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Figure 1. Natural and artificial microstructures: (a) bone; (b) bauxite ore; (c) bees honeycomb; (d) aluminium
honeycomb; (e) metal lattice; (f) titanium scaffold.

1. Introduction
Recent developments in computing allow researchers to look beyond the traditional
geometric modelling techniques oriented towards surface based and homogeneous solid
models. Man-made objects are often nearly uniform in their internal structure, for example,
most of mechanical parts can be modelled as homogeneous solids. In contrast, natural
objects are rarely homogeneous having a complicated internal structure and materials
distribution.
New application areas of CAD/CAM such as biomedical tissue engineering [SSN*05] and
composite materials in mechanical engineering [KT08] deal with essentially heterogeneous
objects. Such objects can be made of different materials with variable densities and can
have internal microstructures (see Fig. 1). The common feature of such objects is presence
of internal spatial geometric structure with size of details orders of magnitude smaller than
the overall size of the object. These can be lattices, porous, branching or granular material
compositions varying from regular to completely irregular random structures. Not only are
microstructures important in engineering new complex objects but are becoming
increasingly important for manufacturing traditional objects using digital fabrication
processes. Adding internal microstructures to objects reduces the weight, materials, energy
and time required to create an object. In the future it is likely that most large, digitally
fabricated objects will not be created as solid blocks of materials but will instead be made
up of microstructures.
The existing approaches to modelling geometry of microstructures include those based on
surfaces (boundary representations, BRep) and voxels (discrete volume representations).
Although the researchers can to some extent tackle this problem using both these

approaches (see the next section), generally many known problems and limitations of both
representations are largely amplified by the factor of the geometric complexity of
microstructures. One can distinguish between quantitative problems (model size and
processing time) and qualitative problems (model validity, precision, parameterization,
operability, and manufacturability) of existing representations:
- Size and processing time
Surface based models of a moderate size containing high quality lattice microstructures can
include such a huge number of polygons that it becomes difficult or impossible for modern
graphics hardware to render. Although the size of voxel models is not directly dependent on
the object complexity, the number of voxels needed to represent high quality surfaces and
small details can easily exceed available capacities of computer memory. Time for
rendering and other types of processing grows with the size of the model.
- Validity and precision
Known problems arising from traditional BRep based CAD models and approaches - such
as cracks in surfaces, self-intersections of polygons, additional false polygons left over from
modelling, and inverted normal orientation – already problematic for the manufacturing
industry, become increasingly difficult or impossible to model and manufacture at nano- and
micro- scales. BRep and voxel models are usually created inside some specifically given
bounding unit and then iteratively replicated in space without considering spatial coherence
of the structure, which can cause additional cracks in a model at the boundaries of each
unit. Likewise, the “skinning” or proper connection of a microstructure to the object shell
presents many unsolved issues for current systems. Both the polygonal BRep and the voxel
representation are not exact in the general case and only approximate the modelled
geometry with limited precision.
- Parameterization and operability
The support of model generation with variable parameters is crucial for modelling
microstructures, because their geometry can depend on a number of factors such as
distance to the object surface, predefined strength conditions, density variations, and others.
The existing representations have limited or no support for parameterization of
microstructure models. When parameters are changed, BRep and voxel models have to be
re-generated using some higher level generation procedure. A user may need to apply
further specific operations on microstructures such as offsets, blends and shape
deformations, which have limited or no support within the current representations.
- Manufacturability
Controlled complex microstructures are not easy to manufacture using most existing
technologies. Currently the best solution can be found in rapid prototyping or digital
fabrication technologies such as laser sintering, stereolithography and other additive
processes, which produce a physical object layer by layer [MH03, CYL05, NCL*05,
SSN*05]. As object becomes large or if very fine microstructures are required, BRep
models dramatically increase in size and become very hard or impossible for current
hardware systems to visualize or cross-section as is required by many digital fabrication
systems. While current digital fabrication systems have limited resolutions, in recent years
they have achieved ever greater accuracy and this trend is expected to continue. Even so,
it is not uncommon to see defects or missing sections in objects produced largely due to the
complexity in creating proper cross-sections from the STL format. Some but not all digital
fabrication systems accept voxels models as input however voxles have known aliasing

problems unless they at very high resolutions requiring large amounts of memory. For
systems that do not work with voxels, isosurfaces of interest have to be extracted and
polygonized.
The problem addressed in this work is to develop an approach to modelling microstructures
resolving most of the above problems. We propose a compact, precise, and arbitrarily
parameterized model allowing for the procedural generation of spatially coherent
microstructures, which can undergo blending, offsetting, deformations, and other geometric
operations, and can be directly manufactured without generating any auxiliary
representations.
We concentrate in this work on modelling lattice and porous media microstructures. Under
“lattice” we mean a periodical spatial structure consisting of crossing rods, laths or other
thin strips of material (Fig. 1 c,d,e). The term “porous media” describes various materials
that exhibit the property of porosity through an interconnected network of cavities (pores)
within a solid material stratum (Fig. 1 a,b,f). We try to avoid using the term “scaffold”,
because it can be applied to both types of structures.
2. Other works
In this section we first describe the main approaches to modelling microstructures and then
introduce the basics of the function representation for geometric models.
2.1 Lattices
Generation of a polygonal model of a regular lattice with cubic elements for visualization is
quite trivial using standard surface primitives such as cylinders or blocks. The problem
becomes more complex if a valid solid BRep model is required for further operations on it
such as intersection with the given overall shape of the object, and blending between the
lattice rods and the outer surface. Existing publications provide quite limited information on
procedures of the lattice models generation and mainly concentrate on providing application
specific properties of lattices.
A geometric modelling method for creating conformal lattice structures was proposed in
[WCR05]. Lattice structures are a built as a set of unit trusses. The solid model of each unit
truss is created and Boolean operations are performed in a commercial solid modelling
system. Meshes of unit trusses are then stacked together directly to generate the model of
the entire lattice structure. However, it was pointed out that it took significant computational
resources to generate the models of lattice structures since the generation of each unit
truss required several Boolean operations. The maximal practically achievable number of
lattice struts was 2400. This work was extended in [C07] to the general internal structure
design. The proposed 3D texture mapping approach is based on mapping of a 3D
microstructure pattern into a design space to generate internal structures which then were
combined with a given CAD model of the object.
A classification of lattices is given in [SSN*05] along with the outline of the modelling
process in biomedical applications involving predefined lattice patterns and scanned
biological shapes such as human bones.

The work [NCL*05] describes typical steps of lattice design in tissue engineering and
fabrication. A commercial BRep solid modelling system is used to generate lattices for bone
implants with selected spatial structure parameterized by pore sizes, porosity, and surface
area to volume ratio. The overall required shape of the model is taken from human body
data collected by magnetic resonance imaging. The Boolean intersection is applied to
produce a lattice within the patient’s bone shape. A surface triangulation in the form of the
STL file is performed for the fabrication step. The designed microstructures were fabricated
using a powder-based rapid prototyping technique called selective laser sintering.
Optimization of lattices is presented in [MH03, GSR05, H07] using maximal strength,
minimal weight, and other criteria. The lattice structure (namely, connections between
lattice nodes and positions of nodes) is optimized to satisfy the selected criteria.
2.2 Porous media
Modelling porous media is much more complex than modelling lattices because of
irregularities essential to pores’ locations and shapes. It can be stated that available CAD
methods and tools are not adequate for solving this problem. There are two main
approaches pursued in recent works: image-based reconstruction [SSN*05, VAG*08] and
pseudo-random simulation [LS04, SRS*05, CTS07].
The process of obtaining geometric surface models for biological porous tissues is
described in [SSN*05]. It includes obtaining 2D images of the internal tissue structure using
computer tomography and other techniques; reconstruction of a 3D voxel model from a set
of images; and construction of a surface model through the tessellation of a selected
isosurface or by the voxel model segmentation and fitting with predefined parameterized
surface primitives.
To reconstruct a 3D model of a porous structure, the authors of [VAG*08] construct a voxel
model from a set of cross-section images of a biological material sample. The voxel model
is segmented into three regions: exterior, material and pores. A graph is built reflecting
individual pores and connections between them. A geometric model can be generated and
visualized where each pore is represented by a sphere with the estimated radius.
A direct approach to 3D modelling of porous media is presented in [LS04]. First, a number
of microspheres, which can be packed within the given volume, is estimated. Then the
selected number of microspheres is randomly packed in the volume. The Boolean
subtraction of the microspheres model from the basic volume model using a commercial
BRep modeller results in the porous volume structure. The experiments were conducted
with a quite limited number of microspheres (about 50).
A model of a porous object is represented in [SRS*05] as a Constructive Solid Geometry
(CSG) tree with stochastically generated primitives (spheres) representing pores in the
leaves of the tree structure and regularized Boolean operations placed in its nodes. The
structure analysis is performed on the voxelized version of this model.
A 3D porous structure can be built as a stack of thin extruded 2D slices. The structure in
each slice is modelled in [CTS07] using a Voronoi diagram built for the structure generating
points moving on the plane.

We can conclude that BRep and voxels remain the main models researchers use to
represent microstructures. The major drawbacks of these representations were discussed
in the previous section. In the remainder of the paper we tackle these problems using
procedural function-based models in the form of the function representation (FRep).
2.3 FRep basics
The main idea of the function-based modelling (or “implicit surface” modelling [B*97]) is to
define point sets via trivariate scalar fields or continuous real functions of point coordinates
F(x,y,z). The point membership depends on the sign of the defining function evaluated at
that point, typically points with positive and zero function values are included in the set,
while zero-level subset is considered a boundary. The distinguishing key feature of this
model is that the defining function cannot and has not to be preliminary evaluated at any
point, the model implementation is a procedure providing the function evaluation at the
given point upon request during the model interrogation in rendering, analysis, or
conversion to other representations. This approach to geometric modelling was extended in
the Function Representation (FRep) [PAS*95] by explicitly introducing elementary objects
(primitives) and operations on them with corresponding operations on defining functions.
This provides a basis for a modelling system for the creation and manipulation highly
complex and heterogeneous function-based objects. Our experimental models in this paper
are implemented in the HyperFun language [ACF*99], which fully supports the FRep
modelling paradigm. Among the FRep advantages one can notice the possibility of direct
rendering [FP08] and fabrication [VML*08] of created models without their conversion to
BRep, voxel or other auxiliary representations (see details in later sections).
One particular class of the FRep operations are set-theoretic ones defined by R-functions
[R74, S88, PAS*95, S07]. An object resulting from the set-theoretic operations has the
defining function expressed as follows:
f 3 = f1 ∨ α f 2 for the union;
f 3 = f1 ∧ α f 2 for the intersection,
f 3 = f1 \ α f 2 for the subtraction,
(1)
where f1 and f2 are defining functions of initial objects and ∨ α ,∧α are signs of R-functions.
One of the classes of R-functions is
f1 ∨1 f 2 = max( f1 , f 2 )
f1 ∧1 f 2 = min( f1 , f 2 )
f1 \1 f 2 = min( f1 ,− f 2 )
(2)
1
These functions are C discontinuous at all points where f1 = f 2 . R-functions of another
class:

f 1 ∨ 0 f 2 = f1 + f 2 +
f1 ∧ 0 f 2 = f1 + f 2 −
f 1 \ 0 f 2 = f1 − f 2 −

f12 + f 22
f12 + f 22

(3)

f12 + f 22

have C 1 discontinuity only at the points where both arguments are equal to zero.
Shapiro [S88] showed that a periodical regular structure such as a chess board can be
modeled using trigonometric functions defining horizontal and vertical strips, which then are

combined using the set-theoretic union. We further develop this idea to model 3D
microstructures and to apply operations to them.
3. Modelling lattice microstructures
We propose the following approach to modelling infinite regular 3D lattices:
1) a set of infinite parallel slabs orthogonal to each coordinate axis can be defined by a
corresponding periodic function;
2) the intersection of two of these sets results in the infinite rods parallel to one of the
axes;
3) the union of rods gives us an infinite rectangular lattice.
To define the infinite slabs, the following functions can be applied:
s x ( x, y, z ) = sin(q x x + px ) − lx
s y ( x, y, z ) = sin(q y y + p y ) − l y

(4)

s z ( x, y, z ) = sin( q z z + pz ) − l z
where the inequality sx ≥ 0 describes a set of slabs orthogonal to x-axis and parallel to each
other, the frequency qx defines the distance between parallel slabs along x-axis, the phase
px defines the position of slabs on the x-axis relative to the origin, and the threshold -1 < lx <
1 together with the frequency defines the thickness of each slab. The slabs orthogonal to y
and z axes are symmetrically defined by the functions sy and sz.

The next step is to describe three sets of rods parallel to each axis:
rx ( x, y, z ) = s y ∧α s z

ry ( x, y, z ) = sx ∧α sz

(5)

rz ( x, y, z ) = sx ∧α s y
Here the inequality rx ≥ 0 describes a set of rods parallel to x-axis and obtained as the settheoretic intersection between slabs orthogonal to y-axis and z-axis using an R-function
(Eqs. 1-3). The final infinite regular lattice as a union of all the rods can be described as
follows:
g ( x, y, z ) = rx ∨α ry ∨α rz or

g ( x, y, z ) = ( s y ∧α sz ) ∨α ( sx ∧α sz ) ∨α ( sx ∧α s y )

(6)

Note that all the parameters in the above lattice model can be made variable in space. Fig.
2 illustrates the construction of the regular lattice with some constant parameters (Fig. 2 a,b)
and with the rod thickness controlled by the thresholds linearly changing along the
horizontal axis (Fig. 2c).
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Figure 2. Function-based infinite regular lattice with (a) constant parameters; (b) double frequency (c) variable
parameters – rod thickness grows linearly along one axis; (d) rods smoothed by blending.

The controlled blending versions of set-theoretic operations are applicable to FRep objects
[PAS*95]. Instead of producing sharp edges, these operations result in smooth transitions
between two given surfaces while a set operation is applied to two solids. The formulation
of a blending operation is based on the displacement added to a standard R-function, for
example for the blending intersection, we have:

f1 ∧ b f 2 = ( f1 ∧α f 2 ) +

a0

(7)
2
2
 f1   f 2 
1 +   +  
 a1   a2 
where ∧α stands for one of the R-functions defining the intersection (Eq.2-3) and the
additional term defines the displacement with the parameters a0, a1, a2 controlling the
shape of the blend. For example, a0 < 0 means the blend with removed material (chamfer).
Fig. 2d illustrates an application of this operation to the rods construction, where the
intersection operations of Eq. 5 are replaced by the blending intersection (Eq. 7).
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Figure 3. Combining microstructures with external shapes: (a) union of a spherical shell with a regular lattice;
(b, c) blending union between the rods of the regular lattice, and between the rods and the spherical shell; (c)
high-density lattice within a spherical shell; (d) lattice parameterization depending on the distance to the
external surface.

It is important for the most of applications to be able to combine a microstructure with the
given external shape of the object. Typically a thin shell of the object is created and the
microstructure is truncated to fit inside the shell. These operations for the function F
defining the initial external shape can be described as follows:

Fo ( x, y, z ) = F ( x, y, z ) − l o

defines the internal offset of the given shape, where lo > 0 is the offset threshold.
The shell of the object is defined as the subtraction of the offset from the initial shape:
Fs ( x, y, z ) = F \α Fo ,
the lattice within the object can be obtained by intersecting it with the given object:
Fg = g ∧α F ,
and finally the object shell with the microstructure inside has the defining function

Fm ( x, y , z ) = Fs ∨α Fg = ( F \α Fo ) ∨α ( g ∧α F )

(8)
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Figure 4. Operations on the given shape (a) and the microstructure: (b) intersection for the microstructure
truncation; (c) union of the truncated microstructure with the object shell.

The above construction is illustrated by Fig. 3a, where the function F defines a sphere. If
the union operation in Eq. 8 is replaced by the blending union, the microstructure rods will
be blended with the shell as shown in Figs. 3 b,c. A more complex shape (Fig. 4) can
undergo the same operations. Note that the lattices in Figs. 4 b,c have non-uniform cell
sizes (lattice frequency) depending on the coordinate x value.
The lattice parameterization resulting in variable density and rod sizes can be made
dependent not only on spatial coordinates, but on other factors. Thus, in biomedical
engineering the lattice scaffolds has to be denser near the surface. This can be achieved by
making lattice parameters dependable on the distance to the surface or, in the case of
FRep object, on the defining function, which takes zero value on the boundary (see Fig. 3d).
4. Modelling porous microstructures
Porous media needs an approach different from the one suitable for modelling the regular
rectangular lattices. As we could see from the survey of existing works, interconnected
spherical pores with pseudo-random variations of sizes and positions are typically used in
the porous structure analysis. We propose the following modelling procedure:
1) select a basic pore shape such as a sphere or an ellipsoid;
2) replicate the basic pore in space with variable parameters, if necessary;
3) subtract the replicated pores from the given initial shape;
4) introduce pseudo-random variations of the pores positions and sizes.
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Figure 5. Function-based porous media modelling: (a) the basic pore replicated in space and subtracted from
the initial shape; (b) the pore sizes made decreasing with the distance to the surface; (c) the pseudo-random
variations of pores’ parameters; (d) the cross section of a sample bone for comparison.

The proposed procedure is illustrated by Figs. 5 a-c. A basic pore with the defining function
Fp can be replicated in space (Fig. 5a) by the following space mapping:

x' = p x sin(q x x)
y ' = p y sin( q y x)

z ' = p z sin( q z x)

(9)

Fr = Fp ( x' , y ' , z ' ) ,
where px>0 specifies a linear scaling for the x-coordinate and qx>0 controls the frequency of
the basic pore replication along the x-axis. The replicated pores make actual cavities in the
initial shape (sphere in Fig. 5) with the defining function F through the set-theoretic
subtraction:

Fm ( x, y, z ) = F \α Fr
Similar to the case of lattices, a pore size can be made variable depending on the distance
to the initial surface (Fig. 5b). Finally, the pseudo-random deformations of pores can be
introduced by adding a solid noise function [G84, L89] to any of the model parameters. In
the example of Fig. 5c, the Gardner’s noise [G84] with different parameters was added by
the algebraic summation of scale p, frequency q, and basic pore function Fp. The solid
noise parameters were selected to provide the pore shapes similar to those in the sample

bone cross-section (Fig. 5d). More sophisticated methods are definitely required to ensure
the model adequacy to samples of natural porous media.
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Figure 7. Modelling a bone structure: a) a polygonal bone model, green colour denotes the extracted segment
of interest; (b) A cut-away section of the bone segment of interest showing the generated porous
microstructure with the pore sizes decreasing with the distance to the bone surface.

The initial surface can be also provided in the form of a polygonal mesh or a voxel model
composed of cross-sectional images. To provide the microstructure parameterization
dependent on the defining function, one can involve the evaluation of the Euclidean
distance function to the external surface. However, for such operations as blending of a
lattice with a shell, the Euclidean distance has poor differential properties with C1
discontinuities at the medial axis points of the mesh. An alternative way of providing a real
defining function for the mesh is its exact conversion to a differentiable scalar field based on
the binary space partitioning [FPA08]. The use of such a conversion is illustrated in Fig. 7
by the model of the porous bone structure, where the scalar field obtained by the
conversion procedure possesses the distance property and is used for scaling down pore
sizes closer to the initial surface.
5. Rendering and fabrication
Application areas of microstructure modelling such as composite material design and
biomedical tissue engineering require model rendering and manufacturing procedures.
Typically a function-based model has to be converted to some auxiliary representations for
subsequent rendering using modern graphics hardware and then for manufacturing on
rapid prototyping or 3D printing equipment. The conversion to BRep involves an isosurface
polygonization (tessellation) while the voxelization is needed to produce a voxel array
representation. The disadvantages of both these auxiliary representations in the case of
microstructure modelling were discussed in Section 1. A more promising approach can be
called direct rendering and fabrication.

Figure 6. Ray-casting of a spherical thin shell with the internal regular lattice of different density; GPU
rendering rate remains about 10 frames per second independent of the microstructure complexity (image size
2562).

Direct rendering of isosurfaces can be done with accelerated ray-tracing/ray-casting. In
[FP08] it was shown that using of GPU allows direct rendering of relatively complex
function-based models with interactive rates on modern graphics hardware. An example of
ray-casting of the sphere with microstructures is shown in Fig. 6. As the complexity of the
function does not depend on the density of microstructures, the rendering time is almost the
same for lattices with different densities on the given graphics hardware.

Figure 7. Model fabricated in polyamide material using a 3D Systems Sinterstation HiQ at the Centro de
Tecnologia da Informação, Brasil.

Several of the FRep based microstructure models described above have been fabricated
using a variety of digital fabrication machines and materials. For example, Fig. 7 shows a
fabricated model of a lattice parametrized by the distance to the external surface (Fig. 3d).
These models were printed at the Centro de Tecnologia da Informação in Brasil. The
models were first polygonized and then output as STL files. The STL files were imported
into the various software packages for driving the machine where they were checked for
surface defects and then machine paths were generated based on layered slices of the STL
and manufacturing constraints. Many of the models must also go through post processing
to remove support structure and/or add additional strength. The STL file format created
many issues for the slicing, path planning and fabrication of some of the fine
microstructures.

A much better approach to fabrication is to directly control the digital fabrication process
using the FRep model at the resolution of any given machine without poor intermediate
formats such as STL. This has been previously proposed [VML*08] and is an active
ongoing focus of our research. However, obstacles presented by the proprietary nature of
most digital fabrication technology, such as access to machine protocols and languages,
require open hardware systems such as the Fab@Home or RepRap. Unfortunately, the
resolution of these free and open source systems is currently not competitive with high end
commercial machines necessary for fine resolution microstructures.
6. Discussion and conclusions
We have proposed two approaches based on different use of the periodic functions for
modelling both lattice and porous microstructures within the FRep framework. In the case of
lattices, these functions serve to directly define the point membership by analyzing the sign
of the function. In the case of porous media, the periodic functions are used for space
mapping (coordinates transformations) such that some basic shape can be infinitely
replicated in space. A simple spherical pore was tested; however, any pore shape can be
involved without any changes in the rest of the generation procedure.
The proposed models are extremely compact (all examples in this paper can be
implemented in 10-20 lines of HyperFun [ACF*99] or in 30-40 lines of C language), while
providing precise and spatially coherent models. The level of the model parameterization
can be very high including parameter-dependent changes in object’s topology. The FRep
models of microstructures can be used as arguments for further set-theoretic, blending,
offsetting, and other geometric operations. These models can be directly rendered using
ray-tracing with interactive rates in the case of the GPU implementation.
The direct microstructure fabrication without generating any auxiliary BRep or voxel
representations is one of the immediate subjects for our research and development.
Another subject is the model adequacy analysis when we need to compare generated
microstructures with those obtained by means of magnetic resonance imaging and other
measurements of natural or artificial objects. As the model strength can be one of the
design criteria, the strength analysis will be an area of our future research on the basis of
the heterogeneous objects discretization and finite element meshes generation reported in
FEA [KAP*03]. Finally, we intend to develop the function-based models for other types of
microstructures such as octahedral lattices, natural branching and organic structures.
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