories on the azimuthal angles. Both the

polar and azimuthal trajectories are generated by polar piecewise interpolants

expressed as polynomial Hermite-type functions. To verify the proposed ap-

proach, a numerical simulation is performed and the results are discussed.

2. Mathematical modelling of the end-effector trajectory

Manipulator model. The rotating extensible manipulator arm is composed of

a rotating column base (link 1), a rotating slider joint (link 2) and a sliding

link (link 3) as shown in Fig. 1. The link 1 of the manipulator can rotate at

O0 - in the fixed Cartesian reference frame O0x0y0z0 (named reference frame

(0)) about the vertical axis O0z0 as shown in Fig. 2. The fixed reference frame

(0) is defined by the unit vectors i0, j0,k0. A mobile reference frame O1x1y1z1

(reference frame (1) attached to link 1) shown in Fig. 2 is also attached to the

rotating link (1). The mobile reference frame O1x1y1z1 is defined by O0 = O1,

O0z0 = O1z1, the unit vector k1 = k0, and the unit vectors i1, j1 that can rotate

about k0. Link 1 is connected to link 2 through pin joints B and B0 shown in

Fig. 3. The link 2 (Fig. 3) contains the slider joint which is rigidly attached

to it. The link 2 rotates relative to 1 about an axis passing through B0, and

B1. A fixed Cartesian reference frame O02x02y02z02 (named reference frame

(02) parallel to O0x0y0z0 (reference frame (0)) is defined at O02 = O2 by the

unit vectors i02, j02,k02. A mobile reference frame (2) of unit vectors i2, j2,k2

is also attached to link 2, as shown in Fig. 3. The sliding link (link 3) which

is interconnected with the slider (link 2) can slide in and out of the slider. The

length of link 1 is l1, the length of the link 2 is l2 and the length of the link 3

is l3.

Trajectory generation. The geometric path of the end-effector (Fig. 1 is spec-

ified in the fixed Cartesian reference frame O02x02y02z02 by piecewise inter-

polants between the via-points P1, P2, ..., Pk, ..., Pn (Fig. 1). The geometric

path of the end-effector is given in spherical coordinates by the position vector

rPik
= lPik

sinϕPik
cos θPik

i02 + lPik
sinϕPik

sin θPik
j02 + lPik

cosϕPik
k02 (1)
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Figure 1: Rotating extensible manipulator model

where Pik represents the interpolating points along the piecewise curve defined

by the via-points Pi and Pi+1, lPik
= d (O02, Pik) is the radial distance/radius

from the point O02 of the fixed reference frame O02x02y02z02 to the point Pik ,

lPi = d (O02, Pi) is the distance from O02 to the point Pik , zPik
, θPik

is the polar

angle given in an anticlockwise direction, and ϕPik
is the azimuthal angle.

The end-effector of the manipulator arm should move along the via-points

P1, P2, ..., Pk, ..., Pn set by the user (Fig. 1). To generate the geometric path e.g.,

to interpolate between the data, one can consider the perspective projections

of the via-points - viewed from the origin O02 (which represents the centre of

projection) of the reference frame O02x02y02z02 - to a plane N perpendicular

to the axis O020z02 and located at the distance lMax = max{lPi}i=0,Ni
from

the origin O02 (and tangent to the sphere of radius lMax centred in O02) as

shown in Fig. 4. Due to the geometry of the manipulator arm, polar zenithal

gnomic projections are associated with the perspective projections denoted by

5



P ′i
(
rP ′

i
, θi, ϕi

)
= P ′i

(
XP ′

i
, YP ′

i
, ZP ′

i

)
and calculated using

XP ′
i
− xO02

xPi − xO02

=
YP ′

i
− yO02

yPi − yO02

=
ZP ′

i
− zO02

zPi − zO02

ZP ′
i

= lMax = max{lP ′
i
}i=0,Ni

(2)

or equivalent by 
XP ′

i
= xO02

+
xPi − xO02

zPi
− zO02

(lMax − zO02
)

YP ′
i

= yO02
+
yPi
− yO02

zPi − zO02

(lMax − zO02
)

(3)

that is the intersection of the lines O02Pi passing by O02 and Pi with the plane

N . The associated radii RP ′
i

= d (O′, P ′i ) located in the projective plane N are

calculated from Eq. (3) as

RP ′
i

= d (O′, P ′i ) =

√(
XP ′

i

)2
+
(
YP ′

i

)2

=

√√√√√√√√
(
xO02

+
xPi
− xO02

zPi
− zO02

(lMax − zO02
)

)2

+

(
yO02

+
yPi
− yO02

zPi
− zO02

(lMax − zO02
)

)2
(4)

Since in a gnomic projection the projection center is the center of the refer-

ence frame, that is, xO02
= 0, yO02

= 0, and zO02
= 0, Eq. (4) can be written

as

RP ′
i

Gnomic
= d (O′, P ′i ) =

√(
XP ′

i

)2
+
(
YP ′

i

)2
=

√(
xPi

zPi

(lMax)

)2

+

(
yPi

zPi

(lMax)

)2

=
ρPi

zPi

lMax (5)

The gnomic projections P ′i and P ′i+1 of the 3D via points Pi and Pi+1 on the

projective plane N are shown in Fig. 4. To interpolate between the gnomic

via-points P ′i , i = 0, Ni (Fig. 4) a piecewise polar interpolation was considered.

For each interval
[
θP ′

i
, θP ′

i+1

]
= [θi, θi+1]i=0,Ni−1 and associated radii RP ′

i
and

RP ′
i+1

of the consecutive points P ′i and P ′i+1, a piecewise polar interpolant that

approximates trajectory in the projective plane N (Fig. 4) can be expressed as
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a Hermite-type function [8, 9, 16, 23] defined by

R(θ) =

q∑
k=0

cik
(
θ − θP ′

i

)k
=

q∑
k=0

cik (θ − θi)k (6)

where q is the order of the polynomial to be considered (the order is 3 in this

approximation), ci0 = RP ′
i
, ci1 = ṘP ′

i
, ci2 =

1

hP ′
i

[(
2ṘP ′

i
+ ṘP ′

i+1

)
+ 3∆RP ′

i

]
,

ci3 =
1

h2P ′
i

[
ṘP ′

i
+ ṘP ′

i+1
− 2∆RP ′

i

]
, RP ′

i
= R

(
θP ′

i

)
, RP ′

i+1
= R

(
θP ′

i+1

)
, hP ′

i
=

θP ′
i+1
− θP ′

i
, ∆yP ′

i
=
RP ′

i+1
−RP ′

i

hP ′
i

, and where θP ′
i

= θi and θP ′
i+1

= θi+1. The

derivatives at the endpoints P ′i and P ′i+1 are calculated as Ṙ
(
θP ′

i

)
=
dR
(
θP ′

i

)
dθ

=

ṘP ′
i

and Ṙ
(
θP ′

i+1

)
=
dR
(
θP ′

i+1

)
dθ

= ṘP ′
i+1

respectively.

The 3D trajectories of the end-effector derived from Eq. (5) can be calculated

using the geometric transformation below

x =
1

lMax
R (θ) l(ϕ) cos θ, y =

1

lMax
R (θ) l(ϕ) sin θ, z = z(θ) (7)

The length l(ϕ) which relates trajectory height with the arm length is com-
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puted using a piecewise polar interpolation related to the azimuthal angles. For

each interval
[
ϕPi

, ϕPi+1

]
= [ϕi, ϕi+1]i=0,Ni−1 and associated radii length lPi

and lPi+1
of the consecutive points Pi and Pi+1, a piecewise polar interpolant

that approximates the trajectory along the polar angles can be expressed as a

Hermite-type function [8, 9, 16, 23] defined by

l(ϕ) =

q∑
k=0

bik (ϕ− ϕPi
)
k

=

q∑
k=0

bik (ϕ− ϕi)k (8)

where q is the order of the polynomial to be considered (the order is 3 in this

approximation), bi0 = lPi , b
i
1 = l̇Pi , b

i
2 =

1

hPi

[(
2l̇Pi + l̇Pi+1

)
+ 3∆lPi

]
, bi3 =

1

h2Pi

[
l̇Pi + l̇Pi+1 − 2∆lPi

]
, lPi = l (ϕPi), lPi+1 = l

(
ϕPi+1

)
, hPi = ϕPi+1 − ϕPi ,

∆yPi =
lPi+1

− lPi

hPi

, and where ϕPi = ϕi and ϕPi+1 = ϕi+1. The derivatives

at the endpoints Pi and Pi+1 are calculated as l̇ (ϕPi
) =

dl (ϕPi
)

dϕ
= l̇Pi

and

l̇
(
ϕPi+1

)
=

dl
(
ϕPi+1

)
dϕ

= l̇Pi+1
respectively. The 3D trajectories of the end-

effector can now be calculated using the geometric transformation below

x =
R (θ) l(ϕ) sinϕ cos θ

lMax
, y =

R (θ) l(ϕ) sinϕ sin θ

lMax
, z = r(ϕ) cosϕ (9)

Path Planning. The geometric path of the end-effector considered in Eq. (1) can

be parameterized using the unit tangent, unit normal, and the unit binormal

vector eθ, er and eϕ expressed as er = sin θ cosϕi0 + sin θ sinϕj0 + cos θk0,

eθ = cos θ cosϕi0 + cos θ sinϕj0 − sin θk0, and eϕ = − sin θi0 + cosϕj0 by

r = ler

v = l̇er + lθ̇eθ + lϕ̇ sin θeϕ

a =
(
l̈ − lθ̇2 − lϕ̇2 sin2 θ

)
er

+
(
lθ̈ + 2l̇θ̇ − lϕ̇2 sin θ cos θ

)
eθ

+
(
lϕ̈ sin θ + 2l̇ϕ̇ sin θ + 2lθ̇ϕ̇ cos θ

)
eϕ (10)
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The first and second derivative of R = R(θ) and l = l(ϕ) in Eq. (6) and Eq. (8)

can be calculated using

Ṙ(θ) = θ̇

3∑
k=0

cikk (θ − θi)k−1

R̈(θ) = θ̈

3∑
k=1

cikk (θ − θi)k−1 + θ̇2
3∑
k=2

cik(k − 1)k (θ − θi)k−2

l̇(ϕ) = ϕ̇

3∑
k=0

bikk (ϕ− ϕi)k−1

l̈(ϕ) = ϕ̈

3∑
k=1

bikk (ϕ− ϕi)k−1 + ϕ̇2
3∑
k=2

bik(k − 1)k (ϕ− ϕi)k−2 (11)

The position vector of the end-effector can be expressed in terms of Eq. (6),

Eq. (8) and Eq. (9) by

rx =
1

lMax
R (θ) l(ϕ) sinϕ cos θ

=
1

lMax

q∑
k=0

cik (θ − θi)k
q∑

k=0

bik (ϕ− ϕi)k sinϕ cos θ

ry =
1

lMax
R (θ) l(ϕ) sinϕ sin θ

=
1

lMax

q∑
k=0

cik (θ − θi)k
q∑

k=0

bik (ϕ− ϕi)k sinϕ sin θ

rz = l(ϕ) cosϕ

=

q∑
k=0

bik (ϕ− ϕi)k cosϕ (12)

The end-effector velocity vector can now be calculated using Eq. (6), Eq. (8)

and Eq. (9) by

vx =
1

lMax

[
Ṙ (θ) l(ϕ) sinϕ cos θ +R(θ)l̇(ϕ) sinϕ cos θ

+R(θ)l(ϕ)ϕ̇ cosϕ cos θ −R(θ)l(ϕ)θ̇ sinϕ sin θ
]

vy =
1

lMax

[
Ṙ (θ) l(ϕ) sinϕ sin θ +R(θ)l̇(ϕ) sinϕ sin θ

+R(θ)l(ϕ)ϕ̇ cosϕ sin θ +R(θ)l(ϕ)θ̇ sinϕ cos θ
]

vz = l̇(ϕ) cosϕ− l(ϕ)ϕ̇ sinϕ (13)
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or equivalent

vx =
1

lMax

[
θ̇

3∑
k=0

cikk (θ − θi)k−1
q∑

k=0

bik (ϕ− ϕi)k sinϕ cos θ

+ϕ̇

q∑
k=0

cik (θ − θi)k
3∑
k=0

bikk (ϕ− ϕi)k−1 sinϕ cos θ

+ϕ̇

q∑
k=0

cik (θ − θi)k
q∑

k=0

bik (ϕ− ϕi)k cosϕ cos θ

−θ̇
q∑

k=0

cik (θ − θi)k
q∑

k=0

bik (ϕ− ϕi)k sinϕ sin θ

]

vy =
1

lMax

[
θ̇

3∑
k=0

cikk (θ − θi)k−1
q∑

k=0

bik (ϕ− ϕi)k sinϕ sin θ

+ϕ̇

q∑
k=0

cik (θ − θi)k
3∑
k=0

bikk (ϕ− ϕi)k−1 sinϕ sin θ

+ϕ̇

q∑
k=0

cik (θ − θi)k
q∑

k=0

bik (ϕ− ϕi)k cosϕ sin θ

+θ̇

q∑
k=0

cik (θ − θi)k
q∑

k=0

bik (ϕ− ϕi)k sinϕ cos θ

]

vz = ϕ̇

3∑
k=0

bikk (ϕ− ϕi)k−1 cosϕ−
q∑

k=0

bik (ϕ− ϕi)k ϕ̇ sinϕ (14)

Kinematics. To characterize the instantaneous position of the manipulator, e.g.,

centers of mass C0, C1, and C2, of each link (link 0, link 1 and link 2) of the

manipulator, the generalized coordinates θ, ϕ and lC3
are considered. The same

reference frames as before are now considered. The first generalized coordinate

θC1
denotes the radian measure between the axes O0z0 and O1z1 described by

the unit vectors i0 and i1. The second generalized coordinate ϕC2
designates

the radian measure of rotation of the angle between the axes O1z1 and O2z1

described by the frames (1) and (2). The last generalized coordinate lC3 is the

distance from the point O2 to the centre of the mass C3 of the 3-rd link.

To describe the orientation of a coordinate frame relative to another coordi-

nate frame the Euler angles can be considered. The unit vectors i1, j1,k1 can be

expressed as functions of i0, j0,k0, while the unit vectors ı2, 2 and k2 can be ex-
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pressed as functions of i1, j1,k1 by [is, js,ks]
T

= As [is−1, js−1,ks−1]
T
, s = 1, 2

where

A1 =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1

 , A2 =


1 0 0

0 cosϕ − sinϕ

0 sinϕ cosϕ

 (15)

The angular velocities of the links 1, 2 and 3 can be expressed by

ω10 = θ̇k1 = θ̇k0

ω21 = ϕ̇i2 = ϕ̇i1 = ϕ̇ cos θi0 − ϕ̇ sin θj0

ω20 = ω10 + ω21 = θ̇k1 + ϕ̇i2

= ϕ̇ cos θi0 − ϕ̇ sin θj0 + θ̇k0

ω30 = ω20 (16)

where ω10, ω20, ω30 are the angular velocities of links 1, 2 and 3 in the fixed

reference frame (0).

The angular accelerations of the links 1, 2 and 3 in the reference frame (0)

are

α1 = θ̈k1 = θ̈k0

α20 =
d

dt
ω20 =

(2)d

dt
ω20 + ω20 × ω20 =

(2)d

dt
ω20 =

(0)d

dt
ω20

=
(0)d

dt

[
ϕ̇ cos θi0 − ϕ̇ sin θj0 + θ̇k0

]
=

(
ϕ̈ cos θ − ϕ̇θ̇ sin θ

)
i0 −

(
ϕ̈ sin θ + ϕ̇θ̇ cos θ

)
j0 + θ̈k0

α30 = α20 (17)

where
(2)d

dt
represents the derivative with respect to time in reference frame (2),

(0)d

dt
represents the derivative with respect to time in reference frame (0), and

link 3 has the same angular acceleration as link 2.

The position vectors of C1, C2 C3, i.e., the mass centers of link 1, link 2 and

12



link 3, can be calculated using

rC1
=

l1
2

k1 =
l1
2

k0

rC2
= l1k1 +

l2
2

j2

=
l2
2

cosϕj1 −
l2
2

sinϕk1 + l1k0

=
l2
2

cosϕ sin θi0 +
l2
2

cosϕ cos θj0 −
(
l2
2

sinϕ+ l1

)
k0

rC3
= l1k1 + lC3

j2

= lC3 cosϕ sin θi0 + lC3 cosϕ cos θj0 − (lC3 sinϕ+ l1) k0 (18)

The velocity vectors of C1, C2, and C3 with respect to the reference frame

(0) are

vC1
=

d

dt
rC1

= ṙC1
= 0.

vC2
=

d

dt
rC2

=
d

dt

(
l2
2

cosϕ sin θi0 +
l2
2

cosϕ cos θj0 −
(
l2
2

sinϕ+ l1

)
k0

)
=

l2
2

(
θ̇ cosϕ cos θ − ϕ̇ cosϕ sin θ

)
i0

− l2
2

(
θ̇ cosϕ sin θ + ϕ̇ sinϕ cos θ

)
j0 −

l2
2
ϕ̇ cosϕk0

vC3 =
d

dt
rC3

=
d

dt
(lC3 cosϕ sin θi0 + lC3 cosϕ cos θj0 − (lC3 sinϕ+ l1) k0)

=
[
l̇C3

cosϕ sin θ + lC3
θ̇ cosϕ cos θ − lC3

ϕ̇ cosϕ sin θ
]

i0

+
[
l̇C3

cosϕ cos θ − lC3
θ̇ cosϕ sin θ − lC3

ϕ̇ sinϕ cos θ
]

j0

−
[
l̇C3

sinϕ+ lC3
ϕ̇ cosϕ

]
k0 (19)

The velocity of C3 in (0) can also be computed (if needed) with respect to the

reference frame (2) by

vC3
=

d

dt
rC3

=
(2)d

dt
rC3

+ ω20 × rC3
,
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The linear accelerations of the mass centers C1, C2, and C3 are calculated using

aC1
=

d

dt
vC1

=
(1)d

d t
vC1

+ ω10 × vC1

aC2
=

d

dt
vC2

=
(1)d

d t
vC2

+ ω20 × vC2

aC3
=

d

dt
vC3

=
(2)d

d t
vC3

+ ω20 × vC3
. (20)

Lagrange’s Equations

The dynamical equations governing the manipulator arm can be written as

in [25] using Lagrange’s equations

d

dt

(
∂T

∂q̇j

)
− ∂T

∂qj
= Qj , j = 1, 2, 3.

where Qj are the generalized forces, q1 = θ, q2 = ϕ and q3 = lC3
are the time

dependent generalized coordinates, and T is the kinetic energy of the system.

The total kinetic energy of the manipulator can be expressed as

T =

3∑
j=1

Tr = T1 + T2 + T3,

The kinetic energies T1, T2 and T3 of the links 1, 2 and 3 are

Tj =
1

2
mjvCj · vCj +

1

2
ωj0 · (Īj · ωj0), j = 1, 2, 3 (21)

where m1, m3 and m3 are the masses and I1, I2 and I3 are the central inertia

dyadics of the links 1, 2 and 3, expressed as

Ij = (Ijxıj)ıj + (Ijyj)j + (Ijzkj)kj , j = 1, 2, 3 (22)

The generalized forces Qr are given as in [25] by

Qj =
∂ω

∂q̇j
·T +

∂vP
∂q̇j
·R, j = 1, 2, ...,

where T is the equivalent acting couple or torque, R is the applied force at the

point P , ω is the angular velocity expressed in the reference frame in (0), vP is

the velocity of the point P in the reference frame (0). For the manipulator shown

14



in Fig. 1, the generalized forces Q1, Q2, and Q3 are made by the gravitational

and contact forces that drive the links 1, 2, and 3. The set of contact forces

transmitted from link 0 to link 1, and from link 1 to link 2 can be replaced by

the torques T01 and T12. The set of contact forces exerted by link 2 on link 3

can be replaced by a force F23. The expressions T01, T12, and F23 are

T01 = T01x ı1 + T01y 1 + T01z k1

T12 = T12x ı2 + T12y 2 + T12z k2

F23 = F23x ı2 + F23y 2 + F23z k2.

One can express the contribution (Qj)1, (Qj)2 and (Qj)3 to the generalized

active force Qj (for any j = 1, 2, 3) of all the forces and torques acting on the

links 1, 2 and 3 as in [25] by

(Qj)1 =
∂ω10

∂q̇j
· (T01−T12) +

∂vC1

∂q̇j
·G1,

(Qj)2 =
∂ω20

∂q̇j
·T12 +

∂vC2

∂q̇j
·G2 +

∂vC32

∂q̇j
· (−F23) ,

(Qj)3 =
∂vC3

∂q̇j
·G3 +

∂vC3

∂q̇j
· F23, (23)

where vC32
= vC3

− l̇C3
i2, and the gravitational forces G1, G2, G3 exerted on

the links 1, 2, and 3 can be calculated using Gj = −mj g k0.

From Eq. (23) one can calculate the generalized active force Q1, Q2 and Q3

of all the forces and torques acting on the links 1, 2, and 3 by

Qr = (Qr)1 + (Qr)2 + (Qr)3

=
∂ω10

∂q̇j
· (T01−T12) +

∂vC1

∂q̇j
·G1 +

∂ω20

∂q̇r
·T12 +

∂vC2

∂q̇j
·G2 +

∂vC32

∂q̇r
· (−F23)

+
∂vC3

∂q̇j
·G3 +

∂vC3

∂q̇j
· F23, j = 1, 2, 3.

3. Results

To illustrate trajectory generation a numerical example (using Matlab [25]) is

presented for a robotic manipulator composed link 1 of maximal height l1 = 0.05

m, link 2 of length l2 = 0.65 m and sliding link 3 of length l3 = 0.65 m. The
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Figure 5: Gnomic projection of the via points and associated polar interpolation

rigid guide and sliding link are rotating with an angular velocity ω = 1 rad/s

about the z-guide. The radial distance related to the manipulator length, and

the polar and azimuthal angles of the manipulator via-points are shown in Table

1.

Table 1: Via-points coordinates the manipulator arm should follow

Variable Name Value

i 1 2 3 4 5 6 7 8=1

θi 20 60 130 170 225 280 335 360+20

ϕi 39 51 37 38 28 45 36 39

lPi
10 6.5 9 11 13 11 8 10

The 3D end-effector trajectory for the manipulator configuration in Table

1 is shown in Fig. 6 (red curve). The trajectory shown in 5 represents the

polar trajectory of the end-effector obtained on the gnomic projective plane

using polar interpolation curves expressed as a Hermite-type functions. The

plot showing a top view of the trajectory of the sequence of the projected via-
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Figure 6: Manipulator trajectory along the via points (red curve) and gnomic trajectory (blue

curve)

points is also presented in Fig. 5. The plane in which the radial trajectory of

the projected via-points is developed is tangent to the sphere of radius lMax =

max{lPi}i=0,Ni
. The arrows pointing toward the projected points represent the

position vectors towards the gnomic via-points.

The manipulator trajectory shown in Fig. 6 (red curve) is obtained through

the combination of the inverse geometric transformation applied to the polar

piecewise interpolants that approximate the gnomic polar trajectories (left and

right motion) and the azimuthal trajectory (up and down motion) generated by

polar piecewise interpolants. The red arrows pointing toward the via-points rep-

resent the position vectors related to the via-points in the spherical coordinates

system.

The computation also shows that the manipulator arm is inside the working

envelope/workspace [4], that is, the end-effector of the manipulator arm can

reach all the via-points in Table 1 along the planned trajectory shown in Fig. 6.

This emphasize the importance of nodal via points as possible extreme points

of the reachable workspace (working volume) of the prescribed curve. The

smoothness of the trajectory proves the effectiveness of the approach, and as

a result, the axial force acting on the manipulator along the motion is also

continuous. Since the trajectory is not dependent on the manipulator arm

17



geometry and can be expressed as a combination of rotations about a fixed

point (manipulator base), the actual model can be used in path planning of any

kind of manipulators. During path planning, the use of polar and/or Cartesian

piecewise interpolating curves [8, 23] can be related with the robot dynamics

[8, 18, 25] through its geometry [8], therefore, the obtained trajectory is accurate,

efficient and smooth, an excellent guarantee of a good kinematics/dynamics

performance.

4. Conclusions

In this paper the modelling and 3D trajectory planning of an extensible

rotating manipulator is considered. Polar zenithal gnomic perspective projec-

tions of the 3D via points and polar piecewise interpolants are considered for an

initial planar trajectory generations. The 3D polar trajectories are generated

using the inverse geometric transformation applied to the polar piecewise in-

terpolants that approximate the planar gnomic trajectory of the 3D via points.

The related azimuthal trajectory is related to the 3D polar trajectories by polar

piecewise interpolants on the azimuthal angles. Trajectory smoothness obtained

through the use of piecewise interpolants with continuous derivatives relate with

the robot dynamics through its geometry, resulting in a accurate, efficient and

smooth trajectory well suited to computer implementation. A numerical ex-

ample is presented to illustrate trajectory planning and verify the proposed

approach.
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