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A B S T R A C T

Ceramic rolling elements of hybrid bearings may initially include surface imperfections. In order
to provide reliable operation of a bearing, the criticality of such imperfections under rolling con-
tact fatigue is examined by defining them as Star features: intersecting semi-elliptical surface cracks.
Parametric study is conducted using Finite Element Method and discussed with help of previously
published experimental observations. The effects of the Star feature morphology and configuration,
contact pressure and crack face friction are investigated in terms of stress intensity factors. Possible
crack propagation scenarios are explained in the present study.

1. Introduction
Rolling contact fatigue (RCF) is a well-known type of

failure in bearings. Local RCF damage manifested by crack
initiation and propagation, can be related to one of two modes:
subsurface or surface initiated fatigue. Subsurface fatigue
is typically caused by material defects (non-metallic inclu-
sions, porosity, etc.), which lead to stress concentration and
initiation of fatigue cracks. The surface initiated fatigue is
typically associated with poor lubrication conditions when
the mating surfaces are not fully separated by the lubricant
film and high stresses are produced on the asperity level.
However, the surface initiated fatigue can also be applied to
pre-existing material defects and imperfections, which may
occur in silicon nitride (Si3N4) ceramic components of hy-
brid bearings. In many applications, these bearings over-
perform full-steel bearings (see [1, 2]), and therefore the re-
search in the field of hybrid bearings and Si3N4 is of high
interest.

Although Si3N4 ceramics are superior over traditional
bearing material in multiple aspects (lightness, high hard-
ness, good resistance to corrosion, electrical insulation, etc.),
it is still less resistant to crack initiation and propagation,
compared to steels. Pre-existing material imperfections can
be present on surfaces of ceramic rolling elements being the
result of manufacturing (by sintering) and/or surface finish-
ing processes. There exists a risk that these imperfections
can trigger propagation of fatigue cracks during bearing op-
eration, which eventually leads to material spalling from rolling
surfaces.

One of the techniques to mimic surface defects in Si3N4
ceramics is to use a sharp diamond (e.g. Vickers) indenta-
tion, which in non-ductile materials typically results in for-
mation of cracks (see Fig. 1). These cracks have a similar-
ity to specific types of imperfections which can be observed
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Figure 1: A Vickers indented surface of ceramics: (a) the in-
dentation leads to the formation of radial cracks emanating
from the indent. 3D schematic of the Vickers cracks morphol-
ogy (b).

on surfaces of Si3N4 rolling elements. After the indenta-
tion, artificially damaged rolling elements are investigated
in an RCF test for the inspection of crack propagation and
development of spalls. This experimental technique is quite
efficient, because it allows the creation features that are a
sufficiently large size and of repeatable geometry, which en-
ables to run an RCF experiment under controlled conditions.
Another benefit of this technique is the Vickers indentation
test is used for the toughness examination in brittle materials
which requires measurement of surface crack and modelling
of its formation (see e.g. [3]). Due to this knowledge the size
of the artificially created crack and its shape can be theoret-
ically predicted [4]. The Vickers indented Si3N4 balls were
run in the four-ball machine test which showed that the main
failure associated with the artificial cracks was surface de-
lamination and spalling (see Refs. [5, 6]). In [7] and [8] the
RCF tests were carried out by a thrust-type machine using
the Si3N4 Vickers indented plate. The fatigue propagation of
surface cracks and their branching from an initial crack were
observed, and the process of flaking failure was investigated.
The Vickers indented (prismatic) Si3N4 samples were tested
in the torsion-bending and in the reciprocating RCF machine
[9] investigating the friction effect on surface cracks growth.

Analyzing surface cracks in Si3N4, the authors of [7] and
[9] used fracture mechanics in order to explain the mode of
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crack propagation observed in the experiments. It is not un-
usual to use fracture mechanics in the modelling of RCF in
both metallic and ceramic materials. The authors’ previous
studies used fracture mechanics for the modelling of other
types of surface damages appearing in Si3N4 rolling ele-
ments of hybrid bearings: linear elastic fracture mechanics
was used in [10] for the modelling of the so-called C-crack
and the concept of the generalized stress intensity factor was
used in [11] for the modelling of missing material. The sur-
face cracks obtained in the Vickers indentation were sim-
plistically modeled in previous studies [7] and [9] as semi-
elliptical cracks, excluding the systematic study intending to
relate the dimensions of Vickers cracks and contact condi-
tions to the risk of their fatigue propagation. In the present
study a surface damage termed "Star Feature" is introduced
(see e.g. Ref. [12]). Such damage is represented by a group
of cracks, which has at least one common location of cracks
intersection. These locations may be in some cases associ-
ated with a pit due to material removal, or by existence of
plastic zone. A typical image of a Star-shaped damage on a
ceramic surface is shown in Fig. 2. The shape of this natu-
rally formed feature, has some similarity with the artificially
formed Vickers indentation. The morphology depicted in
Fig. 2 also consists of radial cracks (perpendicular to race-
way) crossing each other. So, mimicking Star feature artifi-
cially in terms of Vickers indentation by creating intersecting
radial cracks is relevant to the analysis of natural Star-like
damage. In order to explore this type of damage, it is wise
to start with the most trivial case of Star feature – a cross-
intersection of two similar cracks (see Fig. 1).

Sintered ceramics are heterogeneous materials, because
they consist of more than one phase (see e.g. [13, 14]) and
the grains of Si3N4 are anisotropic [15]. However, due to
massive amount of grains and their random orientation, such
polycrystalline materials as sintered Si3N4 can be consid-
ered as continuum media, and their mechanical properties
can be homogenized, including the properties responsible
for cracking [14].

The current work develops a Finite Elements model for
the simulation of surface cracks formed by the Vickers in-
dentation and cyclically loaded afterwards, via rolling or slid-
ing contact. This model is based on fracture mechanics and
aims to compute Stress Intensity Factor (SIF) (see Ref. [16]),
which can be related to the fatigue growth behavior of sur-
face cracks. An intensive parametric study is run in order to
relate the geometry of Vickers cracks and the rolling/sliding
contact conditions to SIF and by this to assess the risk of
fatigue failure. It is obvious that the artificially created im-
perfection (see Fig. 1) has much more controlled geometry
than a naturally formed Star in Fig. 2. Due to the fact that it
very difficult (if ever possible) to determine a most character-
istic shape of a natural Star, an "idealized" Star morphology,
correlated well with the artificially produced feature was in-
troduced for the current modelling. This "idealized" mor-
phology is described by the number of geometrical parame-
ters, and by varying these parameters in FE model the crit-
icality of Star can be assessed. Within admit in this current

work, the damage can vary in its orientation relative to the
overolling direction, and can be shifted relative to the con-
tact zone centre, and have different geometries. The goal of
the current work is to investigate the effect of these parame-
ters on the criticality of crack propagation, which according
to fracture mechanics can be quantified in terms of SIF.

It is important to note, that the current study assumes a
pre-existing crack of given geometry while in future, more
advanced study combining XFEM (or adaptive re-meshing
technique) with cohesive elements model, can be conducted.
In such a study the assumption of the pre-existing crack can
be relaxed, by simulating explicitly the crack initiation and
its propagation in RCF. The XFEM based simulation of crack
propagation under RCF in rails was presented in [17], and
simulation of crack initiation/propagation under uniaxial load
in Si3N4 using a cohesive elements model with adaptive re-
meshing in [14]. Note, that differently from [14], where only
the mode I (crack opening) was considered, the RCF simula-
tions have to relate to the mixed mode and to the crack faces
contact interaction (occurring when a crack is closed under
compressive stress). It is fraught with high level complexi-
ties in mathematical formulation and numerical implemen-
tation leading to high computational effort (time consuming
calculations) and possibly to convergence problem.

2. Description of the model
In general, RCF is a multi-axial fatigue in which subsur-

face crack propagation is driven by the mixed mode, includ-
ing the modes I, II and III. The modes II and III are driven by
shear stresses, while the mode I by the tensile stress, locally
appearing at the edge of the point contact and is enhanced
due to the transition to sliding conditions (both conditions
are considered in the current work). However, these tensile
stresses are confined in small zones, thus a radial crack of
relatively large size can be predominantly subjected to com-
pressive stress (which as is known, prevails in contact). As
a result, the faces of the crack enter into contact with each
other, which suppresses the opening mode I and leads to fric-
tional interaction between faces of the crack. Crack faces are
typically rough and the friction between them is character-
ized here by the friction coefficient, which is generally to
establish unknown, because an experimental measurement
of this parameter is difficult if ever possible (see Ref. [18]).
Therefore, it is not fixed but is included into the parametric
study along with other variables.

In order to distinguish the full film lubrication conditions
from the poor lubrication (thin film), we introduce in a model
with two different conditions: rolling (corresponding to full
film) and sliding (thin film). It should be mentioned, how-
ever, that in reality bearings can run under different lubrica-
tion conditions, which is expressed by the lambda ratio (see
e.g. Ref. [20]).

Figure 3 schematically presents the contact between a
ball and a substrate. For simulation of a rolling contact prob-
lem, a small angle is initially created between the top surface
of the half ball and the rolling direction – such an angle van-
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Figure 2: An example of a natural Star feature found on
ceramic surfaces under UV light (see Ref. [19].)

Figure 3: Schematic of the contact problem in presence of a
Star feature.

ishes in sliding and rotation is restricted because the slid-
ing body does not change its orientation during motion. In
this work a contact is produced in terms of a point contact
(contact of circular shape – see [21]). Such a contact (dif-
ferently from the cylindrical equivalent to the plane strain
contact) leads to the formation of local tension on the sur-
face (this tension vanishes as the elliptical contact gets suffi-
ciently long coinciding with the plain strain conditions), and
consequently activates the K̄I mode. This mode is present
according to our model but can be suppressed in the case of a
real bearing, where the contact zone is elliptical which leads
to quite lower tension on a raceway. The reason for using the
point contact and not the elliptical contact (which in reality
takes place in a bearing) is for the sake of comparison to ex-
perimental studies of RCF in the presence of surface Star
features. Such experiments are conducted in special test-
ing apparatuses, like ball rolling on an artificially featured
(indented) plate (see e.g. a 6-points rolling contact tests in
Ref. [7] and a 4-ball tests in Ref. [22]. The contact zone in
all these apparatuses is indeed circular, which explains the
choice to implement a point contact in the numerical model
for the present study.

Figure 4 illustrates a Star feature as a perpendicular in-
tersection of semi-elliptical surface cracks embedded in the
substrate, when either friction or frictionless contact condi-
tions may be specified at the crack faces. It is important to
note, that the Star model developed in the current work ex-

cludes existence of a plastic zone, which is formed along
with radial cracks during the Vickers indentation [4]. This
plastic zone can induce some residual tension in the vicin-
ity of Star, which can reduce the crack faces friction (which,
strictly speaking, is unknown, but is studied parametrically
in the current work). Experimental measurement of this lo-
calised residual stress is very challenging, because it occu-
pies very small material volume. Hence, for the sake of sim-
plicity this effect is omitted from the current study. The ge-
ometry of the elliptical cracks is defined by the radial crack
half width CR and radial crack depth dR. Here 0◦ ≤ � ≤
180◦ is an angle that defines the position along the crack
front, and points A, B and B∗ represent the deepest and the
surface locations of the crack front, respectively (see Fig.
4(a)). It is known, that for accurate computation of SIFs a
crack front has to be properly discretized, which obviously
leads to high amount of elements in the model and increases
computational time. Therefore, the model efficiency (in terms
of computational time) can be improved by using the sym-
metry of the considered feature. For this, only one crack
of the Star is finely meshed along the front, while another
half of the feature is present only to model properly, the full
morphology of the Star. Here, the finely and the roughly
meshed cracks are termed as a "primary" crack (PC) and a
"secondary" crack (SC), respectively (see Fig. 4(b)). Ob-
viously, the computation of SIFs is performed only for the
primary crack, whose orientation is relative to the rolling di-
rection and its effect on crack propagation is parametrically
studied in the current work by the rotation of the substrate
containing the Star feature in terms of an angle ', see Fig.
3.

The problem was solved numerically by the Finite Ele-
ment Method (FEM) using a commercial package ABAQUS.
The three-dimensional FE mesh was consisted of linear hex-
ahedral elements (C3D8R). The sphere and the substrate were
divided into different mesh density zones, with the highest
mesh density concentrated at the crack front. The FE model
and the meshed embedded cracks are presented in Fig. 5.

The total number of elements in the numerical model is
≈ 53, 000, however, a detailed analysis on the mesh density
will be addressed later.

In order to calculate SIFs, the crack opening/sliding dis-
placement method is used (see e.g. Ref. [23]):

KI =
E

4(1 − �2)

√
2�
r

(
u1 − u2

)
,

KII =
E

4(1 − �2)

√
2�
r

(
v1 − v2

)
, (1)

KIII =
E

4(1 + �)

√
2�
r

(
w1 −w2

)
,

where u, v,w are displacements corresponding to the direc-
tions x, y, z respectively, the indexes 1, 2 relate to opposite
crack faces, r is the distance from the crack tip and E, �
are Young’s modulus and Poisson’s ratio respectively. A
script in the ABAQUS programming environment Python
was written for the sake of such calculations. Note, that the
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Figure 4: Sketch of (a) cross section and (b) top view of the Star feature.

Table 1
Dimensionless simulation parameters.

Parameter Simulation values
CR∕b 0.05, 0.2, 0.5, 0.75, 1, 2
dR∕CR 0.3, 0.5, 0.8, 1
�crack 0, 0.3, 0.7, 1
�surface 0.05, 0.1, 0.15

crack front was meshed with the same element type as ev-
erywhere in the model: no special singular element (imple-
mented sometimes for crack problems) was used.

The parametric study was run for the parameters in Tab.
1, defining the geometry of the Star and friction conditions.
Here �crack and �surface are the friction coefficients at the
crack face and on the contact surface of the ball and the
substrate respectively. The material properties are defined
by Young’s modulus (E = 305 GPa) and Poisson’s ratio
(� = 0.27) for all the components of the model. The lat-
ter parameters were chosen to match the properties of Si3N4
(see Ref. [24]).

3. Model setup
The rolling and sliding contact problem that was simu-

lated in this study is presented in Fig. 6. Ball radius Rw and
normal load P were calculated according to Hertz solution
for a given pressure p0, termed as the maximum Hertzian
contact pressure (see Ref. [21]). The normal load P is ap-
plied at the symmetry plane of the ball in −z direction, which
produces a contact radius b (see Figs. 3 and 6). This load
is maintained as the ball motion (rolling or sliding) is estab-
lished by applying the horizontal displacement in x direction
to simulate a contact problem in the presence of surface Star
feature (see Fig. 6) embedded in the fixed substrate which
side faces and the bottom are clamped.

The centre of the Star feature was placed at the origin
of the global coordinate system and the ball was initially lo-
cated at a specified distance from the crack centre, described

by the position on the x axis. This position is defined by:

�max =
3
2
b + CR, (2)

where � stands for a rolling path (see Fig. 3(a)). The rela-
tion 2 ideally covers the path required to obtain the expected
stress field, as well as minima and maxima of the SIFs for the
present parametric study. So, the total overolling distance
was 2�max (i.e. the entire interval � ∈ [−�max, �max]), by
equally divided loading increment steps. For the simulation
of the rolling conditions, the ball was initially inclined with
respect to the x axis by a small angle calculated in terms of
the relation  = arctan (�max∕Rw) (see Fig. 6(a)) for �max
in Eq. 2. The angle  was adopted to establish proper contact
between ball and substrate and to eliminate convergence and
stability issues. In other words, while the ball rotates due to
the prescribed displacement, such an angle guarantees that
the fine mesh of the ball matches the fine mesh of the sub-
strate. For sliding contact conditions  = 0◦ (see Fig. 6(b))
because the ball rotation is excluded for this contact condi-
tion. SIFs were calculated on the semi-elliptical crack front
for each loading increment. Because the study relates to fa-
tigue, it is convenient to represent the SIF results in terms of
the expression

ΔK ≡ Kmax −Kmin, (3)

where we define Kmax and Kmin as the maximum and the
minimum values of SIFs determined from the result set. Kmax
and Kmin were obtained for a given �. In this work the SIF
are presented in terms of a dimensionless geometric factor
K̄ , which is determined by the crack shape and the contact
pressure:

K̄I =
KI

p0
√
�CR

; K̄II =
KII

p0
√
�dR

; K̄III =
KIII

p0
√
�CR

.
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Figure 5: An isometric view of the full Finite element model
(a) and an embedded Star feature (b) with one quarter of the
substrate as well as the ball hidden. The fine mesh corresponds
to the Primary crack front.

4. Results and discussion

4.1. Validation and mesh analysis of the FE model
The numerical model was verified with existing analyt-

ical and numerical solutions. In order to test the method-
ology for SIFs computation a simpler problem of a penny-
crack was considered. The numerically computed SIFs were
compared against the analytical solution for a circular penny
crack embedded in infinite space and subjected to the ten-
sile and shear stress (see Ref. [25]). This comparison is
presented in Fig. 7 indicating the difference between the
numerical and the analytical solution not higher than 4%.
Although the penny crack problem is not relevant for the
modelling of Star, the current numerical validation provides
us an important information regarding the mesh density at
the crack front and the proper utilization of the crack open-
ing/sliding displacement method. In addition, the present FE
model was compared with the solution of the semi-elliptical
surface crack in tension problem. This problem was solved
using FEM (see Ref. [26]). For the sake of validation, the

Figure 6: Schematic representation of rolling (a) and sliding
(b) contact problem.

FE model of the present work was modified to match the
boundary and loading conditions in Ref. [26] and set of ten-
sile stresses � = 1, 10, 100, 200 MPa was applied in normal
direction to the crack face. For such conditions the geomet-

ric factor obtained in [26] is K̄I = KI∕
(
�
√
�a

)
= 0.7309

(a is the crack size). In the present FE model for the set of
� the geometric factor varied between 0.7420 and 0.7422,
so the difference in the SIF values with respect to the so-
lution in Ref. [26] was within 1.5%. The final validation
of the FE model was with the Hertz contact problem. This
analysis provided 1.9% relative error of the maximum con-
tact pressure and 2.8% relative error of the contact radius.
So, the results of the present numerical model provides good
approximations in terms of contact and fracture mechanics
modelling.

In order to run accurate yet time efficient simulations,
the appropriate mesh and number of overolling loading in-
crements had to be determined. Coarse mesh may provide
a fast run time but poor accuracy, while exceptionally fine
mesh requires long run times and expensive computational
resources. Similar considerations are related to an optimum
choice of loading increment, that applies to the discretisa-
tion of an overroll by substeps. It is, therefore a single load-
ing step that then summed up to the total number of incre-
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Figure 7: Distribution of SIFs along one quarter of the crack
front (0◦ ≤ � ≤ 90◦) for validation of the FE model with a sub-
surface penny-crack embedded in an infinite space and loaded
by tensile and shear stress. The FE results are presented with
markers and the analytical solution with solid curves.

ments required to cover the entire distance 2�max (see Fig.
3). So, the smaller the discrete loading intervals, the more
intermediate SIF steps are obtained during the overolling
needed to determine the extremal SIF values. As the number
of such increments increases, the computing time also in-
creases. Another important time factor is related to the post-
processing evaluation of the SIF, with more time needed to
compute large number of loading increments.

For the sake of the mesh density and number of loading
increment analysis, frictionless conditions are considered at
the crack face and the rest of the parameters are described
in Sec. 3. The reason for the choice �crack = 0 is due to
the increased computing time for non-zero friction. In aims
of the loading increment analysis, the set of 5, 10, 20, 50, 100
loading increments was investigated for a model with 53,324
elements in rolling contact problem. SIF were calculated us-
ing Eq. 3 along the crack front (0◦ ≤ � ≤ 180◦, see Fig. 4).
Maximum values for each mode ΔK were determined and
compared. The relative error for 20 loading increments with
respect to 100 loading increments is {0.4%, 0.1%, 1.7%} for
{maxΔK̄I , maxΔK̄II , maxΔK̄III} respectively, so we
adopted 20 loading increments during the rolling stage for
the rest of the preliminary study.

The mesh density analysis was performed according to
the following procedure: the simulation results were obtained
from 6 models with different mesh density from N1 ≈ 32, 000
to N6 ≈ 361, 000 elements, and the convergence SIFs plots
were produced – see Fig. 8. For each of the six models the
finest mesh density region was created along the crack front,
and the rest of the mesh regions were modelled to maintain a
reasonable aspect ratio relative to the neighbouring regions
as well as in the contact area. So, the relative errors in terms
of the three SIF modes for the model N3 ≈ 53, 000 ele-
ments with respect to the highest mesh density model N6 ≈
361, 000 varied by less than 2.5%. The model N3 is time
efficient – the run time using a single core with �crack = 0 is
about 60 minutes, when the model N4 runs about 100 min-

(a)

(b)

(c)

Figure 8: Maximum values of ΔK̄I (a), ΔK̄I (b) and ΔK̄III

(c) along the crack front for models consisted of total number
of elements N1 ≈ 32, 000, N2 ≈ 42, 000, N3 ≈ 53, 000, N4 ≈
75, 000, N5 ≈ 148, 000 and N6 ≈ 361, 000 with �crack = 0,
CR∕b = 0.75, dR∕CR = 0.8 in rolling contact.

utes. In addition, the post-processing data is produced rela-
tively fast by N3, and according to our analysis it provides
accurate results within a range of small numerical errors, so
this model is adopted for the rest of the study.

4.2. Analysis of SIFs for symmetrical configuration
of the Star feature

In terms of the evolution of SIF during overolling, for
simplicity a representative Star scenario is considered as the
most symmetric configuration with respect to the rolling ori-
entation and the position of the contact patch relative to the
Star. This configuration implies that the angle ' (crack ori-
entation relative to the motion of contact zone) is 0◦ and the
offset distance between the intersection of the cracks form-
ing the Star and the rolling path is boff = 0 (see Fig. 3(c)).
For such conditions only one crack – perpendicular to the
direction of contact zone motion (primary crack) is loaded,
while the second crack is free of any mode of crack propaga-
tion. This is because its plane lays on the symmetry plane,
at which the shear stress vanishes and the crack experiences
only compressive normal stress. In other words, for such a
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(a)

(b)

(c)

Figure 9: Distribution of K̄I (a), K̄II (b) and K̄III (c)
along the crack front (0◦ ≤ � ≤ 180◦) having �crack = 0.7,
CR∕b = 0.75, dR∕CR = 0.8 for rolling contact conditions, with
overolling path � ∈ [−�max, �max] and loading increment num-
ber n. Here ΔK̄II (90

◦) = K̄ (n=6)
II − K̄ (n=14)

II at � = 90◦ and
ΔK̄III (45

◦) = K̄ (n=7)
III − K̄ (n=14)

III at � = 45◦.

Figure 10: Distribution of ΔK̄ along the crack front (0◦ ≤
� ≤ 180◦) for rolling (solid curves) and sliding (dashed curves)
with �crack = 0.7, CR∕b = 0.75, dR∕CR = 0.8.

symmetrical loading of the Star, the stress field of the pri-
mary crack is unaffected by the existence or absence of the
secondary crack. Figure 9 shows a distribution of SIF K̄I ,
K̄II and K̄III along the crack front (0◦ ≤ � ≤ 180◦, see Fig.
4) within rolling contact during overolling. The loading in-
crement in Fig. 9 varies in terms of n, when the rolling of the
half-ball was initialized and finalized at � = �max (n = 0)
and � = −�max (n = 20), respectively. One can see that

K̄I is mostly pronounced close to the surface (� = 0◦, 180◦)
and vanishes at the crack front points located deeper in the
substrate (see Fig. 9(a)). As it follows from Fig. 9(b), max-
imum and minimum values of K̄II are at the deepest crack
front location, � = 90◦ with K̄IImax

and K̄IImin
for n = 6

and n = 14 respectively. The extremal values of K̄III were
obtained at opposite locations of the crack front, � = 12◦

and � = 168◦ for n = 7, but for fixed � one can see in Fig.
9(c) that for example at � = 45◦ ΔK̄III = K̄ (n=7)

III − K̄ (n=14)
III .

Distribution of ΔK̄ along the semi-elliptical crack front
(0◦ ≤ � ≤ 180◦) for the rolling and sliding contact condi-
tions (solid and dashed curves respectively) is illustrated in
Fig. 10. We infer that ΔK̄I is lower than the modes ΔK̄II
andΔK̄III . The maximum value of ΔK̄II and the minimum
value of ΔK̄III are obtained at the deepest point of the crack
(� = 90◦), and the distribution of all three modes is sym-
metrical. When rolling is restricted and pure sliding occurs,
ΔK̄I is higher than 0 the for the entire crack front (see Fig.
10), and higher than ΔK̄I for rolling. The observed differ-
ence between rolling and sliding for the first mode will be
discussed later. The second and the third modes are almost
the same for both regimes.

The results presented in Figs. 9 and 10 indicate the com-
plexity of the current problem related to the multi-axial na-
ture of RCF. Indeed, a crack belonging to a Star is subjected
simultaneously to all three modes of crack propagation, which
originates from the multi-axial stress field developed under
the moving contact pressure. Recall, that the opening mode
K̄I is activated by the normal tensile stress perpendicular
to the crack faces, while the shearing modes K̄II and K̄III
are active due to the shear stresses resolved on the crack. If
the angle ' and the distance boff are zero (see Figs. 3),
then only one half of the Star (primary crack) experiences
loading and fatigue propagation, while the secondary crack
is free of any mode: K̄I = K̄II = K̄III = 0. This is be-
cause the latter crack lays on the plane of symmetry (XZ,
y = 0), and the shear stresses resolved on this plane (�yx
and �yz) vanish due to the symmetry considerations, mean-
ing that K̄II = K̄III = 0 along the entire front of this crack.
The normal stress (perpendicular to the plane of symmetry)
is compressive, which excludes development of K̄I in the
secondary crack (see Fig. 11). The shapes of the K̄I , K̄II
and K̄III distributions, corresponding to the primary crack
(see Figs. 9 and 10) can be explained in terms of subsur-
face stresses, typical for the Hertzian point contact. When
the contact zone approaches the Star and the distance � gets
close to the contact zone size, b, (see Fig. 11) the primary
crack experiences tension, developed at the periphery of the
Hertzian point contact (Ref. [27]). This is the radial stress
�rr, surrounding the contact zone, as presented in Figs. 11,
12 and 13. This stress obtains the maximum intensity at the
surface (z = 0) and rapidly decays as the depth, z, increases.
Therefore, only a small portion of the primary crack front
is subjected to the K̄I mode: as shown in Fig. 10, this cor-
responds to the crack front fraction located close to the sur-
face, or in other words, to the angle � close either to 0◦ or
180◦. On the other hand, the fraction located at higher depth
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is subjected to compressive stress (which is predominant in
contact) causing the mode K̄I to vanish, as schematically
presented in Fig. 11. At the same instance (� is close to
b), the primary crack is also subjected to the shear stress,
�xz, which gets the maximum intensity below the edge of
the contact zone (Ref. [28]). In bearing applications, this
stress is termed as the orthogonal shear stress, and is fre-
quently considered as the main driving mechanism of RCF.
In the case of elliptical bearing contact, the maximum or-
thogonal shear stress is located at the depth which is close to
0.5b, while in the current case (circular Hertzian contact) it
is located at the shallower depth, which equals to 0.35b (see
Ref. [28]), as presented in Fig. 13. The orthogonal shear
stress, �xz, splits into two components along the crack front:
the component normal to the crack front activates modes II
and the component that is tangent to the crack front activates
mode III. At the bottom of the primary crack (� = 90◦) the
shear stress,�xz, entirely contributes to the mode II (K̄II is
maximum at this point), which explains why the mode K̄III
vanishes at the crack bottom (see Fig. 10). At low subsur-
face depth (z << 0.35b), the stress �xz is negligibly low,
which means that the relatively high K̄II values obtained on
the surface (at � = 0◦ and � = 180◦, see Fig. 10), cannot
be addressed to this stress, but to another one, which is the
component �xy of the stress tensor (see Fig. 11). In bearing
applications this stress is typically not considered, because
it is low in the case of elliptical contact, and vanishes com-
pletely, as the contact zone gets linear (plane-stress or plane
strain conditions). However, in the case of the Hertzian point
contact this stress component is not negligible: it gets the
maximum intensity on the surface (z = 0) at certain dis-
tance from the symmetry plane (y∕b ≈ ±0.75) as is pre-
sented in Fig. 13. Note, that due to the symmetry consider-
ations this stress component equals to zero at y = 0 (on the
plane of symmetry). Similarly to the tensile stress, �rr, the
shear stress �xy is localized close to the surface and dimin-
ishes as the subsurface depth increases. Therefore, this stress
mainly contributes to the mode K̄II along the crack front
portion located very close to the surface. In other words, the
rapid decay of the stress �xy in terms of the depth explains
the existence of the two local minima on the K̄II curve (at
� ≈ ±25◦), presented in Fig. 10.

4.3. Crack propagation under RCF
The results of the current numerical analysis (see Figs.

9, 10) lead to some considerations regarding the RCF fail-
ure mechanism in the presence of a Star feature. The surface
tensile stress inherent to the Hertzian point contact, activates
the opening mode K̄I , which can be quite critical to such
non-ductile material as Si3N4. This mode gets maximum on
the surface and can be responsible, therefore, for the crack
propagation on the surface, which can be visualized without
destruction of the RCF tested specimen. As was experimen-
tally found in Ref. [12], the crack oriented perpendicularly
to the rolling direction (primary crack, according to the cur-
rent definition) experienced fatigue propagation, while very
subtle or no propagation symptoms were observed to the sec-

Figure 11: Star subjected to the stress field developed under
the Hertzian contact.

Figure 12: Localised tensile stress developed in the Hertzian
contact of circular shape (point contact).

Figure 13: Distribution of main stresses driving the multi-
axial crack propagation under the modes K̄I , K̄II and K̄III .

ond half of the Star – the crack oriented parallel to the rolling
direction (secondary crack). This is consistent with the cur-
rent FE analysis, stating that only one crack belonging to a
Star (primary crack) is subjected to fatigue propagation, and
schematically it is demonstrated in Fig. 14(a). Note that the
crack propagation scenario, depicted in Fig. 14(a), is condi-
tioned by the mixed mode, because, as is shown in Fig. 10,
all three modes of crack propagation are active on the surface
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Figure 14: Schematic of the RCF failure mechanism in the
presence of Star feature. Crack propagation on the surface (a),
subsurface crack propagation leading to the spall formation
(b), kinking failure (c) and crack propagation curve proposed
by Ref. [29] (d).

(when the angle � is either close to 0◦ or 180◦). However, in
the case of limited ductility of ceramics, the K̄I mode prob-
ably plays the dominant role in this propagation.

The crack propagation, schematically presented in Fig.
14(a), can hardly explain the formation of spalling failure
(see Fig. 14(b)), because the mode K̄I (probably driving this
propagation) is restricted to a very low depth. On the other
hand, the primary crack is subjected to high loading by the
mode K̄II at the bottom (� = 90◦), which according to Fig.
10, is the crack front point experiencing the highest loading
level. The experimental observations of partially propagated
Stars, obtained by the specimen cross-sectioning (see Ref.
[8]), indicate that the crack propagation at the bottom can
significantly deviate from its major path. This is not a new
observation: it is well-known that in non-ductile materials
(e.g. ceramics) crack propagation is mainly driven by local
tensile stress developed at the crack tip. If a crack is loaded
by mode II, then there will be maximum tension on the plane
which is inclined relative to the main crack path (see e.g.
Ref. [30]). Note that in the case of pure K̄I mode, the sit-
uation is different: the crack is supposed to propagate along
its original path direction. Under pure mode K̄II the crack
kinking angle is around 70◦ (see schematic in Fig. 14(c)),
however in the case of rolling contact the situation is more
complicated, because the crack is subjected to compressive
normal stress (Ref. [29]) which reduces K̄II by activating
the crack faces friction and suppressing kinking. According
to Ref. [29] in such multi-axial conditions the crack is sup-
posed to propagate along the direction, defined by the curve
x = �z� (see Fig. 14(d)). As the crack kinks at the bottom,
its loading state can dramatically change. During a certain
stage it can propagate below the surface and subsequently
branch upwards, which eventually leads to the formation of
spalling particle (see again Fig. 14(b)). In addition to the
direction of crack propagation, Fracture Mechanics is able

to predict whether a Star is supposed to propagate or is ar-
rested. By comparing SIFs (in the case of the RCF mixed
mode propagation an equivalent SIFs should be defined [31])
to the material property, termed as the fatigue crack thresh-
old, ΔKtℎ, (for Si3N4 the values of ΔKtℎ can be found in
[9, 32] and [33]), such a condition can be identified. Using
the Paris law, the rate of fatigue crack propagation can be
estimated based on SIF. Combining this law with a certain
criterion predicting the crack propagation direction and us-
ing advanced computational methods (like XFEM or adap-
tive re-meshing), Star propagation in RCF can be simulated.
However, such an advanced and computationally expensive
modelling is out of the current work scope and should be
addressed to a future study.

The difference observed in Fig. 10 between the first mode
for two extreme contact conditions, namely rolling and slid-
ing, is related to a difference between good and poor lubri-
cation. So, the opening mode K̄I , in the case of sliding con-
tact is higher than in rolling conditions along the entire crack
front. This is due to the intensification of surface tension,
�xx by the friction between the ball and the substrate at the
sliding contact as shown in Fig. 13 (see the solid and the
dashed line, corresponding to the stress �xx in the rolling
and the sliding conditions, respectively).

4.4. Crack face friction
The parametric study of the current work includes the

investigation of crack faces friction (defined here in terms of
the Coulomb friction coefficient, �crack) effect on SIF and it
is illustrated in Fig. 15. As was mentioned before (Sec. 2),
the knowledge on this phenomenon is quite limited, because
the friction at crack faces can be influenced by different phys-
ical factors (e.g. crack faces roughness and their adhesive in-
teraction, lubrication conditions), and therefore reliable ex-
perimental measurement of �crack is hardly plausible. Typ-
ically the crack faces are quite rough, which is supposed to
enhance crack faces friction, but differently from subsurface
cracks, Star comprises of surface crack which are not sealed
from lubricant. The lubricant being entrapped into the crack
can reduce friction by easing the sliding between the faces
of the crack and mitigating adhesion. Regarding the latter
effect, it should be mentioned, that adhesion in vacuum con-
ditions (which is probably the case in a subsurface cracks) is
supposed to be higher than in surface cracks which are ex-
posed to air and products of lubrication (see e.g. Ref. [34]).
Another effect associated with the lubricant entrapment is
the crack pressurization, which can lead to dramatic increase
of mode I. This effect is studied in myriads of scientific pa-
pers, however, is excluded from the current work, because
the cracks of Star are perpendicular to surface and this orien-
tation is not prone to lubricant entrapment, as was shown in
Refs. [35] and [36]. Eventually, the effect of crack faces fric-
tion on the sliding modes K̄II and K̄III (the opening mode
K̄I is not influenced by this mechanism) is presented in Fig.
15, which apparently indicates that this friction has a benefi-
cial effect on fatigue crack propagation: as �crack increases
the K̄II and K̄III values decrease. This is influenced by the
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(a)

(b)

Figure 15: Distribution of (a) ΔK̄II and (b) ΔK̄III along the
crack front (0◦ ≤ � ≤ 180◦) for �crack = 0.0, 0.3, 0.5, 0.7, 1.0 and
CR∕b = 0.75, dR∕CR = 0.8.

Figure 16: Dependence of maximum SIF values, maxΔK̄,
on the contact pressure p0∕p

∗
0 for �crack = 0.7, CR∕b = 0.75,

dR∕CR = 0.8. Here p∗0 stands for the constant reference max-
imum contact pressure and p0 is the actual applied maximum
contact pressure.

suppression of the mutual crack face sliding and associated
frictional interaction.

4.5. Effect of contact pressure
Figure 16 shows the results of rolling contact simula-

tions for different values of the maximum contact pressure
in terms of the ratio p0∕p

∗
0
, where p0 is the actual applied

maximum contact pressure, and p∗
0

is the reference maxi-
mum contact pressure used throughout the present study ex-

cept for the analysis presented in Fig. 16. In order to obtain
the required p0, the contact zone size b and the crack geom-
etry were fixed. At the absence of the crack faces friction
the problem is linear, meaning that ΔK̄ is proportional to
p0, however such a linearity is not obvious when �crack ≠ 0.
For the simplicity of representation, the maximum (along
the entire crack front – see Fig. 10) value ΔK̄ value is pre-
sented in Fig. 16. So, the dependence of maxΔK̄ on p0∕p

∗
0

for �crack = 0.7 is rather linear, as it is depicted in Fig. 16.
This observation has a practical value, because it allows to
reduce significantly the amount of FE simulations for the es-
timation of crack propagation criticality due to the varying
of p0. Since the SIF curves can be scaled in terms of p0
(even in the case of frictional interaction at the crack faces is
present) this parameter can be excluded from the parametric
study.

4.6. Non-symmetrical configuration: orientation
and offset of Star feature

So far the simulation results were demonstrated for a
rather simple case at which Star is oriented at ' = 0◦ and is
not shifted (boff = 0), leading to the symmetry of the model
(see Fig. 4). However, in real testing conditions a Star can be
turned at a certain angle and be shifted from the symmetry
plane. Therefore, the effect of these two parameters on SIF
is also investigated in the current work. It is obvious that
the symmetry considered in the previous simulation (lead-
ing to the loading and propagation of only one-half of the
Star (primary crack) breaks, meaning that both halves of the
crack are loaded. The effect of Star orientation on the modes
K̄I , K̄II and K̄III is demonstrated in Figs. 17, and as is in-
dicated by this figure the highest K̄II and K̄III modes relate
to the originally considered Star orientation, ' = 0◦. On the
other hand, the highest K̄I value corresponds to the Star ori-
entation which is close to ' = 30◦. Considering the sliding
modes K̄II and K̄III , the most critical Star orientation is at
' = 0◦, because at this case the primary crack being oriented
perpendicularly to the rolling direction, lays on the plane
experiencing the highest shear stress (while the secondary
crack is not loaded). However, as the angle ' changes from
zero, this shear stress splits between the primary and the sec-
ondary cracks, and when ' = 45◦ the modes K̄II and K̄III
are partitioned equally between these two halves of the Star.
The situation with the opening mode K̄I is more compli-
cated: the critical Star orientation for this mode is dependent
on the Star dimensions and on the size of the contact zone,
b. Schematically it is presented in Fig. 18, depicting the
contact zone approaching to the Star. Apparently, the most
critical ' angle is the one at which the crack plane is tangent
to the circular contact zone, because in this case the tensile
stress �rr being perpendicular to the crack plane entirely con-
tributes to the mode K̄I (see Fig. 16b). Again, depending
on the dimensions of the Star and the contact zone, the most
favorable (for K̄I ) ' angle can obtain different values. Fi-
nally, it is interesting to note that the curves in Figs. 17,
indicate the existence of the discontinuity point at � = 90◦.
This is the point at which the two cracks of the Star intersect
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(b)

(c) (d)

Figure 17: Schematic of the crack orientation relative to the motion of contact zone (a) and distribution of ΔK̄ (b), (c) and
(d) along the crack front (0◦ ≤ � ≤ 180◦) for ' = 0◦, 15◦, 30◦, 45◦, 60◦, 75◦, 90◦ and �crack = 0, CR∕b = 0.75, dR∕CR = 0.8. The
primary crack is perpendicular to the rolling direction for the angle ' = 0◦, and parallel for ' = 90◦.

Figure 18: Development of the mode K̄I due to the tensile
radial stress, �rr, at the circumference of the contact zone (a).
The K̄I mode gets the highest value when �rr is perpendicular
to the crack (b).

each other, and the singularity at this point cannot be treated
by fracture mechanics. At ' = 0◦ the existence of the sec-
ondary crack can be neglected and therefore this singularity
is not observed (on the previous graphs), while for ' ≠ 0◦ it

is not the case, because both cracks are loaded.
Another parameter leading to the breaking symmetry of

the problem is boff , and its effect on SIF is demonstrated
in Figs. 19. The results presented in these figures corre-
spond to the primary crack, and as expected: the distribu-
tions of K̄I , KII and K̄III are not symmetrical with respect
to � = 90◦ (plane of symmetry). The part of the primary
crack located closer to the contact zone experiences higher
SIF values, which in the case of the surface crack propaga-
tion (see Fig. 14) can be visible due to non-equal fatigue
growth on the surface, being predominantly driven by K̄I .

4.7. Parametric study on the geometry of Star
feature

Finally, the effect of Star geometry on its fatigue prop-
agation is studied. To simplify this study the parameters '
and boff are switched to zero (providing the symmetry of
the problem) and no friction at the crack faces is assumed.
Fig. 20(a) depicts the dependence of maxΔK̄ on the di-
mensionless radial crack depth dR∕CR in rolling and sliding
contact. The dimensionless radial crack length is constant
CR∕b = 0.75 and frictionless crack face assumed. The solid
curves represent rolling, the dashed curves – sliding with
�surface = 0.05 (similar to rolling) and dash-dotted curves
with �surface = 0.15. As the dimensionless radial depth
increases, the maximum values of the second mode slightly
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(b)

(c) (d)

Figure 19: Schematic of the offset distance between the intersection of the cracks forming the Star and the rolling path (a)
and distribution of ΔK̄ (b), (c) and (d) along the crack front (0◦ ≤ � ≤ 180◦) for boff∕b = 0, 0.1, 0.3, 0.5, 1, 1 + CR with ' = 0◦,
�crack = 0, CR∕b = 0.75, dR∕CR = 0.8.

decrease, and the maximum values of the third mode slightly
increase, whereas the third mode is almost constant. Such a
behaviour demonstrates moderate dependence of SIF on the
depth of the Star feature. However, as the SIFs are repre-
sented in dimensionless form, i.e. mode II was normalized
by

√
dR, the possibility of the spall formation (shown in Fig.

14(b)) may also depend on the radial depth. The sliding in
Fig. 20(a) affects mainly the first mode, with a minor af-
fect on the second mode for shallow depth. When the fric-
tion coefficient at the surface increases from 0.05 to 0.15 and
sliding is considered, only the first mode increases, with an
exception for CR∕b = 1. The dependence of maxΔK̄ on
the dimensionless radial crack length CR∕b for constant di-
mensionless depth dR∕CR = 0.8 and �crack = 0 is shown
in Fig. 20(b). The radial crack length CR is constant, so the
contact radius b increases with an increase in the ball radius
Rw. The non-monotonic behaviour of the second and the
third modes is related to the non-monotonic development of
the shear stresses as the contact radius grows. The effect of
sliding on the first mode decreases with a decrease in the
contact radius, so that for CR∕b = 2 there is almost no dif-
ference in rolling and sliding for any �surface considered for
the simulation parameters.

5. Concluding remarks
The rolling and sliding contact problem in presence of

surface Star features was parametrically investigated with Fi-
nite Element Method. According to the study, crack propa-
gation of ceramics at the surface may be explained by the ten-
sile stress and the dominant first SIF mode. Shear stress and
the second SIF mode, however, is the main driving mecha-
nism behind possible crack propagation at the depth of the
material, that may lead to failures such as spalling. It was
found that the first SIF mode is higher in case of sliding than
in rolling contact, while the other modes are almost unaf-
fected by the contact conditions, as expected. For an in-
crease of the crack face friction a corresponding decrease
in the second and the third SIF modes was obtained, with
the first mode remained unchanged for any crack face fric-
tion. The latter friction, as it appears from the study, does
not affect the dependence of SIFs on maximum contact pres-
sure: it is linear regardless the friction at the crack face.
Non-symmetrical orientation of the Star feature leads to de-
crease in the second and the third modes, following a split
of the shear stress between these modes. K̄I , however, it
significantly increases for the orientation ' = 30◦, as the
crack plane is tangent to the contact zone. An increase in
the SIFs was found for a primary crack that is close to the
contact zone, with a non-zero shift of the Star feature from
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(a)

(b)

Figure 20: Dependence of maxΔK̄ in rolling and sliding con-
tact on (a) the dimensionless radial crack depth dR∕CR for
CR∕b = 0.75 : the solid curve represents rolling, the dashed
curve – sliding with �surface = 0.05 (similar to rolling) and dash-
dotted curve with �surface = 0.15; (b) dependence of maxΔK̄
on the dimensionless radial crack length CR∕b for dR∕CR = 0.8.
Frictionless crack face (�crack = 0) is assumed.

a rolling or sliding direction. It was also observed that the
SIFs slightly depend on the depth of the Star feature, but
show non-monotonic behaviour of shearing modes for a de-
crease of the contact zone.
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