Blending using ODE swept surfaces with shape control and c*continuity
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Abstract Surface blending with tangential continuity is
most widely applied in computer aided design,
manufacturing systems, and geometric modeling. In this
paper, we propose a new blending method to effectively
control the shape of blending surfaces, which can also
satisfy the blending constraints of tangent continuity
exactly. This new blending method is based on the concept
of swept surfaces controlled by a vector-valued fourth
order ordinary differential equation (ODE). It creates
blending surfaces by sweeping a generator along two
trimlines and making the generator exactly satisfy the
tangential constraints at the trimlines. The shape of
blending surfaces is controlled by manipulating the
generator with the solution to a vector-valued fourth order
ODE. This new blending methods have the following

advantages: 1). exact satisfaction of c! continuous
blending boundary constraints, 2). effective shape control
of blending surfaces, 3). high computing efficiency due to
explicit mathematical representation of blending surfaces,
and 4). ability to blend multiple (more than two) primary
surfaces.
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1 Introduction

Surface blending is widely used in many applications such
as computer-aided design, manufacturing systems, and
geometric modeling to achieve a smooth transition between
two or more separate primary surfaces for strength,
manufacturing, aesthetic and usage purposes. Due to its
wide range of applications, various surface blending
approaches have been proposed.

Among existing surface blending approaches, tangent
continuous surface blending is most widely applied since it
can meet the requirements of the majority of applications
and is easy to create. For tangent continuous surface
blending, an important issue is how to achieve both
effective shape control and at the same time exact
satisfaction of tangent continuity, since both requirements
are extremely important as discussed below.

Exact satisfaction of blending boundary constraints can
guarantee a smooth transition between primary and
blending surfaces. Such a smooth transition can lead to
smooth movements and avoid undesirable impact. Here, we
take a car as an example to demonstrate this. The car
moves along a straight path consisting of two segments
Cy(u) and Cy(u) . If the transition between C;(u) and C,(u)

is c! continuous, we have aC;(u)/éu=aCy(u)/au . It indicates
that when the car moves from C;(u) to C,(u), the velocity
of the car will not change which guarantees a smooth
movement and avoids the impact caused by the abrupt
velocity change. In contrast, if the transition between c;(u)

and C,(u) is not ¢t continuous, aCy(u)/u = aCy(u)/au, when
the car moves from C;(u) to C,(u), the velocity of the car is
suddenly changed which causes an undesirable impact and
an unsmooth movement.

Shape control is required in many situations. Desirable
shapes of blending surfaces can lead to a better
performance such as a more uniform stress distribution in
engineering applications or a more pleasing appearance for
aesthetic purpose.

In existing work, shape manipulation of blending surfaces
is usually achieved by adjusting the magnitude of blending
boundary tangents. In order to ensure the continuity of both
the direction and magnitude of blending boundary tangents,
new shape control handles have to be introduced which is
not an easy task. In this paper, we will address this issue

with a new blending method. It constructs ¢! continuous
blending surfaces with a controllable shape by sweeping a
three-dimensional curve called a generator along two three-
dimensional trajectories called the trimlines. Positional and
tangential continuities at the trimlines will be satisfied
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exactly. The shape of the generator is controlled by a
vector-valued fourth order ODE.

The rolling-ball blending is very popular in connecting two
separate primary surfaces smoothly. With this blending
method, shape control is achieved by changing the radius
of the rolling ball. However it can fail when two boundary
curves (trimlines) of a blending surface are specified. Our
proposed method can solve this problem effectively by
simply adjusting the values of shape control parameters
involved in the vector-valued ODE.

The partial differential equation (PDE) based surface
blending is especially suitable for the smooth connection
between two separate primary surfaces. However, such a
blending method has two weaknesses: 1). it is difficult to
blend more than two separate primary surfaces, 2). for
complicated surface blending problems, analytical
solutions of PDEs do not exist. Numerical solutions or
approximate solutions of PDEs are the only choices which
result in more computational cost. In contrast, ODE swept
surface-based blending can blend multiple (more than two)
primary surfaces and is very efficient in generating
required blending surfaces.

In what follows, we firstly review the related work in
Section 2. Then, we investigate the mathematical model
and an analytical solution of curve-based surface blending
in Section 3 and give other analytical solutions in
Appendix A. Next, we implement and validate our
proposed analytical solutions in Section 4, and investigate
shape control of blending surfaces in Section 5. Finally, we
use an example to demonstrate the application of our
proposed approach in blending more than two primary
surfaces in Section 6, and conclude the work given in this
paper in Section 7.

2 Related work

There are many publications on surface blending [1]. In
this section, we only briefly review some popular
approaches and those which are closely related to the work
given in this paper.

Rolling-ball blending is the most popular method. It was
proposed by Rossignac and Requicha [2]. Rolling-ball
blending can be used to blend both implicit and parametric
surfaces. Depending on whether the radius of the rolling
ball changes or not, rolling-ball blending can be divided
into constant-radius [2-6] and variable-radius [7-9] blends.
Recently, Whited and Rossignac introduced the concept of
relative blending and a set theoretic formulation for
variable-radius blending [10].

Blending surfaces constructed with the rolling ball methods
are circular. Some other blending methods can create
noncircular blending surfaces such as branching blends
with Pythagorean normal surfaces [11], vertex blending
using S-patches [12, 13], N-sided hole filling [14-20], and
the following partial differential equation-based blends.
Surface blending using partial differential equations is an
effective approach especially in dealing with various
blending problems between two primary surfaces. With
such an approach, a blending surface can be constructed
from the solution to a vector-valued PDE which satisfies
the positional, tangential or higher order continuities at

trimlines. PDE-based surface blending was pioneered in
[21]. Since analytical solutions to PDEs are difficult to
obtain, numerical and approximate analytical solutions
were investigated. Li [22, 23] and Li and Chang [24]
proposed boundary penalty finite element methods of
surface blending. Bloor and Wilson developed a
perturbation method to generate blending surfaces [25].
They also investigated a pseudo-spectral method for the
construction of regular 4-sided patches [26]. You et al.
presented approximate analytical methods [27, 28]. In
addition to partial differential equation-based surface
blending, solid modelling using partial differential
equations has also been investigated in [29, 30].

PDE-based surface blending methods involve two
parametric variables. They are very difficult to solve and
have low efficiency. In contrast, ODE-based approaches
involve one parametric variable only. They are very easy to
solve and have high efficiency. Due to this reason, ODE-
based approaches have been applied in shape manipulation
[31] and skin deformation determination [32, 33].

The work given in this paper will introduce ODE-based
approaches into surface blending to develop a swept
surface and use the surface to achieve surface blending

with shape control and exact satisfaction of C! continuity.

3 Mathematical model and solution

For parametric representation of c! continuous blending
surfaces, tangential continuity is defined by first partial
derivatives of primary surfaces at the trimlines. Therefore,
blending boundary constraints for surface blending with
positional and tangential continuities can be written as,

u=0 S(u,v) =Cq(v) M:EO(V)
ou (1)

u=l  SUV)=Cy(v) %:Eﬂv)
where the vector-valued function

SV =[S,y S,y S, s the mathematical
representation of a blending surface, u and v are

parametric variables, and Co(v):[COX(v) Coy(v) COZ(v)]T

and Cl(V)=[Clx(V) Cry(v) Clz(v)]r are vector-valued

positional functions, and Eo(v)=[50x(v) Coy(v) 502(v)]T and

El(v):[Elx(v) Cy(v) chZ(v)]r are first partial derivatives of
primary surfaces at the trimlines.

The functions Cy(v) , Co(v), Ci(v) and Cy(v) in blending
boundary constraints (1) can be determined below.

If the trimline Cj(v) (i= 0 or 1) is an isoparametric line of
a primary surface Pj(u,v) where u
parametric variables, C;j(v) can be easily determined by
taking the parametric variable u to be the parametric value
uy of the isoparametric line, i.e., Cj(v)=P;(um,v) . Similarly,
the first partial derivative of the primary surface at the
isoparametric line can be formulated as C;(v) = oP; (up,v)/éu
(i=0orl).

If the trimline is not an isoparametric line of a primary
surface Pi(s,t) where s and t are two parametric variables,

and v are two
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the trimline is determined by C;j(v)=Pi(s(v).t(v))=P;(v) and
the tangent Cj(v)=Ti(v) on the trimline is determined by
Ti(v) = —[oP; (s(v),t(v)) /s |(dt/dv) + [P; (s(v),t(v)) /et ds/dv) where v
is a curve parameter [34].
In order to manipulate the shape of blending surfaces, the
parameters which affect the shape but have no influence on
the blending boundary constraints should be introduced
into the mathematical representation of the blending
surfaces. A vector-valued ODE provides an effective way
of introducing such parameters due to the following reason.
The geometric representation of the solution to a vector-
valued ODE is a three-dimensional curve and a blending
surface can be created by sweeping the curve (generator)
along two trimlines and exactly satisfying the boundary
tangent at the trimlines at the same time. The parameters
involved in the ODE have an influence on the shape of the
curve and can be used as shape control handles of the
blending surface. In this paper, blending surfaces created
with this approach are called ODE blending surfaces.
Since fourth order ODEs involve four unknown constants
which can be used to satisfy the four positional and
tangential functions in Eq. (1), we propose to use the
following vector-valued equation for surface blending with
positional and tangential continuities.
4 2

o2 p T o =0 )

where  G(u) =[Gy (u) Gy(u) Gz(u)]r is a vector-valued

function defining a generator used to create swept surfaces,
and «, p and y are called shape control parameters used

as shape control handles for the generator.
The vector-valued ODE (2) can be changed into an
algebraic equation by taking each component of the vector-
valued function of the generator to be

Gy (u)=e™ @3)

(A=xY.2)
Substituting Eq. (3) and the second and fourth derivatives
of G(u) with respect to the parametric variable u into Eq.
(2) and deleting e™ , the following algebra equation is
reached,

art+ pr2y=0 4)
Depending on different combinations of shape control
parameters, Eq. (4) has different solutions. Here we only
give the solution for p2=4ay and «/p<0 . All other
solutions are given in Appendix A.
For g?=4ay and «/B<0, solving the nonlinear algebra
equation (4), we obtain the following roots,

M234=%04 ©)

4 =y~ Al(2a) (6)

With the roots given in Eq. (5), the solution to Eq. (2) can
be written as,

G(u) = die™" +douet + dye™h" 4+ d yue~HY (7
where d;, d,, d3 and d, are vector-valued unknown

constants.
In order to determine the unknown constants in Eq. (7), we
substitute it into Eq. (1), conduct the sweeping operation by

where

solving for the four vector-valued unknown constants dq,
d,, d3 and dg4, and obtain,
dy =[aof (v) — agof2 (v) )/ 3
dy =[agsfo(v) — apify (v))/ 3
d3 =Co(v) - [azofy () - anaf2 (1) )/ g (®)
dg = Co(v) + tuCo(v) ~ 2anazsf (v) ~ araf2 (1) )/ ag
~[aq1f2 (v) - ap1fy (v) )/ ag
where,
ag =8a11822 — 1281 ©)
and,
agp=e® —(1+2¢)e™
app=eh—e ™%
apy = et — e + quze—%
21 i (10)
ag =(1+qet —(1-g)e ™
fi(v) =—(1+qg)e"BCo(v) e~ HCo(v) + Cy(v)
fa(v) = [qle“‘l - ql)qle‘ql}co (v) - (L-ag)e”HCo(v) + C1(v)
Substituting Eq. (8) back into Eg. (7), the mathematical

equation of swept surfaces for p%=4ay and «/<0 can be
written as,

S(u,v) = {e‘ql“ +oque” 1! — (L+ cp)e Mgy (u) + [qle‘ql -(1-q)
e oo (0)ICo(v) +| ue ™ —¢ g 1) - 1)

& gp(u) [Cotv) + L WCLY) + G2 (WEL(Y)

(11)

where,

01(0) = g % + 2y )6 Ju(e ™ —e) 4 [ L et
-~ ql)e_ql}[eqlu —(L+2qqu)e ! ]}/Ao

go(u) = {[eql -+ Zoa)e_qlJu(eqlu —e Wy, 2q1(eql -

e"h)ue’qlu + (eql —eh )(e’qlu —eft j} / A

po=[ e - (206 | (@ et - @-cpe~

_ (eql —e % j[qleql _ qle_ql + quze—(h}

With the same treatment, we derive other analytical
solutions (A4), (A9) and (A15) of Eqg. (2) in Appendix A.
Using these obtained solutions (11), (A4), (A9) and (A15),
we can tackle various surface blending problems with
effective shape control and exact satisfaction of positional
and tangential continuities at trimlines. We will
demonstrate this with some examples given in the
following sections.

Since the boundary constraints Cy(v) , Co(v) , Ci(v) and

(12)

and,

(13)

Ci(v) are explicitly incorporated in the mathematical
expressions (11), (A4), (A9) and (A15) of the blending
surfaces, the main task of surface blending is to determine
the boundary curves Cp(v) and Cy(v) and first partial

derivatives Co(v) and C(v) at the boundary curves which

can be readily obtained from the primary surfaces as
discussed at the beginning of this section. Therefore, our
proposed surface blending method is easy to use.

Once the blending boundary constraints at the trimlines are
known, blending surfaces are analytically determined from
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one of Egs. (11), (A4), (A9) and (A15), leading to high
computational efficiency. Even boundary constraints are
represented at the discrete points at the trimlines, our
proposed method can also construct blending surfaces
quickly because of the explicit mathematical expressions of
blending surfaces.

4 Implementation and validation

In this section, we implement our proposed method and
validate it with various surface blending tasks.

The first task is to create a blending surface between an
open surface and a closed conic surface. This example is
used to validate Eq. (11) in surface blending. Denoting

S=S(u,v)=[sx Sy sy]r , the boundary constraints for this

blending task can be written as,

0S

u=0 Sy =0.1sinh(17v+0.1) +1.1297sinv —% =-0.027sinv
u

oS
Sy =0.3cosh0.3v+1.1297 cosv T Y — 0.027cosv
u

s, =-15+¢03 Bz __5e03
66; (14)
u=1l S, =0.8sinv —X =0.2sinv
ou
S
Sy =0.8cosv Y _0.2c0sv
ou
S,=-19 Bz _ 36
ou

Substituting the vector-valued functions Cy(v) , Co(v) ,
Cy(v) and C(v) determined by Eq. (14) into Eq. (11), and
setting shape control parameters to: a=y=1, and g=-2,
the blending surface is obtained and depicted in Fig. 1
where Fig. 1(b) and Fig. 1(c) are from different views of
the blending surface in Fig. 1(a). The images given in
Figure 1 clearly show that the upper and bottom primary
surfaces are smoothly connected together through the in-
between blending surface which demonstrates successful
applications of Eq. (11) in surface blending.

The second blending task is to generate a blend between a
circular torus and an elliptic hyperboloid. This blending
task is used to validate Eq. (A4) in surface blending. The
boundary constraints for this blendlng task are

- ==

N\

c
Fig. 1 Blending surface constructed with Eq. (11)

=2.45sin0.85c0sVv

u=0 Sy =(1.7+0.45c0s0.85)cosv 665—"

Sy =(1.7+0.45c0s0.85)sinv  —==2.45sin0.85sinv

0S

S, =0.45sin0.85 8_2 =—2.45c0s0.85
u

(15)

0S

u=1 Sy =1.5cosh0cosv —X = (sinh 0+ cosh0)cosv
u

Sy =coshOsinv —y=0.7(sinh0+cosh0)sinv

S, =—1.5sinh0 ﬁ=—1.5cosh0

au

For this blending task, we set the shape control parameters
to: a=y=1 and p=2. The obtained blending surface was
depicted in Fig. 2 where Fig. 2(a) is from the front view

and Fig. 2(b) is from the side view.

a b
Fig. 2 Blending surface constructed with Eq. (A4)

The third example is to construct a blending surface
between two conic frustums: one has some wrinkles on its
surface and the other has a circular cross section. This
example is used to validate Eq. (A9) in surface blending.
The boundary constraints for this blending task are,

u=0 S, =1.013[0.909cosv +0.051cos(12v)]
aas_x =0.26[0.909c0sv +0.051cos(12v)]
u
Sy =1.013[0.909sinv +0.051sin(12v)]
Y~ 0.26[0.909sinv +0.051sin(12v)]
1
S, =0.95 B2 _ 5 (16)
ou
u=1 S, =1.3cosv Bx _ -0.5cosv
ou
: asy :
Sy =1.3sinv —==-0.5sinv
au
85,

2 ==

¥ X%

Fig. 3 BIendlng surface constructed with a). Eq. (A9), and
b). Eq. (A15)

Setting the shape control parameters to: a=y=1 and g=3,
the obtained blending surface was depicted in Fig. 3a.

The fourth example is to produce a blending surface
between a circular cylinder and an elliptic cylinder of two
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sheets. This example is used to validate Eqg. (Al5) in
surface blending. The boundary constraints for this
blending task can be written as,

u=0 S, =0.9cosv ﬁ=O
ou
) oSy
Sy =0.9 sinv —=0
ou
S, =04 P18
a(?su (17)
u=1 S, =0.6sinhl.4cosv —X% =0.6coshl.4cosv
u

0S
S, =0.4sinh1.4sinv a—y=0.4cosh1.4sinv
u

0S

S, =-1.5coshl.4 a—z =-1.35sinh1.4
u

With Egs. (A15) and (17), and setting the shape control
parameters to: «=p=y=1, the generated blending surface
is given in Fig. 3b where the left one is from the front view
and the right one is from the side view.

The last example is to blend two intersecting cylinders. It is
used to demonstrate the application of our proposed
approach in complicated surface blending tasks. The
boundary constraints for this blending task are

0S
u=0 S, =¢&cosv Zx o
x =41 0
S s S,
=&siny e 2
y=a ou
S, =\/(§2 +&) - & cos?v
95, _ $r+ &3
a \/ (&, + &) — &l cos?v 18)
u=1 Sy =(&+&)cosv aas_x=cosv
u
oS
Sy =(& + & )sinv a—uy:sinv

S, =\/§22 —(& + &4 ) cosy
%5, __
o \/522 —(& + & feos?y
where &, &, & and & are the geometric parameters
defining the two boundary curves.

geos 2y

Fig. 4 Blending surface between two intersecting cylinders

Using Egs. (11) and (18), and setting the shape control
parameters to: a=y=1 and p=-2 , the generated
blending surface is shown in Fig. 4. This example
indicates that our proposed approach solves the complex
surface blending problem successfully.

5 Shape control of blending surfaces

The biggest advantage of our proposed blending
approach is that it not only controls the shape of the
blending surfaces effectively but also satisfies the same
blending boundary constraints exactly. We will use an
example below to demonstrate this. This example is to
blend a petal-like surface to the frustum of an elliptic
cone. The boundary constraints for this example are,

u=0 Sy =1.015(0.9cosv +0.1cos 7v)
a;—x =0.02(0.9cosv +0.1cos 7v)
u
Sy = 1.015(0.9sinv+0.1sin 7v)
a8y _ _
6—:0.02(0.93mv+0.1sm 7v)
u
S, =165 Bz _ g4 (19)
ou
u=1 Sy =1.6cosv aS—’(:1.2cosv
ou
. 0Sy .
Sy =1.2sinv —==1.2sinv
ou
S, =0 Bz__18
ou

Inserting Eq. (19) into Eq. (A15), when we set the shape
control parameters to: a=y=1, and p=05, the obtained
blending surface was indicated in Fig. 5(a). If we changed
these shape control parameters to: «=3.7, =25 and y=1,
the blending surface given in Fig. 5(b) was produced. The
blending surface shown in Fig. 5(c) was created by setting
the shape control parameters to: «=3.7, =2 and y=18,
and that presented in Fig. 5(d) was achieved by setting the
shape control parameters to: «=2, g=05,and y=1.

ZXE
X
A

a
Fig. 5 Blending surfaces created with different shape

c
control parameters (8) a=y=1, =05, (b) =37, =25,

y=1, (€) =37, B=2, y=18, (d) a=2, p=05, y=1, ()
profile curves of Fig. 4(a)-4(d)




In order to demonstrate the shape changes of the blending
surface depicted in Fig. 5(a)-5(d) more clearly, we gave the
profile curves of the blending surface in Fig. 5(e) where the
profile curves in blue, green, purple and red are from Fig.
5(a), Fig. 5(b), Fig. 5(c) and Fig. 5(d), respectively.

The images in Fig. 5(a)-5(e) indicate that shape control
parameters are very effective in controlling the shape of
blending surfaces. By manipulating these shape control
parameters, the shape of blending surfaces is controlled
effectively while the continuities at the trimlines between
the blending surface and primary surfaces keep unchanged
due to the same blending boundary constraints.

Now, we investigate the relationships between shape
control parameters and the shape of blending surfaces. In
order to exclude the influence of blending boundary
tangents on blending surfaces, we keep the blending
boundary constraints (19) unchanged.

First, we fix the second and third shape control parameters
B=y=1, take the first shape control parameter «=1, and
obtain the red profile curve of the blending surface shown
in Fig. 6(a). Next, we change the first shape control
parameter to « =2, the green profile curve of the blending
surface is generated. Further raising the shape control
parameter to «=2.5, the blue profile curve of the blending
surface is created. These profile curves indicate that raising
the first shape control parameter, the whole blending
surface becomes uniformly more concave.

) U\

c
Fig. 6 Relationships between shape control parameters and
the shape of blending surfaces (a) p=r=1, a=1 (red
profile), «=2 (green profile), a«=25 (blue profile), (b)
a=y=1, p=01 (red profile), =15 (green profile), =3
(blue profile), (c) e=p=1, y=01 (red profile), y=0.3
(green profile), y=0.5 (blue profile)

Next, we fix the first and third shape control parameters
a=y=1. When the second shape control parameter is set to
B=01, the red profile curve indicated in Fig. 6(b) is
produced. Increasing the parameter to g=15 and g=3,
respectively, the green and blue profile curves of the
blending surface are obtained. These profile curves
demonstrate that increasing the second shape control
parameter, the blending surface becomes less concave.
When the increase of the parameter is small ( p=15), the
influence mainly occurs in the lower part of the blending

surface. However, when the parameter is large ( 5=3), the
influence becomes more uniform.

Finally, we fix the first and second shape control
parameters «=4=1, and change the third shape control

parameter only. When the third shape control parameter is
setto y=0.1, the achieved red profile curve of the blending

surface is depicted in Fig. 6(c). Changing the third shape
control parameter to 0.3 and 0.5, respectively, the green
and blue profile curves are created and shown in the same
figure. These profile curves suggest that increasing the
third shape control parameter, the blending surface
becomes more concave. When the increase is not big (
7=0.3), the influence of the parameter on the top part of

the blending surface is more significant. However, when
the increase becomes larger (y=0.5), the influence changes
to more uniform.

Apart from its advantage of effective shape manipulation

and exact satisfaction of ¢! continuous boundary
constraints, our method can also create blending surfaces
quickly. On a laptop with a 1.66 GHz CPU and using
100x100 uniformly distributed surface points, our approach
took 0.063 second to generate the blending surface in Fig.
5(a), suggesting that our proposed approach can create
blending surfaces fast.

6 Blending among more than two primary surfaces

Our proposed approach is not only powerful in blending
two primary surfaces, but also effective in constructing
blending surfaces connecting more than two primary
surfaces, which is usually a difficult task for existing
surface blending approaches such as PDE-based surface
blending. We demonstrate the effectiveness of our
approach with an example below.

In this example, we blend three planes shown in Fig. 7(a).
The blending operation is divided into two steps. In the
first step, we construct blending surfaces between the top
and front planes, between the top and side planes, and
between the front and side planes. In the second step, we
create a blending surface between the three constructed
blending surfaces.

The boundary constraints for the surface blending between
the top and front planes can be written in the following
form,

Sy (u,v)

u=0 Sy(u,v)=Ilwv o 0
oSy (u,v)
Sy(u,v)=yg+r Y =-0.5I
y(uVv)=yo U y
S;(uv)=zg+l;+r wzo
u=1 Sy(u,v)=Iwv %:J’V)—O (20)
XA X ou
Sy (u,v)
Sy(u,v) = y =0
y( )=Yo U
S,(UV) =19 +1; w;ash
u

The boundary constraints used to construct the blending
surface between the top and side planes can be written as ,



u=0 Sy(u,v)=Iwv W:O.SIX
u
6Sy(u,v)
Sy(u,v)=y0+r+lyv ™ =0.0
S,(uv)=zg+l,+r1 M:O
ou (21)
u=1 Sy(uv)=Il+r —6SX(U’V)70
X X au
Sy (u,v)
Sy(u,V)=yg+r+lyv y =0
y(uv)=yg y U
S, (uV) =20 +1 asza(“"’) =-05l,
u

s

Fig. 7 Blending among more than two separate primary
surfaces

Similarly, the boundary constraints employed to construct
the blending surface between the front and side planes take
the form of,

Sy (u,v)

u=0 Sy(uv)=Iy 5 =0.5ly
u
Sy (u,v)
Sy(uv)= Y200
y(uv)=yo u
S;(u,v)=17p+1v wzo
u=1 Sy(uv)=Ily+r %ﬁ,v)_o (22)
XA au
Sy (u,v)
Sy(u,v)=yg+r y =0.51
MCRUES') Py y
S, (u,v)
S, (u,v) =29 +1,v —Z -0
z( ) 07!z ou

In the above equation, yg, zg, Ix, Iy, I, and r are

y L
geometric parameters used to define the top, front and side
planes.

Taking the geometric parameters in the above equations to

be: yo=Ix=1,=1, =05, 1, =12 and r=025, and setting
the shape control parameters to: a=y=1 and =2, we
constructed the blending surfaces between these planes
using Eq. (A4) and depicted these blending surfaces in Fig.
7(b).

Finally, we generate the blending surface between the three
constructed blending surfaces shown in Fig. 7(b). This
blending surface is a 3-sided patch. The boundary
constraints for this 3-sided patch were determined below.
The top boundary at u=0 for this blending problem is a
point which is determined by setting u=0 and v=1 in Eq.
(A4) of the blending surface between the top and front
planes, i. e., s"™(01) or by setting u=0 and v=0 in Eq.
(A4) of the blending surface between the top and side
planes, i. e., s™(0,0) where the superscripts TF and TS
indicate the blending surface between the top and front
planes and between the top and side planes, respectively.
Although the top boundary of the 3-sided patch is a point,
the boundary tangent changes continuously from that

determined by s™" (u,v) to the one determined by s™ (u,v),
i. e, from T0=asF(0y/ou to TL=05"(00)/ou . The
boundary tangent T!(v) at any position v can be obtained
by interpolating T and T* which is Tt(v):T°+(T1—T°)(v)
where the superscript t indicates the top boundary and 1(v)

is the normalized arc length of the bottom boundary curve.

The normalized arc length of the bottom boundary curve
can be determined as follows. First, we calculate the total
length of the bottom boundary curve with the equation

L= jé\/ lasES w/ouf + s ES Wy /du]Z JisPswn/mfau where

sFS(uy1) is the vector-valued representation of the bottom
boundary curve and the superscript Fs indicates the
blending surface between the front and side planes. Then,
we calculate the length of the bottom boundary curve from
u=0 to any position u which is

L(u):ng[dsfs (u,l)/du]2 +[dsyFS (u,1)/du]Z +[dsZFS (u,l)/du]zdu . The
normalized arc length 1(v) of the bottom boundary curve is
determined by I(v)=L(v)/L where the parametric variable u
in L(u) has been replaced by the parametric variable v .
The bottom boundary is a curve represented by
cPu)=sFSu1 where the superscript b indicates the
bottom boundary of the 3-sided blending surface. The
boundary tangent at the bottom boundary is determined by
T () =2sFS (u)/ov .

When constructing the 3-sided blending surface, the
parametric direction u for the bottom boundary is changed
into the parametric direction v . Accordingly, the boundary
curve and boundary tangent for the bottom boundary
become cP(v) and T°(v).

With the above treatment, the boundary constraints for the
3-sided blending surface are represented by

u=0 S@uv)=s" (1 BUY) iy
ou (23)
u=1 S(u,v):Cb(v) %:Tb(\/)

Still using the same shape control parameters, we obtained
the 3-sided blending surface and depicted it in Fig. 7(c).
This example demonstrates that our proposed approach can
blend more than two primary surfaces easily and
effectively.

7 Conclusions

Based on swept surfaces controlled by a vector-valued
fourth order ODE, we have developed a new surface
blending method to achieve effective shape control of
blending surfaces and exact satisfaction of both positional
and tangential continuity constraints. With this method, the
generator used to construct blending surfaces is created
with the analytical solutions to the ODE and its shape is
manipulated by the shape control parameters involved in
the ODE. Blending surfaces are generated by sweeping the
generator along two three-dimensional trajectories and
making it exactly satisfy the positional and tangential
constraints at the trimlines. A number of examples were
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presented to demonstrate the applications of our proposed
approach in surface blending.

Due to the analytical nature of our approach, it can
generate various blending surfaces very efficiently. Since
blending boundary constraints are explicitly included in the
mathematical expressions of the blending surfaces, our
proposed approach is easy to use. By making blending
surfaces exactly meet the constraints of boundary curves

and first partial derivatives at the boundary curves, c!
continuous surface blending is achieved. The shape of the
blending surfaces constructed with our proposed approach
is controlled effectively by simply manipulating the shape
control parameters while maintaining the same continuities
at the trimlines. Apart from its capacity in creating a
blending surface between two primary surfaces, it is also
effective in blending more than two primary surfaces
together.

Acknowledgements This research is supported by the
grant of 2013 UK Royal Society International Exchanges
Scheme (Grant no. IE131367). Xiaogang Jin was supported
by the National Natural Science Foundation of China
(Grant no. 61272298), and the Joint Research Fund for
Overseas Chinese, Hong Kong and Macao Young
Scientists of the National Natural Science Foundation of
China (Grant No. 61328204).

References

1.  Vida, J., Martin, R.R., Varady, T.. A survey of
blending methods that use parametric surfaces.
Computer-Aided Design 26(5), 341-365 (1994)

2. Rossignac, J.R., Requicha, A.A.G.: Constant-radius
blending in solid modeling. Computers in Mechanical
Engineering 3(1), 65-73 (1984)

3. Choi, B.K., Ju, S.Y.: Constant-radius blending in
surface modeling. Computer-Aided Design 21(4),
213-220 (1989)

4. Barnhill, R.E., Farin, G.E., Chen, Q.: Constant-radius
blending of parametric surfaces. Computing Supple.
8, 1-20, (1993)

5. Farouki, R.A.M., Sverrisson, R.: Approximation of
rolling-ball blends for free-form parametric surfaces.
Computer-Aided Design 28(11), 871-878 (1996)

6. Kos, G., Martin, R.R,, Véarady, T.: Methods to recover
constant radius rolling ball blends in reverse
engineering. Computer Aided Geometric Design 17,
127-160 (2000)

7. Chuang, J.-H., Lin, C.-H., Hwang, W.-C.: Variable-
radius blending of parametric surfaces. The Visual
Computer 11, 513-525 (1995)

8. Chuang, J.H., Hwang, W.C.: Variable-radius blending
by constrained spine generation. The Visual
Computer 13, 316-329 (1997)

9. Lukacs, G. Differential geometry of G! variable
radius rolling ball blend surfaces. Computer Aided
Geometric Design 15, 585-613 (1998)

10. Whited, B., Rossignac, J.: Relative blending.
Computer-Aided Design 41, 456-462 (2009)

11. Krasauskas, R.: Branching blend of natural quadrics
based on surfaces with rational offsets. Computer
Aided Geometric Design 25, 332-341 (2008)

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

Zhou, P., Qian, W.-H.: A vertex-first parametric
algorithm for polyhedron blending. Computer-Aided
Design 41, 812-824 (2009)

Zhou, P., Qian, W.-H.: Polyhedral vertex blending
with setbacks using rational S-patches. Computer
Aided Geometric Design 27, 233-244 (2010)
Schichtel, M.: G2 blend surfaces and filling of N-sided
holes. IEEE Computer Graphics and Applications
13(9), 68-73 (1993)

Hsu, K.L., Tsay, D.M.: Corner blending of free-form
N-sided holes. IEEE Computer Graphics and
Applications 18(1), 72-78 (1998)

Piegl, L.A., Tiller, W.: Filling n-sided regions with
NURBS patches. The Visual Computer 15(2), 77-89
(1999)

Li, G.Q., Li, H.: Blending parametric patches with
subdivision surfaces. Journal of Computer Science
and Technology 17(4), 498-506 (2002)

Hwang, W.C., Chuang, J.H.: N-sided hole filling and
vertex blending using subdivision surfaces. Journal of
Information Science and Engineering 19, 857-879
(2003)

Yang, Y.-J,, Yong, J.-H., Zhang, H., Paul, J.-C., Sun,
J.-G.: A rational extension of Piegl’s method for
filling n-sided holes. Computer-Aided Design 38(11),
1166-1178 (2006)

Shi, K.-L., Yong, J.-H., Sun, J.-G.: Filling n-sided
regions with G! triangular Coons B-spline patches.
The Visual Computer 26, 791-800 (2010)

Bloor, M.L.G., Wilson, M.J.: Generating blend
surfaces using partial differential  equations.
Computer-Aided Design 21(3), 165-171 (1989)

Li, Z.C.: Boundary penalty finite element methods for
blending surfaces, |. Basic theory. Journal of
Computational Mathematics 16, 457-480 (1998)

Li, Z.C.: Boundary penalty finite element methods for
blending surfaces, Il. Biharmonic equations. Journal
of Computational and Applied Mathematics 110, 155-
176 (1999)

Li, Z.C.: Chang C-S. Boundary penalty finite element
methods for blending surfaces, 111, Superconvergence
and stability and examples. Journal of Computational
and Applied Mathematics 110, 241-270 (1999)

Bloor, M.L.G., Wilson, M.J., Mulligan, S.J.:
Generating blend surfaces using a perturbation
method. Mathematical and Computer Modeling 31(1),
1-13 (2000)

Bloor, M.I.G., Wilson, M.J.: An analytic pseudo-
spectral method to generate a regular 4-sided PDE
surface patch. Computer Aided Geometric Design 22,
203-219 (2005)

You, L.H., Zhang, J.J., Comninos, P.: Blending
surface generation using a fast and accurate analytical
solution of a fourth order PDE with three shape
control parameters. The Visual Computer 20, 199-214
(2004)

You, L.H., Comninos, P., Zhang, J.J.: PDE blending

surfaces with C?2 continuity. Computers & Graphics
28(6), 895-906 (2004)

Bloor, M.1.G., Wilson, M.J.: Functionality in solids
obtained from partial differential equations.
Computing 8, 21-42 (1993)


http://www.sciencedirect.com/science?_ob=MathURL&_method=retrieve&_udi=B6TYR-4KSSWG3-1&_mathId=mml416&_user=1682380&_cdi=5625&_pii=S0010448506001333&_rdoc=1&_issn=00104485&_acct=C000011378&_version=1&_userid=1682380&md5=5f043d3cc339c05f8ed62c62930fd79d
http://www.sciencedirect.com/science?_ob=MathURL&_method=retrieve&_udi=B6TYR-4KSSWG3-1&_mathId=mml19&_user=1682380&_cdi=5625&_pii=S0010448506001333&_rdoc=1&_issn=00104485&_acct=C000011378&_version=1&_userid=1682380&md5=7309d27bcec8708bc953df224a4eef19

30. You, L.H., Chang, J., Yang, X.S., Zhang, J.J.: Solid
modeling based on sixth order partial differential
equations. Computer-Aided Design 43(6), 720-729
(2011)

31. You, LH., Yang, X.S., You, X.Y., Jin, X., Zhang,
J.J.: Shape manipulation using physically based wire
deformations. Computer Animation and Virtual
Worlds 21, 297-309 (2010)

32. You, L.H., Yang, X.S., Zhang, J.J.: Dynamic skin
deformation with characteristic curves. Computer
Animation and Virtual Worlds 19(3-4), 433-444
(2008)

33. Chaudhry, E., You, L.H., Jin, X, Yang, X.S., Zhang,
J.J.: Shape modeling for animated characters using
ordinary differential equations. Computers &
Graphics 37, 638-644 (2013)

34. Koparkar, P.: Parametric blending using fanout
surfaces. In Proceedings of Symposium on Solid
Modeling Foundations and CAD/CAM Applications.
Austin Texas, USA, 5-7 June, pp. 317-327. ACM
Press, (1991)

Appendix A: Other analytical solutions of Eq. (2)

For p%=4ay and «/p>0, solving the nonlinear algebra
equation (4), the following roots are found,

f,2,3,4 =%i0p (A1)
where | is an imaginary unit and,
U2 = B1(2a) (A2)

With the roots given in Eq. (Al), the analytical solution to
Eq. (2) becomes,

G(u) =dy cosqou +d5 sin gou +dau cosgou + d4usin gou (A3)
where d; , do, d3 and d4 are vector-valued unknown
constants.

In order to determine the unknown constants in Eq. (A3),
we perform the same sweeping operation by substituting it
into Eq. (1), and solving for the four unknown constants d;
, d>, d3 and d4. Then, we substitute the unknown
constants back into Eq. (A3), and obtain,
S(u,v) = (cosqzu + Apsingou — g Agu COS U — Uctggp singpu
+ A Aguisin gou ICo (V) + (AgSin goUi + U cOS U — g Agli COS Gpu
—uctggy singpu + AgAsusin qzu)EO(v)+(—A45inq2u+q2A4
ucosgpU + usingyu/singy — AyAgusin qzu)Cl(v) + (sin gou—02
UCOS U + Agusin gau) Cr (v)/ Ay
where,

AL =0y /singy —singy

Ao = [az5inq, + ctgay (sin g +az cosay ) A

Ag =[=(cosdp - ap sinay )+ ctgdp(sin gz + a2 cosdp )/ Ay

Ay = (sinag + gz cosqp )/(Aysingy)

As = (a2 cosgp —singg )/sin gy
For g2 >4ay , solving the nonlinear algebra equation (4)
gives the following roots,

(A4)

(AS)

2 =ig3

A6
134 = =idy (A6)
where | is an imaginary unit and,
= -1 401 p?) (2
a3 \/ﬂ( af ) 1(2a) (A7)

a4 =\/ﬁ(1+ 1-4eplp%) (20r)

With the roots given in Eq. (A7), the analytical solution to
Eq. (2) takes the form of,

G(u) =dq cosqgau +do singau +d3 Cosau +d4 Sin gau (A8)
where d; , d,, d3 and d4 are vector-valued unknown
constants.

Same as above, we substitute Eq. (A8) into Eq. (1), carry
out the sweeping operation, and determine the four
unknown constants d;, d,, d3 and d,. After substituting
these unknown constants back to Eq. (A8), the
mathematical equation of blending surfaces becomes,
S(u,v) = [~g3(u)cosds/Ag — g4 (u) a4 sin da /A +cosdau Co(v)

[ gs(u)sinas/as/As + ga(u)cosay/Ag +sindqu/as]  (A9)
Co(v) + g3(u)C1(v)/ As — 94 (U)C1(v)/ Ag
where,
Ag = G3(c0s 3 —cosas )* ~(sin g —g3sings /da) (A10)
(assingg - gzsingg)
and,
03(u) = d3(cos g3 — cos gy )cos dzu — cosqau)+ (da sin g
~q3sing )z sinqqu/qg —singau) (A11)

04 (u) = (cos gz — cos qy a3 sin u/dy —singgu)+ (singg
~0gsin /g Jcos ggu — cosqu)
For p%<4ay , solving the nonlinear algebra equation (4)
generates the four roots below,

A,234 =*05 £idg (A12)
where | is an imaginary unit and,
a5 = §7/a\05-p/laar) (A13)

s :\/}’/_a\lo-5+ﬁ/(4\/;)

With the roots given in Eq. (A13), the solution to Eqg. (2) is
found to be,

G(u) = d1e% cos ggu + doe%" sin ggu + dge %" cos ggu (Al2)
+dge” %" sin ggu

where d;, d,, d3 and d4 are vector-valued unknown

constants.

Substituting Eq. (A14) into Eq. (1) and doing the sweeping
operation, the 4 unknown constants are determined and
blending surfaces satisfying Egs. (1) and (2) are found to
be,

(1) = | - A9 (1) 96 ~ (7046 ~ Ao )as 1) +e %" cosdeu

+0gse” % sin qeu/qG}Co(V) + [— A o)/ 0 —& ™% (A15)

sinds9s(1)/da-+& % sin 450 /a6 [Co(v)+ 95(¢)C1(V)
+96(U)Cy(v)
where,
A7 =qge % cosgg —gse " sin g
Ag =ase” % cosdg +qge” " sindg
Ag = dse” % sindg +dge ™% cosdg

g5(u) = {Aﬂ[(equu - eq5ujsin qw} + Alg[(e%” _e U j
cos gl —2q5e” % sin qGU/q6:|}/A_L4
9e(U) = {Alo [(eqsu _gUsu Jsin QGU} + All[(e—qsu _glsu )

cos qgu + 205e 5" sin ggu/ %J} / Aig

(A16)
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0= (eq5 —e7% )cosq(; ~2q5e” % singg /g
=

e g0 )sin s

A2 = (a5 cosgg —gg singg ™ + Ag — 205 A7 /dg (A17)

A3 =(gssingg +gg cosgg e % - Ag
Ay =MoA3—Ai1h
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