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Abstract

In this paper the mathematical modeling and trajectory planning of a 3D ro-
tating manipulator composed of a rotating-prismatic joint and multiple rigid
links is considered. Possible trajectories of the end-effector of the manipulator -
following a sequence of 3D target points under the action of two external driving
torques and an axial force - are modelled using zenithal gnomic projections and
polar piecewise interpolants expressed as polynomial Hermite-type functions.
Due to the geometry of the manipulator, the time dependent generalized coor-
dinates are associated with the spherical coordinates named the radial distance
related to the manipulator length, and the polar and azimuthal angles describ-
ing the left and right, and respectively up and down motion of the manipulator.
The polar trajectories (left and right motion) of the end-effector are generated
using a inverse geometric transformation applied to the polar piecewise inter-
polants that approximate the gnomic projective trajectory of the 3D via-points.
The gnomic via-points - located on a projective plane situated on the northern
hemisphere - are seen from the manipulator base location which represents the
center of rotation of the extensible manipulator. The related azimuthal trajec-

tory (up and down motion) is generated by polar piecewise interpolants on the
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azimuthal angles. Smoothness of the polygonal trajectory is obtained through
the use of piecewise interpolants with continuous derivatives, while the kine-
matics and dynamics implementation of the model is well suited to computer
implementation (easy calculation of kinematics variables) and simulation. To
verify the approach and validate the model a numerical example - implemented

in Matlab - is presented and the results are discussed.
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1. Introduction

The use of numerical methods in solving engineering problems [5l [10] has
increased considerably in recent years. The development of such numerical
methods including numerical integration and numerical solutions of PDE gen-
erated advancement in all fields of engineering: automatic production lines and
industrial robots represent some explicit examples. Extending industrial robot
capabilities along production lines represents a critical key element to reduce
production costs and improve productivity in industry. The ability to control
the motion along a desired trajectory [12] is imperative, especially when some
features required at high operating speeds - such as kinematics and dynamics
constraints [I5], execution time [3| 6], smooth (hereby reducing wear on the
robot) trajectory generation [I0] and jerk [7] - are considered.

Implicit and explicit methods [22] are considered for the design, simulation
and control of industrial robots. The implicit methods are based on a poten-
tial field while the explicit methods [22] can be split in discrete and continuous
methods called kinematic or dynamic motion planning [10, (26, 22]. Both the
kinematics and dynamics models are indispensable for the simulation and con-
trol of novel industrial robots. Therefore, adaptive control schemes for realistic
control of robotic arms should be considered [2] using trajectory planning and

manipulation [26] strategies. Such trajectory planning [24] should diminish the



manipulator induced vibrations, execution time and wear.

The increased requirements of new manipulators [I] demand rigorous trajec-
tory planning studies which by the means of adequate control should generate
smooth (high order of continuity) trajectories. The trajectory of a mobile ma-
nipulator with flexible links that allows carrying a maximum load between two
specified positions was considered and formulated as a trajectory optimization
problem in [I1]. An optimal control approach for finding the maximum carry-
ing load capacity based on an indirect (explicit) solution have been addressed
n [19]. The corresponding joint optimal path planning of end-effectors subject
to actuator torque limits is presented and solved in [20] using inverse kinematic,
associated Hamiltonian function and Pontryagins minimum principle. A new
method of a hierarchical optimal control through system decoupling have been
introduced in [21I] for maximum allowable load calculation and path planning.

The trajectories used in path planning can have different representations,
among them, piecewise interpolating curves [16], parametric and/or geomet-
ric continuous splines [28| 13], or uniform cubic B-spline with parametric and
geometric continuity, have been usually considered [I7, 14l [I6], T7]. The inter-
polation of smooth curves for generating orientation trajectories with minimal
angular acceleration is presented in [I7]. A new interpolation methodology for
the path-planning of an industrial robot and a set of prescribed kinematical
requirements is presented in [27]. Algebraic-trigonometric Hermite polynomial
curves that are very practical in generating smooth and continuous manipulator
motion are considered in [29]. Smooth (C!) univariate cubic (L;) interpolating
splines in polar and Cartesian coordinates are presented in [23], and cross and
circum-polar continuity based on the interpolation on a non-uniform latitude-
longitude are discussed in [14].

In this paper the modelling and simulation of 3D trajectory of the end-
effector of a rotating extensible manipulator arm composed of a rotating-prismatic
joint and multiple rigid links is considered. The geometric path of the manipu-
lator is generated using a inverse geometric transformation applied to the polar

planar curves that approximate the gnomic projective trajectory of the 3D via



points and the related azimuthal trajectories on the azimuthal angles. Both the
polar and azimuthal trajectories are generated by polar piecewise interpolants
expressed as polynomial Hermite-type functions. To verify the proposed ap-

proach, a numerical simulation is performed and the results are discussed.

2. Mathematical modelling of the end-effector trajectory

Manipulator model. The rotating extensible manipulator arm is composed of
a rotating column base (link 1), a rotating slider joint (link 2) and a sliding
link (link 3) as shown in Fig. The link 1 of the manipulator can rotate at
Oy - in the fixed Cartesian reference frame Opzoyozo (named reference frame
(0)) about the vertical axis Ogzg as shown in Fig. [2| The fixed reference frame
(0) is defined by the unit vectors ig, jo, ko. A mobile reference frame O1z1y121
(reference frame (1) attached to link 1) shown in Fig. [2|is also attached to the
rotating link (1). The mobile reference frame Ojz1y121 is defined by Oy = Oq,
Opzg = O1 21, the unit vector k; = kg, and the unit vectors iy, j; that can rotate
about kg. Link 1 is connected to link 2 through pin joints B and By shown in
Fig. The link 2 (Fig. [3]) contains the slider joint which is rigidly attached
to it. The link 2 rotates relative to 1 about an axis passing through By, and
B;. A fixed Cartesian reference frame Ogaxo2yo2202 (named reference frame
(02) parallel to Ogzoyozo (reference frame (0)) is defined at Oga = O2 by the
unit vectors ip2, jo2, ko2. A mobile reference frame (2) of unit vectors i, j2, ko
is also attached to link 2, as shown in Fig. The sliding link (link 3) which
is interconnected with the slider (link 2) can slide in and out of the slider. The
length of link 1 is I, the length of the link 2 is l5 and the length of the link 3

is 13.

Trajectory generation. The geometric path of the end-effector (Fig. [1]is spec-
ified in the fixed Cartesian reference frame Ogoxg2yo2202 by piecewise inter-
polants between the via-points Py, Pa, ..., Pk, ..., P, (Fig. [1). The geometric

path of the end-effector is given in spherical coordinates by the position vector

er'k = lPik sin (,Op,ik COS opik 102 + lPik sin <‘0Pik sin epiijQ + lp,ik COSs <‘0Pik k02 (1)
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Figure 1: Rotating extensible manipulator model

where P;, represents the interpolating points along the piecewise curve defined
by the via-points P; and Pi1, lp, =d (Oo2, P;,) is the radial distance/radius
from the point Opy of the fixed reference frame Og2202Y02202 to the point P;,,
Ip, = d(Op2, P;) is the distance from Ogs to the point P;, , Zp;, s 91’% is the polar
angle given in an anticlockwise direction, and ¢p, is the azimuthal angle.

The end-effector of the manipulator arm should move along the via-points
Py, Py, ..., Py, ..., P, set by the user (Fig. [I). To generate the geometric path e.g.,
to interpolate between the data, one can consider the perspective projections
of the via-points - viewed from the origin Opg (which represents the centre of
projection) of the reference frame Ogaxo2yo2202 - to a plane N perpendicular
to the axis Op20z02 and located at the distance lp;q, = max{ip,} =0 from
the origin Ops (and tangent to the sphere of radius lp;q, centred in Ogz) as
shown in Fig. [l Due to the geometry of the manipulator arm, polar zenithal

gnomic projections are associated with the perspective projections denoted by



P/ (Tpi/,ei, <pi) =P (Xpi/, Ypr, Zpi/) and calculated using

XP; - xO()z _ YP{ - yO()z _ ZP; - ZOOQ

Tp; — LOo2 YpP; — YOo2 £P; — 2002 (2)
ZPi’ = lMa:v = max{lpi’}i:O,Ni

or equivalent by

Zp, TOgs
XP/ - 'rO()z + - (lMaw zOog)
yZPi _yzooz (3)
P; = YOo2
Ypr = YOo, T (l ax Zooz)
z i ZOOQ

that is the intersection of the lines Og2 P; passing by Ogz and P; with the plane
N. The associated radii Rp; = d (O, P}) located in the projective plane N are
calculated from Eq. as

Rp, = d(OP) =/ (Xe)" + (Vi)
2

= (4)

2

Yp;, — Yo

+ (yow + = (ZMCLCC - Zoo2)>
ZP; = 2002

Since in a gnomic projection the projection center is the center of the refer-
ence frame, that is, xp,, = 0, yo,, = 0, and zp,, = 0, Eq. can be written

as

RPL_/ Gn%mic d(O/,]Dll) _ \/(XPL')Q + (YP{)z

- ¢ (2 <zMam>>2 (2 <sz>)2

PP;
= -1 ax 5)
Lo o)

[

The gnomic projections P/ and P/, of the 3D via points P; and P;y; on the
projective plane N are shown in Fig. [} To interpolate between the gnomic
via-points P/,i = 0, N; (Fig. 4) a piecewise polar interpolation was considered.
For each interval [91»7;, 9p1/+1} = [6;,0:41] i—ov,—7 and associated radii Rp; and

Rpi/+1 of the consecutive points P; and P/, |, a piecewise polar interpolant that

approximates trajectory in the projective plane N (Fig. |4) can be expressed as



Figure 2: Schematic representation of the link 1 of the manipulator consisting of three links

1, 2, and 3.

Figure 3: Schematic representation of the links 2 and 3 of the manipulator consisting consisting

of three links 1, 2, and 3.



Figure 4: Perspective projections of the via-points P;, and associated piecewise interpolation

a Hermite-type function [8, [0, [16, 23] defined by
q q
i k i
RO)= i (0—0p)" = ci(0—6)"° (6)

where ¢ is the order of the polynomial to be considered (the order is 3 in this

{(2]%1;; + RP{+1> + 3ARP{],

approximation), ¢y = Rps, ¢i = Rp/, ¢ = ;
P

¢ = 1o |Re + Bey 28Ry |, Ry = R(60)). Rey, = R (07,,). hey =
Py
Pi,+1 B RP’L

Op:  —0p/, Aypr = , and where pr = 0; and 0p: = 60;;1. The

i+1 i i hP.’ i i+1

o . . dR (0p/)
derivatives at the endpoints P/ and P/, , are calculated as R (¢ pi/) = T =
. . ar (0p,,)
Rp; and R (QP; +1) =0 = Rp; | respectively.

The 3D trajectories of the end-effector derived from Eq. can be calculated

using the geometric transformation below

1
1 R(0)1(p)cosh, y=

x R(0)Il(p)sin, z=z(0) (M)

lMaa: lMaw

The length (¢) which relates trajectory height with the arm length is com-



puted using a piecewise polar interpolation related to the azimuthal angles. For
each interval [¢p,, 0p,,,| = [i, 0it1);gn—7 and associated radii length Ip,

and [p, , of the consecutive points P; and P;1, a piecewise polar interpolant

i1
that approximates the trajectory along the polar angles can be expressed as a

Hermite-type function [8 @} 16}, 23] defined by

q q
e) = b (p—er)" = bi(p—)" ®)

k=0 k=0
where ¢ is the order of the polynomial to be considered (the order is 3 in this
approximation), by = lp,, b} = Ip,, b} = . [<2lpi +lpi+1> +3Alpii|7 by =

Py

1 1. .
E lPi +lPi+1 - QAZPL:|7 lPi = l(SDPL)) lPL'+1 = l(SDPL-+1)7 hPi = L)DPI'Jrl — ¥@P;,

lPi+1 B lPi

Ayp, =
yP1 hPl

, and where pp, = ¢; and ¢p, ., = ;1. The derivatives

: dl (pp, :
at the endpoints P; and P;1; are calculated as [ (¢p,) = di(er) = [p, and

dy '
; dl (P
l (‘PPHl) = (d;Jrl)

effector can now be calculated using the geometric transformation below

= ip, 41 respectively. The 3D trajectories of the end-

0)1 i 0 0)1 i in 6
. R(0) (f)smg@cos . R(6) ((,lp)smgpsm s r(g)cosp  (9)
Max Max

Path Planning. The geometric path of the end-effector considered in Eq. can
be parameterized using the unit tangent, unit normal, and the unit binormal

vector ey, e, and e, expressed as e, = sinf cos pig + sinfsin gjo + cos fko,

eg = cos 0 cos i + cos 0sin @jo — sin kg, and e, = — sin fiy + cos pjo by
r = le,
v = fer + léeg + lpsinfe,
a = (l— 10% — 1% sin? 9) e,

+ (l@ + 206 — 1$? sin O cos 9) ey

n (z¢ sin @ + 2ipsin @ + 210 cos 0) e, (10)



The first and second derivative of R = R(f) and | = I(y) in Eq. () and Eq.

can be calculated using

R) = ézczk(e)—ei)’“l

=of]
—~
>
~—
I

9chk9 0;) +922ck — k(0 —0;)"?

(o) = @Zbl (0—e) "

3

l(p) = wzyf (e—)" T+ @D bk —Dk(p— ) (11)

k=2
The position vector of the end-effector can be expressed in terms of Eq. @,

Eq. and Eq. @D by

r, = ! R (0) () sinp cos b

lMaw
a i
= ¢, (0—16;) b} — ;)" sinp cos O

l]\/[azzk kz:%k(@ ®i) P
1 . .

r, = R(0)1(p)singsind
lMaz

q
= chﬂ 0;) Zb};(w—gpi)ksingpsinﬂ

lMa:E — k=0

r. = l(p)cosy

q
= sz (o — @i)F cos (12)
k=0

The end-effector velocity vector can now be calculated using Eq. (@, Eq.
and Eq. @ by

vy = R(0)1(¢)singcosf + R(0)I() sin g cos b

1(@)¢ cos @ cos § — R(H)()f sin @ sin 9}

R (0) () sinpsin @ + R(0)i() sin psin §

v. = l(p)cosp—I(p)gsing (13)
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or equivalent

q
vV, = ZMIM Ochk (0—06,) k= 1;0% ©— <pz) sin ¢ cos 6
q 3
+¢Zc?€ 0 —6,) kZbik’((p—Lpi)kilsin@COSQ
k=0 k=0
q q
-HDZ 0 —0,)" Z bi, (0 — ;)" cos pcos b
k=0 k=0
o a q
—GZCZ (0 Hi)ksz (¢ @i)ksmgpsmﬁ
k=0 k=0
S RO 05 0
v o= |0 d >t snsin
q 3
Jrgoz (0 9')]@217};1@(90 i) sinpsing
k=0 k=0
q q
+¢Zc§€ (0 Hi)kZbi (¢ — ;)F cos psing
k=0 k=0
q q
+HZ (6 — 6;)" Z bi (¢ — ¢;)F sinpcos 6
k=0 k=0
3 q
Ve = @Y bik(p—@) Teoso— > b (p— i) psing (14)
k=0 k=0

Kinematics. To characterize the instantaneous position of the manipulator, e.g.,
centers of mass Cp, C1, and Cs, of each link (link 0, link 1 and link 2) of the
manipulator, the generalized coordinates 0, ¢ and lc, are considered. The same
reference frames as before are now considered. The first generalized coordinate
Oc, denotes the radian measure between the axes Ogzp and O;z; described by
the unit vectors ip and i;. The second generalized coordinate ¢, designates
the radian measure of rotation of the angle between the axes O1z; and Osz;
described by the frames (1) and (2). The last generalized coordinate I, is the
distance from the point Oy to the centre of the mass C3 of the 3-rd link.

To describe the orientation of a coordinate frame relative to another coordi-
nate frame the Euler angles can be considered. The unit vectors i1, j1, ki can be

expressed as functions of ig, jo, ko, while the unit vectors 12, J, and ko can be ex-

11



pressed as functions of iy, ji, ki by [is,js7k8]T = A [is—1,Js5-1, ks,l]T7 s=1,2

where
cosf —sinf 0 1 0 0
Ar=| sinf cos® 0|, A2=1]0 cosp —sing (15)
0 0 1 0 singp cosyp

The angular velocities of the links 1, 2 and 3 can be expressed by

Wwip = gkl = 9k0
Wo1 = (pig = gﬁil = (,bCOS 9i0 — gbsin 9j0
wyy = wig+war = 0ky + Pia

= ¢cosbip — ¢sinbjo + Oko

w30 = W20 (16)

where w1, wag, wag are the angular velocities of links 1, 2 and 3 in the fixed
reference frame (0).
The angular accelerations of the links 1, 2 and 3 in the reference frame (0)

are

a]; = 9k1 = oko
d )¢ )y (QF]
Qo0 = %wm = me + wog X Wy = ﬁu&o = ﬁo&o
0 g

= { b cos Big — psinbjg + éko}

- (¢cos9 - <,b9sin9) i — (¢sin9 + gbécos@)jo + ik
Q3p = Qg0 (17)

)¢
where o represents the derivative with respect to time in reference frame (2),
0) g
—— represents the derivative with respect to time in reference frame (0), and

dt

link 3 has the same angular acceleration as link 2.

The position vectors of Cy, Cy (3, i.e., the mass centers of link 1, link 2 and

12



link 3, can be calculated using

re,

re,

I'03

I I
R R
2 1T 270
lo,
= l1k1+§2.]2

l l
= Z2cos wj1 — ésingokl + l1kg

2

l l l
= %cosapsin&io + gcosgocos 0jo — <22 sin ¢ + ll) ko
= hiki +lc,je

= o, cospsinbip + I, cospcosbjo — (ley sing + 11) ko (18)

The velocity vectors of C7, Cy, and C3 with respect to the reference frame

(0) are

VC1

VC'2

Ao

! oo . ly .
7 (22 cos psin iy + écosgocos 0jo — <22 sin ¢ + ll) k0>

Io /-
52 (QCoscpcosH — gbcosgpsin@) ig

la l

52 (QcoscpsiHQ + gbsincpcosé)) jo— gapcos wko
4
dt
d

7 (Igy cos psinBig + le, coscosbjo — (o, sing + 11) ko)

t
[iCS cos psinf + 1039 cos p cos O — I, cos psin 9} ip
e

[l.cg sin g + I, @ cos v | ko (19)

I‘C3

, COS p cosf — lc39cos<psin9 - losgbsincpcosﬂ Jo

The velocity of C3 in (0) can also be computed (if needed) with respect to the

reference frame (2) by

d 2)q
ve, = %I‘C3 = Wrcg + woo X rey,
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The linear accelerations of the mass centers C7, Co, and C3 are calculated using

d Mg
acl = %Vcl = WVCH +C4-710 X Vcl
d Mg
aCQ - %VCE - WVCQ + W20 X VC2
d 2)q
ac, = %V% = WVCS_ + wag X V. (20)

Lagrange’s Equations

The dynamical equations governing the manipulator arm can be written as
in [25] using Lagrange’s equations
T T
where @; are the generalized forces, g1 = 0, g2 = ¢ and g3 = l¢, are the time
dependent generalized coordinates, and T is the kinetic energy of the system.

The total kinetic energy of the manipulator can be expressed as
3
T=Y T =T +T+Ts,
j=1
The kinetic energies T, To and T35 of the links 1, 2 and 3 are

1 1 = .
Tj = Emjvcj . ch + iwj‘() . (IJ . Ldjo), J = 1, 2, 3 (21)

where my, m3 and mg are the masses and Iy, Is and I3 are the central inertia

dyadics of the links 1, 2 and 3, expressed as

The generalized forces ), are given as in [25] by

Oow ovp
Q:7T+7R, j:172,...,
J 8(]]' 6(]]'

where T is the equivalent acting couple or torque, R is the applied force at the
point P, w is the angular velocity expressed in the reference frame in (0), vp is

the velocity of the point P in the reference frame (0). For the manipulator shown

14



in Fig. [1} the generalized forces Q1, Q2, and Q3 are made by the gravitational
and contact forces that drive the links 1, 2, and 3. The set of contact forces
transmitted from link O to link 1, and from link 1 to link 2 can be replaced by
the torques Ty; and T15. The set of contact forces exerted by link 2 on link 3

can be replaced by a force Fo3. The expressions Ty, T12, and Fa3 are

Tor = Toiet +To1y31 + To1: ks
T2 = Tiogla +Ti2y)e + T2 ko
Faz = Ib3g1o + Fhgydo + Fo3. ko

One can express the contribution (@)1, (Q;)2 and (Q;)s to the generalized
active force @; (for any j = 1,2,3) of all the forces and torques acting on the

links 1, 2 and 3 as in [25] by

Ow ove,
(Qj)l = 3(20 . (To1—T12) + 8Qj -Gy,
8w20 8V02 aVC-
Ny — T ) V2 (_p
Q)2 2, 12+ 2, Gy 24, (—Fa3),
(9Vc3 aVC
; — . G :.F 2
(Qj)3 B4 3+ a4, 23, (23)

where ve,, = vo, — icsiz, and the gravitational forces Gi, Ga, G3 exerted on
the links 1, 2, and 3 can be calculated using G; = —m; g ko.

From Eq. one can calculate the generalized active force @1, @2 and Q3
of all the forces and torques acting on the links 1, 2, and 3 by

Qr = (Qr)l + (Qr)? + (QT)S

3&)10 8vc awgo aVG 6VC
=—— (To1—-Ti2)+ = G1+ —— T+ > - Go+ =2
94, ( ) 94, 94y 9q; Gy
0 ove.
+ V.CS'G3+ V.CS F233 ]*13 233
aq]‘ (’9qj
3. Results

To illustrate trajectory generation a numerical example (using Matlab [25]) is
presented for a robotic manipulator composed link 1 of maximal height [; = 0.05

m, link 2 of length lo = 0.65 m and sliding link 3 of length I3 = 0.65 m. The
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Figure 5: Gnomic projection of the via points and associated polar interpolation

rigid guide and sliding link are rotating with an angular velocity w = 1 rad/s
about the z-guide. The radial distance related to the manipulator length, and

the polar and azimuthal angles of the manipulator via-points are shown in Table

@

Table 1: Via-points coordinates the manipulator arm should follow

Variable Name Value
i 1 2 3 4 5 6 7 8=1
0; 20 60 130 170 225 280 335 360420
i 39 51 37 38 28 45 36 39
lp, 10 65 9 11 13 11 8 10

The 3D end-effector trajectory for the manipulator configuration in Table
is shown in Fig. |§| (red curve). The trajectory shown in [5| represents the
polar trajectory of the end-effector obtained on the gnomic projective plane
using polar interpolation curves expressed as a Hermite-type functions. The

plot showing a top view of the trajectory of the sequence of the projected via-
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Figure 6: Manipulator trajectory along the via points (red curve) and gnomic trajectory (blue

curve)

points is also presented in Fig. [5} The plane in which the radial trajectory of
the projected via-points is developed is tangent to the sphere of radius lp;ue =
max{lp, } i—oN,- Lhe arrows pointing toward the projected points represent the
position vectors towards the gnomic via-points.

The manipulator trajectory shown in Fig. |§| (red curve) is obtained through
the combination of the inverse geometric transformation applied to the polar
piecewise interpolants that approximate the gnomic polar trajectories (left and
right motion) and the azimuthal trajectory (up and down motion) generated by
polar piecewise interpolants. The red arrows pointing toward the via-points rep-
resent the position vectors related to the via-points in the spherical coordinates
system.

The computation also shows that the manipulator arm is inside the working
envelope/workspace [4], that is, the end-effector of the manipulator arm can
reach all the via-points in Table[I] along the planned trajectory shown in Fig. [6]
This emphasize the importance of nodal via points as possible extreme points
of the reachable workspace (working volume) of the prescribed curve. The
smoothness of the trajectory proves the effectiveness of the approach, and as
a result, the axial force acting on the manipulator along the motion is also

continuous. Since the trajectory is not dependent on the manipulator arm
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geometry and can be expressed as a combination of rotations about a fixed
point (manipulator base), the actual model can be used in path planning of any
kind of manipulators. During path planning, the use of polar and/or Cartesian
piecewise interpolating curves [8] 23] can be related with the robot dynamics
[8, 18} [25] through its geometry [§], therefore, the obtained trajectory is accurate,
efficient and smooth, an excellent guarantee of a good kinematics/dynamics

performance.

4. Conclusions

In this paper the modelling and 3D trajectory planning of an extensible
rotating manipulator is considered. Polar zenithal gnomic perspective projec-
tions of the 3D via points and polar piecewise interpolants are considered for an
initial planar trajectory generations. The 3D polar trajectories are generated
using the inverse geometric transformation applied to the polar piecewise in-
terpolants that approximate the planar gnomic trajectory of the 3D via points.
The related azimuthal trajectory is related to the 3D polar trajectories by polar
piecewise interpolants on the azimuthal angles. Trajectory smoothness obtained
through the use of piecewise interpolants with continuous derivatives relate with
the robot dynamics through its geometry, resulting in a accurate, efficient and
smooth trajectory well suited to computer implementation. A numerical ex-
ample is presented to illustrate trajectory planning and verify the proposed

approach.
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