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Abstract

Augmented Reality (AR) technology achieves the seamless registration between virtual
scenes and the real world. Three-dimensional registration is a core method for integrat-
ing virtual information and the real world. Registration has always been treated as an
optimisation process, involving the design of objective functions and the estimation of
gradient directions. Learning-based optimisation methods learn the gradient directions
via the least-square methods acting on a parameter vector space and extracted features
from data. Learning-based optimisation methods do not require the design of objective
functions or the calculation of derivations. This advantage reduces the high complexity
and the large storage requirement for inverse Hessian approximation, which is common
when using traditional optimisation methods.

This thesis explores learning-based optimisation methods for point cloud registration
with the aim for augmented reality applications. Three methods and a computational
framework have been proposed: (1) A General Discriminative Optimisation method
(GDO) has been proposed to reduce the effect of perturbations on updating gradient
directions. The existing learning-based optimisation methods have several drawbacks,
one of which is using a single feature to learn gradient paths, which makes the learning
vulnerable to perturbations; (2) A Reweighted Discriminative Optimisation method (RDO)
has been put forward to explore the asymmetrical contributions of each component of
parameter vectors on registration to capture the influence of the component to improve the
registration accuracy; (3) A Graph-based Discriminative Optimisation method (GRDO)
has been proposed to reduce the storage requirement and computational cost; (4) Finally, a
computational framework, SGRTmreg, has been devised to achieve multiple point clouds
registration, which is a step forward in the state-of-the-art, since previous learning-based
optimisation algorithms have mainly focused on single point cloud registration. Each of the
new algorithms has been comprehensively compared with several state-of-the-art traditional
registration algorithms as well as recently developed deep learning-based algorithms using
public point cloud data sets in order to demonstrate key features (robustness, accuracy,
efficiency, stability) of algorithms and its registration performance.

In this thesis, theoretical convergence proofs for the proposed algorithms are also
provided in appendixA. The potential of GDO, RDO, and GRDO for 3D point cloud
registration is demonstrated through applications of 3D registration in real scenes and
object tracking.
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Chapter 1

Introduction

1.1 Background

Augmented Reality (AR) technology integrates our physical world with the virtual scene

to enhance the human perception of and interaction with the real world. AR has become

more widely used in education [1], entertainment [2], medicine [3] and other �elds. The

core components of Augmented Reality technology include display technology, interaction

technology, and object recognition and tracking technology. With the development of

imaging equipment and hardware computing power, the current object tracking technology

based on computer vision has made signi�cant progress. Optical tracking as a relatively

low-cost and accurate solution can be classi�ed into two categories: marker-based tracking

and marker-less tracking. Marker-based tracking technique is unfeasible to be applied in

real scenes because it relies on arti�cial patterns placed in the scene to estimate the camera

pose. Therefore, most recent research has focused on developing ef�cient marker-less

tracking algorithms. Unlike marker-based tracking, the marker-less tracking method relies

not on arti�cial patterns but on natural objects found in the scene [4]. As the critical

technique in the marker-less tracking method, model-base tracking can be divided into

three stages: modelling, visual information processing and tracking. Tracking involves the

objects matching or point clouds registration. AR is de�ned as a combination of virtual and

real information, real-time interaction, and three-dimensional registration and summarises

that the registration problem is one of the most basic problems limiting AR applications [5].

Objects in the real world and the virtual world must be properly aligned with each other, or

the coexistence between the information in the two worlds will be compromised. Without

accurate registration, AR will not be viable in many applications, such as medicine and

navigation [6].

Three-dimensional registration, as a fundamental problem in AR, is to �nd a transfor-

mationT to be applied to a model point cloudM such that the difference betweenM and

scene point cloudS is minimised. Therefore, the registration problem can be cast as an

optimisation problem, where the transformation parameters inT are adjusted to obtain an

optimal solution of the matching problem.
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Formulating registration as an optimisation problem faces two main challenges:1)

designing an objective function that has an optimal solution and is robust to various

perturbations;2) selecting an ef�cient and suitable search method to search the optimal

solution for the designed objective function.

The objective function designed for registration is usually the combination of a least-

square method and various regular terms. The least-square method is always devised

based on different data spaces (coordinates, features, or density). Due to its conceptual

simplicity and high usability, the least-square method has been widely applied to model

objective functions for numerous tasks. Nevertheless, in the presence of noise, missing

data, outliers, and other perturbations, the least-square method will cause over-�tting and

lack robustness. In this case, regularisation or other constraints are added to the least-square

method to improve the robustness of algorithms and avoid over-�tting. However, different

regularisation has its strength and weakness. Thus, it is a challenge to design suitable

regularisation for various least-square functions and give full play to the maximum utility

of the 'cooperation' of regularisation and least-square functions for avoiding over-�tting or

improving robustness.

The selection of search methods determines whether the optimal solution of the ob-

jective function can be found. The widely used search methods for optimisation tasks

are Gradient-based methods, which updates search directions according to the gradient

information of objective functions during iterations. Newton's method [7], one of the

gradient-based optimisation algorithms, is a powerful technique due to its quadratic conver-

gence. Nevertheless, Newton's method requires cost functions to be twice differentiable,

and the Hessian matrix needs to be positive de�nite, limiting its applications in many

cases. As the alternative to Newton's method, the Quasi-Newton method [8] generates

an estimation of the inverse Hession matrix for �nding the local maxima or minima of

objective functions, which is often used when the Jacobian or Hessian matrix is unavailable

or is too expensive to compute. However, the lack of precision in the Hessian estimation

may lead to slow convergence. Another potential disadvantage is the need to store inverse

Hessian approximation, which will require a large amount of memory. The calculation and

storage of the gradient information pose another challenge because of the large number of

parameters and high complexity of Hessian matrix inversion in many visualisation tasks

Learning-based optimisation is proven to be ef�cient in overcoming the mentioned

challenges. It learns gradient direction and updates gradient paths according to data

features without directly calculating the Jacobian matrix or the Hessian matrix of objective

functions. Supervised Descent Method (SDM) [9] [10] learns a sequence of linear maps

as gradient directions through minimising nonlinear least-squares functions in a feature

space, which avoids the expensive computation of the Jacobian and Hessian metrics. The

Discriminative optimisation (DO) method [11] extracts the data features and mimics

gradient descent based on the extracted features without the explicit modelling of the

objective function of registration.

Speci�cally, learning-based optimisation acts on the parameters space and learns the

updating gradients by making the currently estimated parameter vectors approximate the
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ground truth. The updating maps are learned from data features, which are more robust to

perturbations than the gradient calculated from the devised speci�c objective functions. The

learned updating map can also be directly used to estimate the transformation parameters

of the same point cloud under different transformations or different perturbations without

re-calculating the transformation of each point in the point cloud, and the whole process

avoids calculating the Hessian matrix inversion or the Jacobian matrix and achieves less

computational cost.

Although learning-based optimisation algorithms can learn gradient paths without

designing objective functions and calculating the Hessian inversion, they are primarily

used in computer image processing. In terms of point cloud registration, there is still room

to improve: (1) The existing learning-based optimisation algorithms use a single feature to

learn the gradient path, making the gradient path vulnerable to various perturbations. (2)

Learning-based optimisation algorithms estimate the �nal parameters by approaching the

currently estimated parameter vector to ground truth, ignoring the different in�uence of

each component of the vector on the registration results. (3) The existing learning-based

optimisation algorithms have limited ability to achieve multiple point clouds registration.

This research aims to improve the performance of the existing learning-based optimisation

algorithms on registration in terms of robustness, accuracy and ef�ciency and further

explore the potential of learning-based optimisation algorithms to make them able to

achieve multiple point clouds registration like deep learning algorithms.

1.2 Research Contributions

The existing learning-based optimisation algorithms utilise a single data feature to learn the

gradient path, causing the searching paths to fall into a local minimum. This thesis extracts

different features from point clouds and learns gradient paths based on thecollaboration

of the extracted features to reduce the effect of perturbations on the search paths and

make the path converge to an optimal, further improving the robustness of learning-based

optimisation algorithms on registration. Besides, the existing learning-based optimisation

algorithms learn the updating map through a least-square method that makes a residual

vector approach to zeros to approximate the solution. Speci�cally, they directly minimise

the least-square function in parameter space to get the updating maps, which ignores the

in�uence of each component of parameter vectors on �tting errors, attaining the undesirable

local optima. In this case, the impact of each component and the asymmetrical contributions

of the components on �tting results are explored and an asymmetrical parameter treatment

scheme to improve the accuracy of parameter estimation in least-square problems is

proposed in this thesis. Moreover, the existing learning-based optimisation algorithms have

mainly focused on the single point cloud registration with limited ability to handle a large

number of multiple point clouds registration ef�ciently compared with deep learning-based

algorithms. To extend the existing learning-based optimisation algorithms on multiple point

cloud registration, a framework called SGRTmreg composed of search scheme, a learning-

based optimisation method called graph-based reweighted discriminative optimisation
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(GRDO), and the transfer learning technique is devised in this study. Due to the high storage

requirement and computational cost of the existing learning-based optimisation algorithms

on the registration of dense point cloud, a graph-based optimisation method is put forward

to make the learning-based optimisation algorithms ef�cient and less computation and

memory requirement. Each method is comprehensively compared with several state-of-the-

art traditional registration algorithms as well as recently developed deep learning-based

algorithms on public point cloud data sets. To evaluate the performance of the proposed

methods, comparative experiments on real scenes are conducted, such as point cloud

registration and object tracking. The experimental results show the better performances

of the proposed algorithms in terms of ef�ciency, accuracy, robustness, and stability than

other comparative registration algorithms.

More speci�cally, the main contributions of this work are:

1 General Discriminative optimisation for point cloud Registration

The existing learning-based optimisation algorithms learn the gradient maps via a

single feature extracted from data sets, causing the learned updating paths to be

vulnerable to perturbations, thus falling into a bad stationary point. The General Dis-

criminative optimisation method (GDO) extracts different features from point clouds

and adjusts updating paths in line with thecollaborationof these features to reduce

the effect of perturbations on updating directions. Compared with the state-of-the-art

learning-based optimisation method (DO) [12], traditional registration algorithms,

and deep-learning-based algorithms, the proposed General Discriminative optimisa-

tion method is prominent in dealing with registration under various perturbations

with higher robustness. Experiments show that the registration accuracy of GDO is

almost 4.00% higher than that of DO on the Bunny [13], Chef [14], and Dancing

Children models. The registration accuracy of GDO is almost 25.00% higher than

that of DO on the Indoor Scene models [15]. And the successful Rate of GDO is

almost 14% higher than that of DO. GDO has higher stability than conventional

algorithms and deep-learning-based algorithms on the ModelNet40 data set [16].

The decline of the registration accuracy of GDO on the registration under higher

rotations is 6.91%, and the decline is as high as 78.49 % for PointNetLK [17]. The

registration accuracy of GDO is 26.00% higher than that of DO on the registration

under different noises. Meanwhile, the stability of GDO is 7.91% higher than that of

PointNetLK.

2 Reweighted Discriminative optimisation for Least-Squares Problems with Point

Cloud Registration

The learning process of the gradient paths in learning-based optimisation algorithms

is based on the least-square method, which directly learns the gradients paths by

approaching the residual parameter vectors to zeros, ignoring the in�uence of each

component of parameter vectors on �nal �tting results, causing the estimated parame-

ter vectors not accurate. The reweighted Discriminative optimisation method (RDO)

explores the in�uence of parameter components on �nal �tting results and devises an
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asymmetrical parameter treatment scheme to improve parameter estimation accuracy

in least-squares problems. Experimental results illustrate the higher robustness,

accuracy, and ef�ciency of RDO than the advanced learning-based optimisation

algorithms. The registration accuracy of RDO is almost 40.00% higher than that

of DO on the Happy [13] and Hand [18] models. RDO has 2.11% higher accuracy

than DO when achieving the registration on the Dancing Children model. And

the successful Rate of RDO is almost 5% higher than that of DO. In addition, the

computation time of RDO is almost 20% lower than that of DO. In addition, in the

registration experiment on the ModelNet40 data set, the registration success rate of

RDO is nearly 30% higher than that of PointNetLK.

3 SGRTmreg: A Learning Based optimisation Framework for Multiple Point

Clouds Registration

Although learning-based optimisation algorithms learn gradients from data without

designing objective functions to avoid calculating the inversion Hessian matrix, it has

mainly focused on the single point cloud registration with limited ability to handle a

large number of multiple point clouds registration ef�ciently compared with deep

learning-based algorithms. A framework, SGRTmreg, composed of a search scheme,

a learning-based optimisation method called graph-based reweighted discriminative

optimisation (GRDO), and transfer learning, is proposed to achieve multiple point

clouds registration, which maintains the high accuracy and robustness of GRDO also

develops the ability of GRDO for multiple point clouds registration. Experimental

results illustrate the higher robustness, accuracy, and ef�ciency of GRDO than the

conventional algorithms and other learning-based optimisation algorithms. The

registration accuracy of GRDO is almost 41.93% higher than that of BCPD on the

registration of synthetic data sets under various rotations. The accuracy of GRDO

when registering point clouds under various noises is almost twice that of BCPD

and is 15.33% higher than that of DO. The accuracy of GRDO is similar to the

accuracy of BCPD when achieving the registration under various outliers. They both

have almost 25.00% higher accuracy than DO. When handling the registration with

small rotations on the ModelNet40 data set, PointNetLK has higher accuracy than

other algorithms. When handling the registration with large rotations, GRDO has

4.78% higher accuracy than BCPD and 15.06% higher accuracy than PointNetLK.

In addition, GRDO has the greatest accuracy and stability than other algorithms

when achieving the registration with multiple perturbations.

1.3 Thesis Outline

Chapter 1: Introduction of research background and main contributions.

Chapter 2: Literature review on point cloud registration, and introductions of traditional

optimisation algorithms and learning-based optimisations for solving point cloud registra-

tion computer vision tasks, in terms of establishing the optimisation model and the solution
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of the optimisation model.

Chapter 3: A General Discriminative optimisation algorithm (GDO). This chapter pro-

posed a general learning-based optimisation method to improve the robustness of the

registration method through learning update directions via thecollaborationof multiple

extracted features.

Chapter 4: A Reweighted Discriminative optimisation algorithm (RDO). This chapter

devised an asymmetrical parameter treatment scheme to improve the accuracy of parameter

estimation in least-squares problems.

Chapter 5: A framework called SGRTmreg for multiple point cloud registration. This

chapter described the framework SGRTmreg composed of search scheme, a learning-based

optimisation method called graph-based reweighted discriminative optimisation (GRDO),

and the transfer learning technique to achieve multiple point clouds registration.

Chapter 6: Experiments and applications of point clouds registration in real scenes and

object tracking.

Chapter 7: Conclusion and Discussions.

Appendix: The convergence proofs and codes.
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Chapter 2

Related Works

This chapter reviews several works on point cloud registration and numerical optimisation

related to our research's aims and core technique. First of all, a thorough classi�cation and

review of 3D point cloud registration methods are summarised according to the recent fast

development of registration methods (1992-2021), including both conventional algorithms

and current deep learning methods. Moreover, the registration problem is analysed in terms

of optimisation. After that, traditional numerical optimisation algorithms are discussed in

two parts: the establishment of the optimisation model and the solution of the optimisation

model. Finally, learning-based optimisation methods are introduced, which learn the

appropriate cost function for a given task and the search direction without �rst-order and

second-order information. In particular, the Discriminative optimisation method [19] is the

basis for the proposed algorithms in this thesis.

2.1 Point Cloud Registration

Point cloud registration is the process of �nding a spatial transformation that aligns two

point clouds, which can be cast as the problem of minimising the difference between two

point clouds. The problem can be formulated as follows:

Let f M;Sg be two �nite-size point cloud in a �nite-dimensional real vector space

R3, which containsNm andNs points, respectively. The problem is to �nd a desirable

transformation mappingT� to make the difference between the moving modelM and the

target modelS minimised. The output of the registration problem is therefore the optimal

transformationT� such thatM is best aligned toS.

T� = argmin
T

dist(T (M) ;S) (2.1)

WhereT denotes the set of all possible transformations, andT (M) represents the trans-

formed model. Thedist shows the distance function acting on different spatial measure-

ments. Euclidean distance is widely used to measure spatial distance.

dist(T (M) ;S) = å
m2T(M)

km � smk2
2 (2.2)
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sm = argmin
s2S

ks� mk2
2 (2.3)

Wherek�k2 denotes thel2 norm,sm is the corresponding point inS that is closest to a

given pointm in T (M).

The above equations formulate the point cloud registration process and involve four

signi�cant factors: the way to transform models-T, the correspondences-sm, the spatial

measurement-dist and the methods searching for the optimal transformationT� . To learn

the different roles of these factors in point cloud registration, 3D registration methods

proposed within 20 years are analysed and classi�ed, as shown in Figure.2.1. In addition,

these signi�cant factors constitute the optimisation modelling process for point cloud

registration. 3D registration will be cast into an optimisation problem and be discussed in

the subsequent chapter from the perspective of the optimisation modelling.
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Fig. 2.1 Overview of the most 3D point cloud registration methods
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The way to transform models-T. The registration involving a transformation that

only consists of translation and rotation is called rigid registration; otherwise, it is called

non-rigid registration. The latter is usually applied to transform deformable point clouds

(e.g. [3DSC] [20], [Nonrigid-ICP] [21], [APSR] [22] and [GMM-Tree] [23] ,etc.).

Correspondences-sm. Most of the registration algorithms achieve the registration via

the given correspondences or searching for the correspondences before optimisation, few

methods estimate the transformation mapping without correspondences (e.g. [DO] [19],

[FGR] [24], [Gogma] [25] and [SGO] [26], etc.).

Spatial measurement- dist.If the element in the distance functiondist is represented

by the statistical distribution or the formulation of the distance function is designed as a

statistical model, such as Gaussian mixture model, Student's t-distribution, and so on, these

registration methods are classi�ed as statistic registration approaches (e.g. [GMMReg]

[27], [DLD] [ 28], [HGMR] [29] and [PM] [30],etc. ). The Least-Square regression and

Thin plate spline algorithm are categorised into the numerical registration approaches (e.g.

[ICP] [31], [CONReg] [32], [IRLS] [33] and [SSFR] [34],etc. ).

The methods searching for the optimal transformationT� . In addition to designing

appropriate objective functions for registration, the way to search for the optimal transfor-

mationT� or the way to attain the solution of the eq.2.1 also determines the performance

of the registration methods. [SPSR] [35], [RPM-concave] [36], [LSR-CFP] [37] and

[CSCIF] [38] etc. achieve global point cloud alignment via global optimisation techniques,

such as Branch and bound (BnB) algorithm, Simulated annealing (SA) algorithm and

Evolutionary algorithm (EA). Due to the high computational cost for global optimisation,

gradient-based optimisation as the local optimisation technique is widely used to search for

the optimal transformation for most registration methods, such as Gradient-Descent method

used in [QPCCP] [39], Gauss-Newton method applied in [SDTM] [40] [RPM-L2E] [41]

[SWS] [42] and Levenberg–Marquardt method adopted in [PDA] [43].

Recently, the success of deep learning techniques in image processing has been ex-

tended to the 3D point clouds. Various deep learning models have been proposed to

achieve 3D point cloud registration. The way of deep learning to solve the 3D point cloud

registration is similar to that of the mentioned conventional algorithms. Its essence is also

to make the difference between point clouds minimised while estimating the transformation

information. Deep learning algorithms can be classi�ed into two categories in terms of

the structures of the deep learning framework in 3D point cloud registration, as shown in

Figure.2.2.
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(a) The transformation is estimated through a deep learning model.

(b) The transformation is estimated via conventional methods.

Fig. 2.2 The structures of deep learning methods used for 3D point cloud registration

Figure.2.2 shows the structures of deep learning methods used to address the 3D point

cloud registration task. Both structures use neural networks to extract 3D point cloud

features and estimate the transformation parameters in a global/local feature space. The

difference between the two structures mainly focuses on the pose estimation module.

(a) displays a rough registration structure. The second network module in (a) can be

regarded as a regressor acting on the feature space, and the output of this structure is

often the transformed point cloud, which is always used in non-rigid registration, such as

[PRNet] [44], [3DRegNet] [45], [RelativeNet] [46], [D3feat] [47], [Geo-CNN] [48] and

[MVCNN] [ 49]. (b) shows a �ne registration structure. Conventional registration methods

replace the second network module in (a). For example, singular value decomposition

(SVD) is used to solve the pose estimation based on the given correspondences in [RPM-

Net] [50], [DCP] [51] and [DeepICP] [52]. Lucas–Kanade method acts on global feature

space in [Pointnet-LK] [53] to address the registration task. [MVDesc-RMBP] [54]

leverages Belief Propagation to attain robust point cloud matching. The outputs of this

structure include the transformed point cloud and the transformation parameters. The

registration accuracy of this structure relies not only on the robustness of the extracted

features from the �rst network but also on the performance of the conventional registration

methods.

The critical steps in deep-learning-based registration methods are the feature extracting

for the regression-based pose estimation module and the correspondences seeking for the

pose estimation module based on conventional registration methods. Both signi�cantly
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determine the accuracy and robustness of the registration. However, the latter not only

depends on the robustness of the features extracted but also hangs on the outlier rejections,

which often be converted as the selection of the inner points. [DCP] [51] and [StickyPil-

lars] [55] extract reliable correspondences through adding the attention module. Adding

the attention module in deep-learning-based registration is similar to regularisation or

constraints to the objective functions in conventional registration methods.

Overall, the point cloud registration method based on deep learning is similar to the

traditional point cloud registration method in structure, which can be summed up to feature

extraction and pose estimation. This thesis treats deep-learning-based registration only in

passing and focuses instead on the conventional registration methods. The subsequent part

will mainly focus on analysing conventional registration methods in terms of optimisation

modelling.

The design of the distance functiondist and the selection of the metric space (co-

ordinates,features,etc.) in Equation.2.1 constitute the modelling process of registration

problems. The objective of the modelling is to �nd an optimal transformationT� to make

the difference between the source modelM and the target modelSminimised. Once the

registration model has been formulated, an optimisation algorithm can be used to �nd

its solution. Local optimisation algorithms seek a local solution at which the objective

function is smaller than at all other feasible nearby points. Global optimisation algorithms

search for the global solution, the point with the lowest function value among all feasible

points. The modelling process and the subsequent seeking for optimal solutions build the

optimisation modelling of registration tasks.

In short, in optimisation modelling, establishing an optimisation model is the process

of identifying objectives, variables, and constraints for a given problem. The solution of the

constructed model is to search for the optimal solution of objective functions in the solution

space. The construction of an appropriate model sometimes is the most critical step in the

optimisation modelling process. If the model is overly simple, it will miss the insightful

information on the practical problems. If it is excessively complex, it may be challenging

to search for its solution. Besides, the selection of search methods is also essential, as

it may determine whether the objective function is solved rapidly or slowly and whether

the effective solution can be found. The above issues greatly impact the performance

of traditional optimisation in handling practical problems. By contrast, learning-based

optimisation will overcome these challenges and achieve optimisation modelling more

concisely and ef�ciently.

In the ensuing sections, traditional optimisation and learning-based optimisation will

be discussed in terms of the establishment and the solution of the optimisation model.

2.2 Traditional Optimisation

A natural approach to address computer vision or graphics problems is to devise an

objective functionf : Ŝ ! R which models the phenomena of interest and then uses a
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suitable search method to �nd the best solutionx� :

x� = min
x2Ŝ

f (x) (2.4)

Ŝ is the solution set including all possible solutions for the optimisation problem. For

traditional optimisation, the most common form of objective functionsf is the summation

of several penalty functions:

f (x) =
J

å
j= 1

j
�
g j (x)

�
(2.5)

g j (x) = 0d; j = 1; � � � J; (2.6)

wherej : Rd ! R is a penalty function andg j is the residual function which models tasks

of interest. Residual functions typically measure the difference between the observed data

and the expected value of the task model.

2.2.1 Optimisation Models in Point Cloud Registration

In point cloud registration, residual functiong j measures the difference between the

target modelS and the transformed source modelT (M) in various metric space. Iterative

closest point (ICP) algorithm [31] and its variants [56] [57] [58] [59] aim at �nding the

best transformation parameters to minimise the difference between two point clouds in

coordinates space. [JS] [60] and [NDT] [61] model point cloud by a probability density

function, then minimise the distance between these probability densities to achieve point

cloud registration. [FGR] [24] utilises the Fast Point Feature Histogram (FPFH) [62]

descriptor to extract features, seek correspondences, and then optimise transformation

pose based on the distance between correspondences. [GMM-Tree] [23] builds trees

of Gaussian mixtures to represent the feature of points, then matches points by �nding

the most appropriate level of geometric detail based on the feature. Compared with

coordinates-based registration (ICP), feature-based registration (FGR) and density-based

registration (NDT, GMM-Tree) are more robust because they register point clouds using

local and global structure information rather than the single information between point pairs,

reducing the impact of perturbations on registration accuracy. However, the assumption

guaranteeing the feature-based registration's better performance is that the feature must

be robust to various perturbations and be lower-dimensional, which will improve the

registration accuracy while reducing the computation cost.

Least-square regression is the most commonly used penalty functionj due to its

conceptual simplicity and high usability, the objective of which is to adjust the parameters

of a model functionT (M) to �t the data setSbest. Nevertheless, least-square regression

is sensitive to outliers because of the Euclidean norm formulation, which will be exposed

when dealing with the registration on the coordinates space. [RPM] [63] introduces slack

variables to the euclidean norm in least-square regression, which handles outliers in a

statistically robust manner. [IRLS] [33] utilises M-estimation to replace the least-squares
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function with a robust penalty function that is less sensitive to outliers. [TEASER] [64]

employs a truncated least-squares (TLS) estimator and introduces a pre-de�ned constant

that determines inliers and outliers to achieve robust registration. Gaussian kernel functions

are also used to represent the penalty functionj , which is most common in statistical

modelling of registration. Gaussian mixture models (GMM) are usually constructed in this

case, and EM (Expectation-maximisation) algorithm is used to update the parameters in the

mixture models. All point clouds are represented by a Gaussian mixture and the registration

is cast into a clustering problem in [JRMPS] [65]. [MLMD] [ 66] proposes a point cloud

registration algorithm that utilises GMM and a mixture decoupling technique to achieve

robust and accurate 3D point cloud registration. [HGMR] [29] develops a registration

algorithm using a Hierarchical Gaussian Mixture to ef�ciently perform point-to-model

association. Compared to the least-square regression, the statistical model can provide

better geometric matching. However, the typical shortcomings of this model are the high

computation and slow speeds. The more points there are, the longer it takes.

Regularisation terms or other constraints commonly cooperate with penalty functions

j to enhance the robustness of algorithms, which improves the registration accuracy in the

presence of various perturbations(e.g., noise, occlusion, outliers). [RPM] [63] regularises

the af�ne transformation by penalising large values of the scale and shear components.

[RPM-L2E] [41] imposes a smooth constraint on transformation by adding a regularisation

term to the objective function. [MR] [67] introduces a manifold regularisation to penalise

transformation. [CPD] [68] formulates a regularisation on a displacement, which comes

from a prior displacement �eld. [GLR] [69] proposes a Graph-Laplacian regularisation to

preserve the intrinsic geometry of the point cloud to be displaced. [Nonrigid-ICP] [21]

utilises a stiffness term to regularise deformation and penalises the weighted difference of

the transformations of neighbouring vertices under the Frobenius norm using a weighting

matrix. [APSR] [22] integrates a local linear embedding (LLE)-based topology constraint

along with the CPD-based regularisation to encourage the global coherent motion and

the local deformation coherence of points. Most regularisation terms are used to impose

motion constraints to transformation to preserve the geometric structure of points in motion,

improving perturbation robustness.

Overall, the optimisation model in conventional registration methods involves designing

objective functions, which refers to three factors: the choice of metric space, the schemes

to devise penalty functions, and regularisation terms. Different combinations between

these factors will attain various transformation parameters.

2.2.2 Search Methods for Optimisation

Except for constructing an appropriate optimisation model, the selection of search methods

also determines whether the optimal transformationT� can be found. The typical search

methods (numerical optimisation methods) are gradient-based methods, which make

extensive use of the gradients information of objective functions during iterations. Gradient-

based algorithms have been broadly used for solving the optimisation models in the
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applications of registration, such as gradient descent for multi-view reconstruction [70],

Gauss-Newton for face alignment [71] and surface �tting [72], Levenberg-Marquardt for

structure from motion [73], Conjugate Gradient for surface reconstruction [74].

xt+ 1 = xt � [H f (xt)]
� 1Ñ f (xt) (2.7)

Newton's algorithm(2.7) is a popular gradient-based optimisation method due to

its quadratic convergence. Nevertheless, Newton's algorithm requires cost functions

to be twice differentiable and the Hessian matrixH f (xt) needs to be positive de�nite.

Since the Hessian matrixH f (xt) may not always be positive de�nite, the direction

[H f (xt)]
� 1Ñ f (xt) may not always be a descent direction, which will lead the solution for

optimisation model to converge to a bad local minimum. Moreover, although the quadratic

convergence rate of this method is desirable, computing the second derivative requires a lot

of computation. The computational cost for obtaining the second-order gradient informa-

tion for the Hessian matrix makes the method not feasible in many cases, especially for the

case with a large number of parameters. Therefore, to achieve fast computation for large

and complicated problems, many researchers [75] [76] have been using Quasi-Newton

methods to estimate the inverse Hession matrix for �nding the local maxima or minima

of functions. However, the lack of precision in the Hessian estimation may lead to slow

convergence. Another potential disadvantage of the Quasi-Newton method (such as the

Broyden–Fletcher–Goldfarb–Shanno algorithm (BFGS)) is that storing the inverse Hessian

approximation takes a large memory space, which could be detrimental for solving large

complex tasks. Limited-memory BFGS (LBFGS) as the variant of the BFGS method,

only stores a set of vectors and calculates a reduced rank approximation to the Hessian

approximation, which needs much less memory to operate. Nevertheless, the amount of

storage required by LBFGS depends on the parameter setting which determines the number

of BFGS corrections saved.

Gradient-based searching methods are also applied to deep learning networks to search

for the optimal parameters of networks, such as gradient descent with momentum [77],

Nesterov accelerated gradient (NAG) [78], Adaptive Gradient Algorithm (Adagrad) [79],

Adadelta [80], etc. By comparison, the most widely used for training deep learning

model is Adam [81], which combines the advantages of Root Mean Square Propagation

(RMSProp) [82] and Adagrad, and computes individual adaptive learning rates for different

parameters. Despite the widespread popularity of Adam, some research papers [83] [84]

have noted that it can fail to converge to an optimal solution under speci�c settings.

2.3 Learning-based Optimisation

Considering the limitations of the design of optimisation models and the selection of

appropriate search methods for the optimal transformationT� , some works propose to

learn the cost function and search path from the available training data. The former is
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achieved by using machine learning techniques, and the latter involves the supervised

sequential update (SSU) methods.

2.3.1 Learning Cost Functions

Several works propose to learn cost functions from existing training data through machine

learning rather than manually designing objective functions based on the feature of data.

[85] integrated the Support vector machines (SVMs) classi�er and the optical-�ow-based

tracker for object tracking. The cost function maximises the SVMs classi�cation score in-

stead of minimising the intensity difference function between successive frames. However,

the cost function works on prior information- the initial image must be transformed into

an edge-based image. [86] proposed a data-driven approach to learn a metric for image

alignment to reduce the effect of local minimal, where the metric learning is posed as a

convex quadratic programming problem. [87] put forward a component-based discrimina-

tive approach for face alignment with initialisation. This approach regards the iterative

face alignment as the process of maximising the score of a trained two-class classi�er used

to distinguish the correct and incorrect alignment. It is worth noting that this work trains

nine classi�ers for each facial component, which means that the optimisation model works

based on the manually designed data features. [88] used random forest regressors trained

from data to detect features of deformable models. [89] employed regression analysis

and random forests with image features to learn the cost function for hand pose estimation

in RGBD images, where the solution of the learned optimisation model is obtained by

particle swarm search method.

A major downside of these approaches is that they need to impose the form of the

cost function, e.g., [86] requires the cost function to be quadratic. In addition, these

optimisation models are based on some prior information, such as the edge-based image

[85] and the nine facial components [87]. It can be found these learning-based optimisation

models are primarily used in the application of images, such as detecting image features

and tracking image objects. They work on the image patches or image features, limiting

the kinds of problems they can solve. It is not clear how to extend these models to

other applications, such as point cloud registration. [90] develops a continuous data

representation for point cloud registration, Support Vector–parameterised Gaussian Mixture

(SVGM), which is created by training a one-class Support Vector Machine and mapping

it to a Gaussian Mixture model, but the cost function of registration is still a least-square

regression based on Gaussian Mixture Models.

2.3.2 Learning Search Directions

Apart from learning cost functions, recent works also propose to use learning techniques

to compute the search direction of cost functions. This is done by learning a sequence

of regressors to replace gradient directions of cost functions. [91], [92] regarded weak

learner as functional gradient descent to update the parameter vector. These methods

perform updates through learning a �xed linear sequence of weak regressors, which does
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not take into account the feature of the data. [93] presented cascaded pose regression for

computing the 2D pose of objects in images. This regression builds different regressors via

the pose-indexed features, which depend on both the image data and the current estimate

of the pose. One of the drawbacks of this method is that designing weakly invariant pose-

indexed features can be quite challenging when applying this method to other applications.

[94] proposed a cascaded regression approach derived from a Gauss-Newton solution to a

non-linear least-squares problem, where the descent direction is replaced by a sequence of

averaged Jacobian and Hessian matrices learned from data. [95] presented an "Explicit

Shape Regression" approach for face alignment. This work learns a vectorial regression

function to infer the whole facial shape from the image and explicitly minimise the

alignment errors over the training data. [96] proposed an accurate learning-based tracking

algorithm combined with object detection, where the descent direction is replaced by a

linear regression function. [97] developed Iterative Error Bound Minimisation (IEBM),

where a support vector regression is used to learn a sequence of linear maps to update

transformation parameters for nonrigid image alignment. [98] used GentleBoost as the

regression function to map image intensity to an update vector to �t a set of local feature

models to an image. [9] learned a sequence of regressors matrices to update the shape

parameters based on the image features per iteration.

The mentioned works either learn a �xed regression or use the features of data to gain a

sequence of regressors, where the features are often available for image processing or pose

estimation, such as intensity difference, Scale-invariant feature transform descriptor (SIFT),

Histogram of oriented gradients (HOG), etc. Extending these methods to other problems

requires designing new features. [11] [19] [12] proposed discriminative optimisation

methods (DO) to address 3D registration and other computer vision tasks. The framework

proposed by DO can learn the gradient directions from training data without calculating the

Hessian matrix or Jacobian matrix. And experimental results illustrate the better robustness

and ef�ciency of DO in 3D point cloud registration than other conventional registration

methods.

The learning process for search direction in these methods is based on the supervised

sequential update (SSU) methods, which can be formulated as follows:

xt+ 1 = C(xt ;Ft+ 1 � h(xt)) (2.8)

Wherext 2 Rp is the estimated parameters at time t,h : Rp ! R f extracts some features

from the input data, andFt+ 1 : Rp ! Rd is a regressor that maps the featureh(xt) to an

update vector, andC : Rp � Rd ! Rp is the operator working on the parameterxt and the

update mapFt+ 1 � h.

Given a training set
��

xi
0;xi

� ;hi(xi
0)

�	 N
i= 1, including N problem instances, each instance

has its ground truth parameterxi
� , the initial parameterxi

0, and the extracted featureshi(xi
0).

The sequence of regressorsFt+ 1 can be learned through the following formulation:

Ft+ 1 = min
F2F

N

å
i= 1

L
�
xi

� ;C
�
xi

t ;F � hi(xi
t)

��
+ R(F) (2.9)
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WhereL : Rp � Rp ! R is a loss function, andR: Rd ! R is a regularisation term.

The learned regressor sequenceFt+ 1 will be applied to estimate the transformation

parameters of test data. A summary of the details of the above algorithms is provided in

Table 2.1. This table shows that the mechanisms of the above algorithms are based on the

supervised sequential update methods, and most of them are applied to computer vision

via image features and �xed regressors. Thus, it is potential to extend these methods to

point cloud registration.

2.4 Discussion

Here, the similarities and differences between the supervised sequential update (SSU)

method and the neural network (NN) method are discussed and the issues in the DO

method for 3D point cloud registration are pointed out.

The most apparent similarity of the SSUs and NNs is that they have a similar structure-

multiple layers of regressors. However, their layers are very much different in the following

aspects:Training: NNs can be trained "end-to-end" through backpropagation; speci�cally,

all layers of the network can be affected by minimising the loss function at once. SSUs

need to be trained layer-by-layer, and the loss function in each layer is different, but the

essence is in common- make the currently estimated parameters approach to the ground

truth. Flexibility: NNs are more �exible, and the loss function can be different for different

applications, while the loss function in SSUs is limited to parameter estimation. Trained

NNs can be transferred to various applications, while regression in SSUs can only be

used for the same application or even the same data set. In addition, NNs are almost

purely data-driven, and SSUs are more model-driven, where model means the feature.

Computational Requirement: The number of parameters in each layer of SSUs is �xed,

which is much less than that of each layer in NNS, so NNs are more computationally

expensive on the same size of training data.

Although the advanced learning-based algorithm DO has shown superior results on 3D

registration, some limitations remain to be solved. Firstly, DO learns the gradient directions

utilising a single feature, making the learned updating map vulnerable to perturbations

(e.g., noises, outliers, occlusions). Secondly, the loss functions in DO are based on the

least-square regression, which ignores the in�uence of each component of parameter

vectors on the �tting results. Rotation and translation play different roles in 3D point cloud

registration actually. Namely, the contributions of the components of the transformation

parameter vectors are unequally for 3D registration. Finally, the learned mapFt+ 1 in DO

extensively depends on the extracted featuresh(xt), and the dimension ofFt+ 1 is relevant

to that of the extracted featureh(xt), which causes that the learned mapFt+ 1 can only

estimate the transformation parameters of the same cloud. This issue makes the learning-

based optimisation method DO unable to deal with multiple point cloud registration as the

deep learning-based methods.

Therefore, it is necessary to address these limitations and explore more robust and

ef�cient registration methods. The General Discriminative Optimisation (GDO) method is
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Table 2.1 A summary of the learning-based search methods
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proposed in Chapter.3 to improve the robustness of the learned gradient directions through

the collaboration of different features; the Reweighted Discriminative Optimisation (RDO)

method is put forward to improve the accuracy of estimating parameters in Chapter.4

through emphasising the different contribution of components of the parameter vector on

�nal �tting results. Although both GDO and RDO improve the robustness and accuracy

of registration by changing the way to learn the updating gradients, they have different

motivations and mechanisms and they can be extended to solve different tasks. Due to

GDO and RDO can only register point clouds under different perturbations, the framework

called SGRTmreg is developed to achieve multiple point clouds registration in Chapter.5.

Besides, the feature extraction approaches in GDO and RDO limit their abilities to deal with

dense point clouds, in this case, the Graph-based Reweighted Discriminative Optimisation

(GRDO) method is also explored in Chapter.5.



Chapter 3

General Discriminative Optimisation for

Point Set Registration

3.1 Introduction

Existing supervised sequential update (SSU) methods [19] use a single featureh of data to

gain a sequence of updating mapsFt+ 1. One single feature will make the learned gradient

path vulnerable signi�cantly to the perturbations around data, thus falling into a bad

stationary point, especially when the single feature lacks robustness. In this case, a General

Discriminative Optimisation (GDO) is proposed to improve the robustness of SSUs on

registration. GDO learns the gradient updating mapFt+ 1 through different features of

the point sets, reducing the impact of perturbations on gradient directions and, as a result,

increasing the accuracy of the parameter estimation for registration. By balancing the

contribution of different extracted features on the updating gradient, a sequence of gradient

updating maps can be learned directly from training data sets while making the gradient

path converge to the optimal point as closely as possible.

3.2 Motivation

Discriminative Optimisation (DO) updates gradient directions according to the feature

of input data without calculating the Jacobian or Hessian matrix. More speci�cally, DO

splits gradient information as the updating mapD 2 Rp� f and the featureh : Rp ! R f ,

and updates the mapD through approaching the current estimated parameter vectorxt to

ground truthx� .

xt+ 1 = xt � Dt+ 1h(xt) (3.1)

Dt+ 1= min
D̃

1
N

N

å
i= 1




 xi

� � xi
t + D̃h

�
xi

t
� 


 2

2 +
l
2




 D̃




 2

F : (3.2)

Wherek�kF is the Frobenius norm, andl is a hyperparameter. Equation.3.1 and Equa-

tion.3.2 illustrate the way to update estimated parameters and the way to learn gradient

paths respectively.
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Despite not calculating the Jacobian or Hessian matrix, DO still has several issues

theoretically. Equation.3.2 shows that DO uses a single featureh of data to gain a

sequence of updating mapsDt+ 1. The lack of other features of data increases the risk of

perturbations around data on the update of gradient directions. In this case, GDO explores

thecollaborationof different featuresH f to reduce the impact of perturbations on the

gradient direction.

Another theoretical issue of DO is that the constraint for the convergence of DO

requires eachDh(x) to be strictly monotone at ground truth for all samples. Actually, not

all features are able to ful�l this constraint. In other words, the convergence constraint limits

the selection of feature functionh. We provide a weaker constraint for the convergence of

the learning-based optimisation.

3.3 Methodology

Optimisation problems can be formulated as follows.

min
x

F (x) =
I

å
i= 1

gi
1
Ji

Ji

å
j i= 1

j i
�
g j i (x)

�
: (3.3)

Equation.3.3 formulates the optimisation problems. Wherej i : Rd ! R is a penalty

function,g j i : Rp ! Rd models the problem of interest,Ji is the number ofg j i correspond-

ing to the penalty functionj i, gi is the coef�cient of penalty functionj i. The following

framework shows how to use the feature information of data to mimic the gradient descent

of unknown functionsF .

For simplicity, just two different unknown penalty functions are considered,I = 2 and

assumeF (x) is differentiable.

F (x)=
g1

J1

J1

å
j1= 1

j 1
�
g j1 (x)

�
+

g2

J2

J2

å
j2= 1

j 2
�
g j2 (x)

�
: (3.4)

Let us observe its derivative:

¶F (x)
¶x

=
2

å
i= 1

gi
1
Ji

Ji

å
j i= 1

�
¶g j i

¶x

� T �
¶ j i

¶g j i

�

=
2

å
i= 1

gi
1
Ji

Ji

å
j i= 1

�
¶g j i

¶x

� T

f i
�
g j i

�

=
d

å
k= 1

2

å
i= 1

gi
1
Ji

Ji

å
j i= 1

�
¶g j i

¶x

� T

k;:

�
f i

�
g j i

��
k :

(3.5)

Whereg j i (x) is denoted asg j i andj i
�
g j i (x)

�
is denoted asj i to reduce notation

clutter. [Y]k is thekth row of Y ,and[y]k means thekth element ofy. Y means in general

any matrix.y generally refers to any vector. Then the derivative ofj i is replaced with a

generic functionf i .
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For simplicity, thelth element of¶F (x)
¶x is denoted as[Dx]l . Then Equation(3.5)can be

rewritten as the following format:

[Dx]l =
d

å
k= 1

2

å
i= 1

gi
1
Ji

Ji

å
j i= 1

�
¶g j i

¶x

�

k;l

�
f i

�
g j i

��
k

=
d

å
k= 1

2

å
i= 1

gi

Ji

Ji

å
j i= 1

�
¶g j i

¶x

�

k;l

Z

Rd
[f i (v)]k d

�
v� g j i

�
dv

=
d

å
k= 1

2

å
i= 1

Z

Rd
[f i (v)]k

gi

Ji

Ji

å
j i= 1

�
¶g j i

¶x

�

k;l
d

�
v� g j i

�
dv

=
d

å
k= 1

Z

Rd
[f 1 (v)]k

g1

J1

J1

å
j1= 1

�
¶g j1

¶x

�

k;l
d

�
v� g j1

�

+[ f 2 (v)]k
g2

J2

J2

å
j1= 2

�
¶g j2

¶x

�

k;l
d

�
v� g j2

�
dv

=
d

å
k= 1

Z

Rd

h
f 1 (x) f 2 (x)

i

k
�

2

6
4

g1
J1

å J1
j1=1

h
¶g j1
¶x

i

k;l
d

�
v� g j1

�

g2
J2

å J2
j2=1

h
¶g j2
¶x

i

k;l
d

�
v� g j2

�

3

7
5 dv

(3.6)

Whered (x) is the Dirac function. Then

�
¶F (x)

¶x

�

l
=

d

å
k= 1

Z

Rd
D(v;k) H f (v;k; l ;x) dv: (3.7)

D(v;k) =
h
f 1 (x) f 2 (x)

i

k
: (3.8)

H f (v;k; l ;x) =

"
g1h1

g2h2

#

: (3.9)

Wherehi is the representation of theith feature of data, and the coef�cientgi means the

contribution of each feature on updating direction.

hi (v;k; l ;x) =
1
Ji

Ji

å
j i= 1

�
¶g j i

¶x

�

k;l
d

�
v � g j i

�
: (3.10)

gi =
Tr (Cov(hi))

å I
i= 1Tr (Cov(hi))

: (3.11)

Tr (Cov(hi)) is the trace of the covariance matrix ofhi .



3.4 GDO Framework 24

3.4 GDO Framework

3.4.1 Learning for GDO

Given a set of training data
��

xi
0;xi

� ;H f (xi
0)

�	 N
i= 1, including N problem instances, each

instance has its ground truth parameterxi
� , the initial parameterxi

0, and the extracted

featuresH f (xi
0). For simplicity,H f (xi

t) is denoted asH i
f t to represent the feature of the

i-th sample at thet-th iteration. The goal of GDO is to learn a sequence of mapsDt+ 1 that

updatexi
0 to xi

� .

Dt+ 1= min
D̃

1
N

N

å
i= 1




 xi

� � xi
t + D̃H i

f t




 2

2
+

l
2




 D̃




 2

F : (3.12)

Wherek�kF is the Frobenius norm, andl is a hyperparameter.

The initial training data
n�

xi
0;xi

� ;H i
f 0

�o N

i= 1
is applied to Equation(3.12)to learn map

D1 at �rst. Then,D1 will be applied to Equation(2.1) to get the current estimationx1. At

each step, a new parameter vector can be created by recursively applying the update rule in

Equation(2.1). The learning process is repeated until some termination criteria are met,

such as until the error does not decrease much or the maximum number of iterationsT is

reached. The pseudocode for training GDO is shown in Alg.1.

Algorithm 1 Training a sequence of update maps

Input
n�

xi
0;xi

� ;H i
f 0

�o N

i= 1
, T, l

Output f Dtg
T
t= 1

1: for t = 0 toT � 1 do

2: ComputeDt+ 1 with (3.12)

3: for i = 1 toN do

4: Updatexi
t+ 1 := xi

t � Dt+ 1H i
f t

5: end for

6: end for

3.4.2 Convergence Analysis of GDO

Theorem 3.4.1 (Convergence of GDO's training error)

Given a training set
n�

xi
0;xi

� ;H i
f 0

�o N

i= 1
, if there exists a linear map̂D 2 Rp� f whereD̂H f

meets the conditionå N
i= 1

�
xi

� � xi
t
� T D̂H i

f t > 0 at xi
� for all i, and if there exists an i where

xi
t 6= xi

� , then the update rule:

xi
t+ 1 = xi

t � DtH i
f t : (3.13)
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with Dt � Rp� f obtained from Equation(3.12), guarantees that the training error strictly

decreases in each iteration:

N

å
i= 1




 xi

� � xi
t+ 1




 2

2 <
N

å
i= 1




 xi

� � xi
t




 2

2 : (3.14)

If D̂H f is strongly monotone, and if there existH > 0, M > 0 such that





 D̂H i

f








2

2
�

H + M



 xi

� � xi



 2

2 for all i, then the training error converges to zero.

Thm.3.4.1 says that for all instances, ifD̂H f meets the conditionå N
i= 1

�
xi

� � xi
t
� T D̂H i

f t > 0,

then the average training error will decrease in each iteration; ifD̂H f is strongly monotone

atxi
� , the average training error will converge to zero. Note thatH f can be not only a single

function but also a combination of different functions ofxi. DO also presents a similar

convergence result for a update rule, but it requiresD̂H i
f t to be strictly monotone atxi

� for

all i. Besides, different from the single featureh in DO, as the combination composed of

several feature functions,H f takes into account more features of data. The detailed proof

for convergence is provided in Appendix A.

3.5 Experimentation

This section describes how to apply GDO to the 3D point set registration with various

perturbations. We compare GDO with other classical registration methods on various data

sets. The data sets are shown as Figure.3.1.

(a) Stanford Bunny (b) Chef model (c) Dancing Children

(d) Airplane627 (e) Car201 (f) Chair964

(g) Toilet378 (h) Indoor Scene 01 (i) Indoor Scene 02

Fig. 3.1 Experimental data sets
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3.5.1 3D Point Set Registration

Let f M;Sg be two point sets in a �nite-dimensional real vector spaceR3, which contains

Nm andNs points, respectively. Our goal is to �nd a rigid transformationT to be applied

to scene setS such that the difference betweenS and model setM is minimised. The

transformation matrixT is posed as the Lie algebrax 2 R6 in our optimisation problem.

Feature for Registration

The featureH f for registration is combined by two different features: the coordinates-based

feature[h(x;S)]c and the density-based feature[h(x;S)]d.

We use the feature extraction method in [11] to extract the features[h(x;S)]c and

[h(x;S)]d , whereh is devised to be a histogram indicating the weights of scene points on

the 'front' and the 'back' sides of each model point. As shown in Figure.3.2.

Fig. 3.2 The positional relationship between scene points (square)s1 and model point
(hexagon)m1.

S+
a =

�
sb : nT

a (F(sb;x) � ma) > 0
	

(3.15)

S+
a indicates the set of scene points on the 'front' of model pointma, andS�

a contains the

remaining scene points.;na 2 R3 is the normal vector of the model pointma; F(sb;x) is

the function that applies rigid transformation with parameterx to scene pointsb.

Then the feature[h(x;S)]c can be calculated through the following formulas:

[h(x;S)]c
a+ =

1
z å

sb2S+
a

exp
�

� 1
ŝ 2 kF(sb;x)� mak2

�
: (3.16)

[h(x;S)]c
a� =

1
z å

sb2S�
a

exp
�

� 1
ŝ 2 kF(sb;x)� mak2

�
: (3.17)

Whereznormalisesh to sum to 1, and̂s controls the width of the exp function. The design

of the feature[h(x;S)]d can be divided into two stages. The �rst stage is to calculate the
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probability of measuring each point ofS in the boxes ofM, and the probability of each

point of M in the boxes ofS, as shown in Figure.3.3. The second stage is to apply the

calculated probability to (3.16),(3.17) to extract the density feature[h(x;S)]d.

Fig. 3.3 The �rst stage for designing the density feature[h(x;S)]d.

Figure.3.3 shows the �rst stage for designing the density feature[h(x;S)]d. The Grid_S

represents the grids around the modelS. The Grid_M represents the grids around the

modelM. The grid marked by the red dotted line represents the grid where is no point,

which will be removed when calculating the meanmand covariances 2.

The probability of measuring each point ofS in the boxes ofM, Pm
�
sj

�
, can be

calculated as follows, and the probability of measuring the points ofM in the boxes ofS,

Ps(ma), can be calculated in a similar way.

1. The 3D space around the point setM is subdivided regularly into boxes with constant

size (e.g. the Grid_S, Grid_M in Figure.3.3).

2. For each box, the following is done:

• Collect all 3D pointsmi= 1;2;��� ;Nm in M contained in this box. If there is no

point in a box, the box will be removed (e.g. the grids marked by the red dotted

line in Figure.3.3).

• Calculate the mean

mm =
1

Nm

Nm

å
i= 1

mi :

• Calculate the covariance matrix

s 2
m =

1
Nm

Nm

å
i= 1

(mi � mm) (mi � mm)T :
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3. The probability of measuring each pointsj of S in this box is now modeled by the

normal distributionN
�
mm;s 2

m
�
.

Pm
�
sj

�
� exp

�
� (sj � mm)T(sj � mm)

2s

�
:

[h(x;S)]d
a+ =

1
z å

sb2S+
a

exp
�

� 1
ŝ 2 kPm(F(sb;x)) � Ps(ma)k2

�
: (3.18)

[h(x;S)]d
a� =

1
z å

sb2S�
a

exp
�

� 1
ŝ 2 kPm(F(sb;x)) � Ps(ma)k2

�
: (3.19)

The �nal featureH f can be posed as:

H f =

"
g1[h(x;S)]c

g2[h(x;S)]d

#

: (3.20)

We get the coef�cientsg1, g2 using(3.11), which represent the contributions of features on

updating gradient direction.

3.5.2 GDO Training Settings

The parameters in the GDO training process are the same as those in the code provided

in the Github of DO [11] for the comparison experiments on the synthetic data sets. We

normalise a given model shapeM to [� 1;1]3 and uniformly sample fromM with the

replacement of 400 to 700 points to generate a scene model. Then we apply the following

perturbations to the scene model:(i) Rotation and translation:The rotation is within

60 degrees and the translation is in[� 0:3;0:3]3, which represents the ground truthx� ;

(ii) Noise and Outliers:Gaussian noise with the standard deviation 0.05 is added to the

scene model. 0 to 300 points within[� 1:5;1:5]3 are added as the sparse outliers. Besides,

a Gaussian ball of 0 to 200 points with the standard deviation of 0.1 to 0.25 is used to

simulate the structured outliers;(iii) incomplete shape:We remove 40% to 90% points

from the scene model to simulate occlusions, the detailed removing approach can be found

in [11]. For all experiments, we generated 30000 training samples, set up iterationsT = 30

and setl as2� 10� 4, b2 as 0.03, and the initial transformationx0 is 06. For the second

feature[h(x;S)]d, we build the uniform grid in the range[� 2;2] with 81 points in each

dimension.

For the comparison experiments on the Modelnet40 data set, we design three modes

for GDO training. (i)mode1: The rotation is within 45 degrees and the translations

is in [� 0:5;0:5]3; (ii) mode2: The rotation is within 90 degrees and the translations

is in [� 0:5;0:5]3; (iii) mode3: The rotation is within 90 degrees, the translations is in

[� 0:5;0:5]3 and Gaussian noise with the standard deviation 0.05 is also applied. The �rst

two modes aim to compare the registration of all methods in terms of varying degrees of

rotation, namedsingle-class training. The latter is to compare the performance of different
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methods on the registration with multiple perturbations, namedmulti-class training. We

generated 30000 training samples for all modes, and the training sample will be normalised

to [� 1;1]3 without downsampling. The number of points of all samples is 5120.

3.5.3 Performance Metrics

Baselines.We compared GDO with the advanced learning-based approach DO [11], two

point-based approaches (ICP and IRLS), two density-based approaches (CPD and NDT)

and the feature-based approach (FGR).

We used the successful registration rate, average MSE and computation time as performance

metrics.

Successful Registration Rate.A registration is successful when the mean`2 is less than

0.05 of the model's largest dimension.

Average MSE.It is worth noting that the MSE is the mean`2 error between the model and

scene sets, and the Average MSE is the average for MSE for all test sets.

In order to make the experimental results more clear, we uselog10 MSE andlog10

computing time to describe the accuracy and ef�ciency of the registration of all registration

methods on the ModelNet40 data set.

3.5.4 Parameters Settings

The maximum number of iterations of all registration methods was set to 30. ForDO and

GDO, we setl as 2� 10� 4, b2 as 0.03. The value of the tolerance of absolute difference

between current estimation and ground truth in iterations is 1e-4; ForICP, the tolerance of

absolute difference in translation and rotation is 0.01 and 0.5 respectively; ForIRLS, we

usedHuber criterion functionas the regression function, the remaining parameters were

set as the same as the setting ofICP. ForCPD, the type of transformation is set torigid,

and the expected percentage of outliers with respect to a normal distribution is 0.1, the

tolerance value is the same as that in DO. ForNDT, the value of the expected percentage

of outliers is set to 0.55, and the tolerance value is set as the same as that in ICP; ForFGR,

the value of the division factor used for graduated non-convexity is 1.4, the maximum

correspondence distance is 0.025, the value of the similarity measure used for tuples of

feature points is 0.95, the value of the maximum tuple numbers for trading off between

speed and accuracy is set to 1000.

For BCPD, the expected percentage of outliers is set to 0.1, the parameter in the

Gaussian kernel is 2.0 and the expected length of the displacement vector is 400. All

deep-learning-based registration networks are trained on an Nvidia Geforce 2080Ti GPU

with 12G memory. ForPCRNet, the kernel sizes are 64, 64, 64, 128, 1024, 1024, 512, 512,

256 and 7. The iteration for rotation and translation is set to 8. Adam optimiser with an

initial learning rate of 0,1, 300 epochs and a batch size of 32 is used for the training process.

For PointnetLK, the kernel sizes are 64, 64, 64, 128, 1024. The maximum iteration for

rotation and translation is set to 30. Adam optimiser with an initial learning rate of 0.001,

250 epochs and a batch size of 10 is used for the training process. ForDCP, the kernel
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sizes are 64, 64, 128, 256, 512, 1024, 256, 128, 64, 32 and 7. The iteration for rotation and

translation is set to 1. Adam optimiser with an initial learning rate of 0.001, 250 epochs

and a batch size of 32 is used for the training process. ForICPMCC, the error threshold is

set to10� 7, the iteration number is 30, and the number of nearest points for calculating

normal vectors is set to 10.Please note that the values of these parameters are the default

values set in their of�cial codes.

3.5.5 Registration Experiments

We have used the Stanford Bunny model [13], Chef model [14], Dancing Children, Indoor

Scene [15] as the data sets for experiments Figure.3.1. Dancing Children are available at

the AIM@SHAPE shape repository http://visionair.ge.imati.cnr.it/ontologies/shapes/. The

model setM is generated by using the grid average downsample method in MATLAB to

select 477 points from the original model.

The performance of algorithms are evaluated by comparing the evaluation metrics

in the case of various perturbations:(1) rotation: We compare the performance metrics

when the initial angle is0� , 30� , 60� , 90� , 120� and150� [default=0� to60� ]; (2) noise:The

standard deviation of the noise is set to 0, 0.02, 0.04, 0.06, 0.08 and 0.1 [default=0];(3)

outliers: We set the number of outliers to 0, 100, 200, 300, 400 and 500 respectively

[default=0];(4) incomplete ratio:The ratio of incomplete scene shape is set to 0, 0.15, 0.3,

0.45, 0.6 and 0.75 [default=0]. The random translation of all generated scenes is within

[� 0:3;0:3]3. When one parameter is changed, the values of other parameters are �xed

to default values. In addition, the scene points are sampled from the original model, not

from M. We will test 750 testing samples in each variable setting. It is noteworthy that

the training samples are generated by adding various perturbations to the modelM and

assigning random parameters for the translation and rotation of the modelM. The testing

samples are generated similarly, but the degree of perturbation and the parameters for

transformation are different, and the down-sampled model is the original model instead of

the modelM.

We also conduct comparative registration experiments on the ModelNet40 data set

[16] with traditional methods (BCPD [99], FPFH-ICP [62] and ICPMCC [100]) and

other advanced deep-learning-based registration methods, such as PCRNet [101], Point-

netLK [17], and DCP [102] (as shown in(d) � (g) of Figure.3.1). There are three kinds

of comparison settings corresponding to the training modes in 3.5.2: formode1: the initial

angle is0� , 15� , 30� , 45� , 60� and75� ; for mode2: the initial angle is0� , 30� , 60� , 90� ,

120� and150� ; for mode3: the initial angle is0� , 30� , 60� , 90� , 120� and150� [default=0�

to 90� ] and the standard deviation of Gaussian noise is set to 0, 0.02, 0.04, 0.06, 0.08 and

0.1 [default=0]. It is worth noting that when we change one parameter, the values of other

parameters are �xed to the default value. We will test 100 test samples in each variable

setting.
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Experimental Results

Registration results.Figure.3.4 and Figure.3.5 show the 3D registration results on Bunny

model and Chef model with various perturbations. The top is the Successful Registration

Rate (SRR). The middle is the Average MSE (AMSE). The bottom is the Computation Time.

It can be seen that in the presence of arbitrary perturbation, learning-based registration

algorithms (DO, GDO) can achieve more accurate registration results than the traditional

registration methods (ICP, CPD, NDT, IRLS, FGR). Compared with DO, the performance

of GDO is slightly better than DO. However, GDO is more time-consuming, the reason for

which is that the second feature[h(x;S)]d calculates the density probability of each point

in point sets, which involves the search of the closest box. Also, the calculation way of the

second feature determines that the running time of GDO and the size of the point set are

positively correlated.

(a) Initial Angles (b) Noise SD (c) Outliers (d) Incompleteness

Fig. 3.4 Results of 3D registration with Bunny model under different perturbations.

Table.3.1 shows the quantitative results of the registration on the Bunny model. B

means the baseline method - Discriminative Optimisation method (DO); P is the proposed

method in this chapter - General Discriminative Optimisation method (GDO); C is the

outstanding conventional method in this registration experiments - Coherent Point Drift

method (CPD). We set the Successful Rate of DO, Mean Square Error of DO, and the

Computation Time of DO as the references of comparison. The value of the Successful

Rate is higher, the stability of the method is higher; the value of the Mean Square Error is

lower, the registration accuracy is higher; the shorter the computation time, the real-time

capability is better. The Bold in this table shows that the stability and registration accuracy

of GDO is better than DO and CPD. The computing time of GDO is almost six times that

of DO.
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Table 3.1 The quantitative results of the registration on the Bunny model (B-Baseline DO;
P-Proposed GDO; C-Conventional method CPD)

Successful Rate Mean Square Error Computation Time
B P C B P C B P C

(R)60 1.00 1.00 1.00 1.00 0.90 20.0 1.00 6.00 80.0
(R)90 1.00 1.02 0.45 1.00 0.67 66.7 1.00 17.30 115.38
(R)120 1.00 1.03 0.06 1.00 0.95 2.15 1.00 4.50 35.00
(R)150 1.00 1.02 0.00 1.00 1.00 1.67 1.00 4.50 40.00
(N)0.04 1.00 1.00 1.00 1.00 0.80 2.00 1.00 4.00 20.00
(N)0.06 1.00 1.00 1.00 1.00 1.50 2.50 1.00 6.67 20.00
(N)0.08 1.00 1.00 1.00 1.00 0.75 2.25 1.00 6.00 28.57
(N)0.1 1.00 1.00 1.00 1.00 0.90 2.00 1.00 4.67 22.22
(O)200 1.00 1.00 1.00 1.00 0.71 12.9 1.00 6.67 33.33
(O)300 1.00 1.00 1.00 1.00 0.56 22.2 1.00 1.17 36.67
(O)400 1.00 1.00 1.00 1.00 1.00 40.0 1.00 5.63 28.75
(O)500 1.00 1.00 0.97 1.00 0.33 16.7 1.00 5.00 24.00
(I)0.30 1.00 1.00 1.00 1.00 0.33 2.67 1.00 6.00 20.00
(I)0.45 1.00 1.00 0.95 1.00 1.67 13.30 1.00 7.00 20.00
(I)0.60 1.00 0.98 0.94 1.00 1.12 6.25 1.00 9.00 23.33
(I)0.75 1.00 0.96 0.44 1.00 1.50 4.50 1.00 13.25 25.00

(a) Initial Angles (b) Noise SD (c) Outliers (d) Incompleteness

Fig. 3.5 Results of 3D registration with Chef model under different perturbations
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Table.3.2 shows the quantitative results of the registration on the Chef model. C is the

outstanding conventional method in this registration experiments - Iteratively Reweighted

Least Squares method (IRLS). The Bold in this table shows that the stability and registration

accuracy of GDO is better than DO and IRLS. The registration accuracy of GDO is 4.7%

higher than that of DO.

Table 3.2 The quantitative results of the registration on the Chef model (B-Baseline DO;
P-Proposed GDO; C-Conventional method IRLS)

Successful Rate Mean Square Error Computation Time

B P C B P C B P C

(R)60 1.00 1.00 1.00 1.00 0.50 1.00 1.00 5.00 37.50

(R)90 1.00 1.08 1.08 1.00 0.86 2.28 1.00 10.97 48.78

(R)120 1.00 1.25 1.05 1.00 0.93 1.22 1.00 3.00 16.67

(R)150 1.00 1.11 0.11 1.00 0.94 1.00 1.00 3.00 20.00

(N)0.04 1.00 1.00 1.00 1.00 0.60 1.80 1.00 4.44 11.11

(N)0.06 1.00 1.00 1.00 1.00 2.50 2.50 1.00 5.44 13.04

(N)0.08 1.00 1.00 1.00 1.00 1.05 2.27 1.00 5.16 12.90

(N)0.1 1.00 1.00 1.00 1.00 0.83 3.33 1.00 5.00 12.00

(O)200 1.00 1.00 1.00 1.00 0.70 13.30 1.00 4.44 14.44

(O)300 1.00 1.00 1.00 1.00 0.80 13.10 1.00 5.43 16.30

(O)400 1.00 1.00 1.00 1.00 0.90 11.40 1.00 5.16 17.20

(O)500 1.00 1.00 1.00 1.00 8.00 100.00 1.00 6.00 16.00

(I)0.30 1.00 1.00 1.00 1.00 0.94 941.17 1.00 5.56 11.11

(I)0.45 1.00 1.00 1.00 1.00 0.86 476.19 1.00 4.70 10.59

(I)0.60 1.00 1.00 0.75 1.00 0.20 600.00 1.00 7.50 15.00

(I)0.75 1.00 1.01 0.35 1.00 0.93 6.67 1.00 5.56 11.11

Figure.3.6 shows the registration results on the Dancing Children model. The trend

and distribution of the running time of all algorithms on the Dancing Children model are

the same as that on the Bunny or Chef models. GDO is more capable when dealing with

the complex model than registering simple models (Bunny, Chef), which can be illustrated

by the Mean Square Error criteria.

Table.3.3 shows the quantitative results of the registration on the Dancing Children

model. C is the outstanding conventional method in this registration experiment - the

Coherent Point Drift method (CPD). We set the Successful Rate of DO, Mean Square Error

of DO, and the Computation Time of DO as the references of comparison. The Bold in

this table shows that the stability and registration accuracy of GDO is better than DO and

CPD. The registration accuracy of GDO is 3.86% higher than that of DO. The Successful

Rate of GDO is 0.86% higher than that of DO.

Figure.3.7 and Figure.3.8 show the results of 3D registration on Indoor Scenes. The

performances of NDT and GDO are prominent when registering real scene models.
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(a) Initial Angles (b) Noise SD (c) Outliers (d) Incompleteness

Fig. 3.6 Results of 3D registration with Dancing Children model under different perturba-
tions

Table 3.3 The quantitative results of the registration on the Dancing Children model (B-
Baseline DO; P-Proposed GDO; C-Conventional method CPD)

Successful Rate Mean Square Error Computation Time
B P C B P C B P C

(R)60 1.00 1.17 1.22 1.00 0.50 0.00 1.00 4.00 10.00
(R)90 1.00 1.33 1.70 1.00 0.88 0.47 1.00 3.08 3.85
(R)120 1.00 0.95 0.71 1.00 0.94 1.22 1.00 3.33 5.19
(R)150 1.00 0.93 0.00 1.00 0.97 1.27 1.00 3.33 6.67
(N)0.04 1.00 1.00 1.00 1.00 0.43 0.11 1.00 10.00 24.00
(N)0.06 1.00 1.00 1.00 1.00 0.56 1.19 1.00 8.67 20.00
(N)0.08 1.00 1.00 1.00 1.00 0.99 0.64 1.00 7.43 17.14
(N)0.1 1.00 1.00 1.00 1.00 0.98 0.92 1.00 8.57 18.57
(O)200 1.00 1.00 1.00 1.00 0.13 5.00 1.00 6.25 15.00
(O)300 1.00 1.00 1.00 1.00 0.13 14.28 1.00 5.78 13.30
(O)400 1.00 1.00 1.00 1.00 0.14 16.00 1.00 5.59 21.51
(O)500 1.00 1.00 1.00 1.00 0.22 11.11 1.00 5.80 23.00
(I)0.30 1.00 1.00 1.00 1.00 0.63 0.50 1.00 6.00 20.00
(I)0.45 1.00 1.00 0.93 1.00 0.61 11.63 1.00 5.00 22.50
(I)0.60 1.00 1.00 0.79 1.00 1.00 33.33 1.00 4.50 17.50
(I)0.75 1.00 1.00 0.22 1.00 1.50 50.00 1.00 5.00 30.00
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(a) Initial Angles (b) Noise SD (c) Outliers (d) Incompleteness

Fig. 3.7 Results of 3D registration with Indoor Scene01 model under different perturbations

Table.3.4 shows the quantitative results of the registration on the Indoor Scene01 model.

C is the outstanding conventional method in this registration experiment - the Coherent

Point Drift method (CPD). We set the Successful Rate of DO, Mean Square Error of DO,

and the Computation Time of DO as the references of comparison. The Bold in this table

shows that the stability and registration accuracy of GDO is better than DO and CPD. The

registration accuracy of GDO is 24.43% higher than that of DO and 11.31% higher than

that of CPD. The Successful Rate of GDO is 9.3% higher than that of DO.

Table.3.5 shows the quantitative results of the registration on the Indoor Scene02 model.

C is the outstanding conventional method in this registration experiment - the Coherent

Point Drift method (CPD). We set the Successful Rate of DO, Mean Square Error of DO,

and the Computation Time of DO as the references of comparison. The Bold in this table

shows that the stability and registration accuracy of GDO is better than DO and CPD. The

registration accuracy of GDO is 26.36% higher than that of DO and 12.63% higher than

that of CPD. The Successful Rate of GDO is 13.43% higher than that of DO.

While FGR and ICP required low computation time for all cases, they had low success

rates when the perturbations were high. CPD performed well in all cases except when the

number of outliers was high. The running time of IRLS was similar to that of CPD when

dealing with the registration of simple models (Bunny, Chef); it did not perform well when

the model was highly incomplete. NDT achieved more accurate registration of real scenes

than other algorithms; it was the most time-consuming for all cases. For the learning-based

algorithms, DO and GDO outperformed the baselines when registering simple models.

When dealing with the complex model (Dancing Children) and real large scene models,

GDO performed better than DO. This is because DO just considers one single feature that

does not consider the internal topology or density distribution of points, which makes it

lack the robustness than GDO.
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Table 3.4 The quantitative results of the registration on the Indoor Scene01 model (B-
Baseline DO; P-Proposed GDO; C-Conventional method CPD)

Successful Rate Mean Square Error Computation Time
B P C B P C B P C

(R)60 1.00 1.20 1.12 1.00 0.67 0.50 1.00 1.67 0.67
(R)90 1.00 1.22 1.22 1.00 0.71 0.62 1.00 1.54 0.62
(R)120 1.00 1.38 1.15 1.00 0.78 0.85 1.00 2.00 0.80
(R)150 1.00 1.00 1.00 1.00 0.86 0.88 1.00 1.50 0.57
(N)0.04 1.00 1.13 1.09 1.00 0.76 0.76 1.00 1.67 0.67
(N)0.06 1.00 1.09 1.04 1.00 0.77 0.79 1.00 1.62 0.62
(N)0.08 1.00 1.06 1.04 1.00 0.79 0.81 1.00 2.20 0.90
(N)0.1 1.00 1.09 1.07 1.00 0.70 0.69 1.00 1.57 0.71
(O)200 1.00 1.05 0.87 1.00 0.75 1.20 1.00 2.08 0.70
(O)300 1.00 1.04 0.84 1.00 0.79 1.21 1.00 2.13 0.60
(O)400 1.00 1.11 0.88 1.00 0.78 1.26 1.00 1.90 0.50
(O)500 1.00 1.12 0.91 1.00 0.87 1.24 1.00 1.86 0.50
(I)0.30 1.00 1.06 1.06 1.00 0.51 0.51 1.00 1.78 0.67
(I)0.45 1.00 1.07 1.09 1.00 0.67 0.65 1.00 1.87 0.73
(I)0.60 1.00 1.05 1.08 1.00 0.95 0.55 1.00 1.69 0.77
(I)0.75 1.00 1.06 0.88 1.00 0.68 1.17 1.00 1.82 0.73

Figure.3.9 displays the performance of all methods on registration withmode1. The

top is the computational time for registration. The bottom is thelog10MSE of all the

comparison methods. It can be seen that the accuracy of BCPD is higher than other

methods, but BCPD takes almost dozens of times as long as other algorithms. DCP

Table 3.5 The quantitative results of the registration on the Indoor Scene02 model (B-
Baseline DO; P-Proposed GDO; C-Conventional method CPD)

Successful Rate Mean Square Error Computation Time
B P C B P C B P C

(R)60 1.00 1.18 1.56 1.00 0.64 0.45 1.00 3.00 1.20
(R)90 1.00 1.88 2.50 1.00 0.71 0.62 1.00 3.04 1.20
(R)120 1.00 1.64 1.64 1.00 0.72 0.84 1.00 3.06 1.20
(R)150 1.00 1.00 1.00 1.00 0.77 0.83 1.00 3.20 1.20
(N)0.04 1.00 1.14 1.12 1.00 0.76 0.76 1.00 2.80 1.40
(N)0.06 1.00 1.13 1.09 1.00 0.71 0.73 1.00 3.00 1.40
(N)0.08 1.00 1.10 1.06 1.00 0.77 0.81 1.00 2.14 1.00
(N)0.1 1.00 1.12 1.05 1.00 0.68 0.67 1.00 2.17 1.14
(O)200 1.00 1.08 0.89 1.00 0.73 1.19 1.00 3.60 1.00
(O)300 1.00 1.07 0.85 1.00 0.75 1.14 1.00 2.40 0.70
(O)400 1.00 1.09 0.86 1.00 0.72 1.17 1.00 2.46 0.62
(O)500 1.00 1.12 0.91 1.00 0.80 1.13 1.00 2.11 0.50
(I)0.30 1.00 1.09 1.09 1.00 0.47 0.53 1.00 3.11 1.00
(I)0.45 1.00 1.08 1.11 1.00 0.83 0.72 1.00 3.14 1.14
(I)0.60 1.00 1.03 1.10 1.00 0.90 0.68 1.00 3.60 1.20
(I)0.75 1.00 1.01 0.85 1.00 0.72 1.17 1.00 3.00 1.50
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(a) Initial Angles (b) Noise SD (c) Outliers (d) Incompleteness

Fig. 3.8 Results of 3D registration with Indoor Scene02 data set under different perturba-
tions

takes about the same time as BCPD, but its accuracy and stability are poor. The poor

performance also occurs on the PCRnet method. By contrast, PointnetLK can keep higher

stability and accuracy when dealing with the registration not over60o. Compared with

the deep-learning methods, as the traditional learning-based method, DO and GDO can

achieve the registration with higher accuracy and stability. FPFH-ICP also performs well.

The stability of ICPMCC has a sharp decrease when ICPMCC registers the registration

over 60o.

(a) Airplane627 (b) Car201 (c) Chair964 (d) Toilet378

Fig. 3.9 The registration results on Modelnet40 with perturbation settingmode1.

Table.3.6 shows thelog10 Mean Square Error of registration results on Modelnet40

with perturbation settingmode1. B means the baseline method - Discriminative Optimi-

sation method (DO); P is the proposed method in this chapter - General Discriminative

Optimisation method (GDO); C is the outstanding conventional method in this registration
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experiments - Iterative Closest Point algorithm based on maximum correntropy criterion

(ICPMCC). We set the absolute value oflog10 Mean Square Error of DO as the reference

of comparison. The value of the absolute value of thelog10 Mean Square Error is higher,

and the registration accuracy is higher.Q0, Q4 and IQR aim to measure data distribution

in boxplot �gures.Q0 andQ4 are the minimum and maximum respectively. And IQR is

the interquartile range, which measures the distance between the upper and lower quar-

tiles; the shorter the distance, the more stability of the method. It can be seen that GDO,

ICPMCC and PointNetLK all have higher accuracy than DO, as shown the bold in this

table. Compared with ICPMACC and PointNetLK, GDO has higher stability.

Table 3.6 Thelog10 Mean Square Error of registration results on Modelnet40 with perturba-
tion settingmode1 (B-Baseline DO; P-Proposed GDO; C-Conventional method ICPMCC;
D-Deep learning method PointNetLK;Q0 - Minimum; Q4 - Maximum; IQR - Interquartile
range )

Q0 Q4 IQR
B P C D B P C D B P C D

627(45) 1.00 1.15 3.67 3.73 1.00 2.00 6.35 6.25 1.00 0.29 0.71 6.86
627(60) 1.00 1.33 3.94 3.94 1.00 2.35 0.59 0.71 1.00 0.33 9.50 5.50
627(75) 1.00 1.15 4.17 2.78 1.00 2.71 0.57 0.57 1.00 0.21 9.43 3.07
201(45) 1.00 1.21 3.82 3.92 1.00 1.39 6.08 2.61 1.00 0.29 0.71 6.14
201(60) 1.00 1.25 3.55 3.55 1.00 1.30 5.65 0.43 1.00 0.60 0.30 7.20
201(75) 1.00 1.20 3.75 1.75 1.00 1.30 5.48 0.35 1.00 1.00 2.00 4.00
964(45) 1.00 1.33 4.83 4.97 1.00 1.60 6.70 6.50 1.00 0.14 1.43 1.86
964(60) 1.00 1.72 6.00 6.00 1.00 1.78 0.56 0.44 1.00 0.71 17.14 12.86
964(75) 1.00 1.54 5.11 5.36 1.00 2.92 0.23 0.23 1.00 1.50 58.00 33.00
378(45) 1.00 1.29 3.89 3.89 1.00 1.40 5.20 5.60 1.00 1.33 2.33 1.00
378(60) 1.00 1.29 3.76 3.95 1.00 1.39 5.57 3.04 1.00 3.00 3.00 15.00
378(75) 1.00 1.29 3.95 3.95 1.00 1.52 0.43 0.43 1.00 1.50 62.50 35.00

Figure.3.10 shows the registration results on the perturbation of larger rotationsmode2.

The stability and accuracy of ICPMCC and PointnetLK are worse when ICPMCC and

PointnetLK handle the registration over60o. The performance of DCP and PCR is unstable

as ever. DO, GDO, and BCPD can keep the high accuracy and stability until they register

point sets with large rotations (over120o). Nevertheless, the accuracy of GDO is higher

than that of BCPD and DO when dealing with the registration over120o. FPFH-ICP still

keeps its high stability and accuracy, and the performance of ICPMCC is poor once it is

used to achieve the registration with larger rotations.

Table.3.7 shows thelog10 Mean Square Error of registration results on Modelnet40 with

perturbation settingmode2. C is the outstanding conventional method in this registration

experiments - Iterative Closest Point based on Fast point feature histogram (FPFH-ICP).

We set the absolute value oflog10 Mean Square Error of DO as the reference of comparison.

It can be seen that GDO can keep higher stability than other methods when handling the

registration with higher rotations. Compared with Table.3.6, we can �nd that the accuracy

of GDO on the registration with large rotations is 6.91% lower than that of the registration

with small rotations. This decline is as high as 78.49 % for PointNetLK.

Figure.3.11 illustrates the registration results on Modelnet40 data set with multiple

perturbationsmode3. DO and GDO can keep the higher stability and accuracy on the
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(a) Airplane627 (b) Car201 (c) Chair964 (d) Toilet378

Fig. 3.10 The registration results on Modelnet40 with perturbation settingmode2.

Table 3.7 Thelog10 Mean Square Error of registration results on Modelnet40 with perturba-
tion settingmode2 (B-Baseline DO; P-Proposed GDO; C-Conventional method FPFH-ICP;
D-Deep learning method PointnetLK;Q0 - Minimum; Q4 - Maximum; IQR - Interquartile
range )

Q0 Q4 IQR
B P C D B P C D B P C D

627(90) 1.00 1.20 2.29 1.14 1.00 2.67 1.33 0.53 1.00 0.30 2.50 1.10
627(120) 1.00 1.09 2.61 0.87 1.00 1.00 1.67 0.58 1.00 1.20 3.00 1.00
627(150) 1.00 1.17 2.94 0.83 1.00 1.25 1.50 0.50 1.00 0.17 2.00 0.33
201(90) 1.00 1.40 1.77 1.70 1.00 1.20 0.72 0.48 1.00 0.80 3.40 2.60
201(120) 1.00 1.11 2.67 1.11 1.00 1.50 1.67 0.42 1.00 0.50 3.50 0.50
201(150) 1.00 1.38 4.15 1.15 1.00 1.00 1.50 0.42 1.00 2.00 18.00 2.00
964(90) 1.00 1.20 1.83 0.70 1.00 1.20 0.64 0.48 1.00 2.00 11.00 1.50
964(120) 1.00 1.36 1.86 0.57 1.00 0.92 1.42 0.42 1.00 0.29 2.71 1.00
964(150) 1.00 1.09 5.09 0.91 1.00 0.92 1.33 0.42 1.00 2.00 21.00 2.00
378(90) 1.00 1.15 2.08 0.28 1.00 1.20 0.64 0.48 1.00 2.00 16.50 0.50
378(120) 1.00 1.11 1.50 0.28 1.00 0.80 1.00 0.33 1.00 9.33 7.00 0.67
378(150) 1.00 1.09 4.73 0.73 1.00 0.92 1.33 0.42 1.00 1.00 23.00 2.00
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registration with multiple perturbations, compared with other methods. The ability of

deep-learning methods to handle the registration with multiple perturbations is poor than

that of the traditional methods. The performance of FPFH-ICP is still stable, but the

accuracy is not high.

(a) Airplane627 (b) Car201 (c) Chair964 (d) Toilet378

Fig. 3.11 The registration results on Modelnet40 with perturbation settingmode3.

Table.3.8 shows thelog10 Mean Square Error of registration results on Modelnet40 with

perturbation settingmode3. C is the outstanding conventional method in this registration

experiments - Iterative Closest Point algorithm based on maximum correntropy criterion

(ICPMCC). We set the absolute value oflog10 Mean Square Error of DO as the reference

of comparison. It can be seen that the registration accuracy of GDO is 26% higher than that

of DO, 3.64% higher than that of ICPMCC and 81.99% higher than that of PointNetLK.

The stability of GDO is 7.91% higher than that of PointNetLK.

Table 3.8 Thelog10 MEan Square Error of registration results on Modelnet40 with perturba-
tion settingmode3 (B-Baseline DO; P-Proposed GDO; C-Conventional method ICPMCC;
D-Deep learning method DCP;Q0 - Minimum; Q4 - Maximum; IQR - Interquartile range )

Q0 Q4 IQR
B P C D B P C D B P C D

627(0.06) 1.00 1.26 0.66 0.66 1.00 1.73 0.91 0.82 1.00 0.33 0.56 0.56
627(0.08) 1.00 1.21 0.63 0.61 1.00 1.73 0.82 0.82 1.00 0.11 0.50 0.44
627(0.10) 1.00 1.25 0.55 0.53 1.00 1.77 0.82 0.59 1.00 0.38 0.40 0.40
201(0.06) 1.00 1.26 1.34 0.66 1.00 1.36 1.71 0.38 1.00 0.33 0.11 1.11
201(0.08) 1.00 1.39 1.48 0.79 1.00 1.36 1.64 0.46 1.00 0.11 0.22 0.33
201(0.10) 1.00 1.28 1.28 0.64 1.00 1.39 1.54 0.36 1.00 0.21 0.11 0.56
964(0.06) 1.00 1.19 1.59 0.78 1.00 1.48 0.22 0.74 1.00 0.33 5.67 0.33
964(0.08) 1.00 1.19 1.53 0.75 1.00 1.48 1.04 0.74 1.00 0.28 0.29 0.29
964(0.10) 1.00 1.19 1.56 0.75 1.00 1.48 0.22 0.87 1.00 1.00 15.50 0.50
378(0.06) 1.00 1.50 1.59 0.78 1.00 1.68 0.20 0.80 1.00 3.00 20.50 1.50
378(0.08) 1.00 1.20 1.23 0.60 1.00 1.68 1.88 0.72 1.00 1.25 0.25 1.25
378(0.10) 1.00 1.20 1.15 0.60 1.00 1.64 1.72 0.68 1.00 1.25 0.50 0.50

In summary, the learning-based methods (DO and GDO) have higher stability and

robustness compared with deep-learning methods (PCRnet, PointnetLK, and DCP) and

other traditional methods. FPFH-ICP performs well even on the registration with larger

rotations, but the accuracy of FPFH-ICP is not better, which may be caused by the fewer
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iterations for FPFH to �nd correspondences. The ability to achieve more accurate and stable

registration on larger rotations or multiple perturbations for the deep-learning methods and

ICPMCC is limited.

The bene�t of the FPFH-ICP is the ability to handle registration with larger rotations

while maintaining higher stability. Comparing the registration results onmode2 andmode3,

it can be seen that the only drawback of the traditional learning-based methods (DO and

GDO) is the less ability to register point clouds over120o, which illustrates that the

learning-based methods are more vulnerable on rotations, not noises. In addition, the

features in GDO can be replaced by any features extracted by 3D feature descriptors

such as Fast Point Feature Histograms (FPFH) descriptors, Signature of Histogram of

Orientations (SHOT), and so on. The potential issue of the usage of various descriptors is

whether it will increase the degree of over-�tting of the learning-based methods.

Verify Convergence.Figure.3.12 shows the Convergence Criteria and Training Error of

our method on different data sets. (a) shows the value ofå N
i= 1

�
xi

� � xi
t
� T D̂H f

�
xi

t
�
on dif-

ferent data sets. (b) illustrates the training error of our method on different data sets. We can

�nd that theD̂H f in our method meets the convergence conditionå N
i= 1

�
xi

� � xi
t
� T D̂H f

�
xi

t
�

>

0 for all data sets, and the training error of our method decreases in each iteration.

(a) Convergence Criteria (b) Training Error

Fig. 3.12 The Convergence Criteria and Training Error of our method on different data
sets.

3.6 Conclusion

This chapter proposes the general discriminative optimisation (GDO) method to solve the

transformation parameter estimation in point set registration by learning update directions

from different features of training samples. Speci�cally, GDO designs an approach to

achieve thecollaborationof the different extracted features from point sets to reduce

the effect of perturbations on updating directions. GDO combines a coordinates-based

feature and a density-based feature to update the gradient map to improve the accuracy and

robustness of transformation estimation. GDO outperformed state-of-the-art registration

approaches on different data sets. The registration accuracy of GDO is almost 4.00%

higher than that of DO on the Bunny, Chef, and Dancing Children models. The registration
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accuracy of GDO is almost 25.00% higher than that of DO on the Indoor Scene models.

And the successful Rate of GDO is almost 14% higher than that of DO. GDO has higher

stability than conventional methods and deep-learning-based methods on the ModelNet40

data set. The decline of the registration accuracy of GDO on the registration under

higher rotations is 6.91%, and the decline is as high as 78.49 % for PointNetLK. The

registration accuracy of GDO is 26.00% higher than that of DO on the registration under

different noises. Meanwhile, the stability of GDO is 7.91% higher than that of PointNetLK.

The major advantage of GDO over traditional registration methods and learning-based

registration methods includes robustness to outliers and other perturbations, which is more

prominent when dealing with complex 3D models and real scene model registration. The

limitation of GDO is that the training point cloud and the test point cloud are highly

relevant, limiting its ability to train many point clouds and achieve multiple point clouds

registration like the registration methods based on deep learning. In addition, the feature

extraction approach of GDO takes longer as the number of points increases. Future works

of interest are to design a feature function that is more robust to perturbations and more

ef�cient and to design a registration framework to enable GDO to achieve multiple point

clouds registration. The strong theoretical foundation and good registration performance

of GDO suggest its usefulness as a general-purpose registration technique.



Chapter 4

Reweighted Discriminative Optimisation

for Least-Squares Problems with Point

Cloud Registration

4.1 Introduction

The General Discriminative Optimisation (GDO) method achieves the robust point cloud

registration via the collaboration of different features, and it learns the sequence of regres-

sions in the same way as supervised sequential update (SSU) methods. They all utilise the

least-square regression to estimate parameter vectors, that is, the updating gradients are

learned by approaching the currently estimated parameter vectors towards the ground truth.

However, that thè2 norm of the residual vector approaches to 0 does not represent the best

�tting between the estimated and real models, because different components of parameter

vectors have various impacts on �tting results. Thus, GDO and other learning-based

optimisation methods ignore the fact that different components of parameter vectors play

different roles at registration.

In this case, Reweighted Discriminative Optimisation (RDO) is proposed to address the

issue of asymmetrical contributions of the components of the parameter vector on �tting

accuracy. The new method assigns different weights to components of parameter vectors in

each iteration to emphasise the impact of each component on the �tting results. It is worth

noting that RDO is different from the Iterative Reweighted Least Squares (IRLS) [103].

IRLS attains weights through an M-estimation criterion to emphasise speci�c components

or the range of equations, where the weighting matrix of`2 norm is an identity matrix.

When IRLS is applied to point cloud registrations to reduce the in�uence of outliers [33],

the M-estimator of IRLS acts on the coordinates of points directly. The RDO method,

however, utilises the characteristics of �tting errors to adjust the weights which are assigned

to the components of parameter vectors.

More speci�cally, the aim in this chapter is the accurate estimations of parameter

vectors through reweighting the different components of parameter vectors in the learning

process. The potential of RDO is demonstrated in handling challenging visualisation
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tasks including 3D point cloud registration, object recognition and multi-view stitching.

Experimental results show that RDO outperforms the state-of-the-art algorithms in terms

of robustness and accuracy on both synthetic data sets and range-scan data sets.

4.2 Motivation

4.2.1 Motivation from SSU Methods

Supervised sequential update (SSU) algorithms predict a set of parameters by sequentially

re�ning previously estimated parameters. The re�nement is performed by establishing a

sequence of regressors to update the parameters. The speci�c re�nement process can be

cast as follows:

xt+ 1 = C(xt ;Ft+ 1 � h(xt)) (4.1)

Wherext 2 Rp is the estimated parameter vector at time t,h : Rp ! R f extracts features

from the input data,Ft+ 1 : R f ! Rd is a regressor that maps the featureh(xt) to an update

vector,C : Rp � Rd ! Rp is the operator working on the parameterxt and the update map

Ft+ 1 � h.

The regressorFt+ 1 can be attained through minimising the residual vector of the

estimated vectorxt+ 1 and the ground truthx� .

Ft+ 1 = min
F̂

N

å
i= 1




 xi

t+ 1 � xi
�




 2

2

= min
F̂
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�
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t ; F̂ � h(xi
t)

�
� xi

�




 2

2

(4.2)

WhereN is the number of samples.

4.2.2 Motivation from Point Cloud Registration

Let M;S be two point sets in a �nite-dimensional real vector spaceR3, which contains

Nm andNs points respectively. Point cloud registration is to �nd a spatial transformation

T to be applied to the scene setS such that the difference betweenS and the model set

M is minimised. The rigid rotation matrix is not closed with respect to addition, which

limits the direct derivation of the objective function to the rotation matrix. To overcome

this challenge, Lie groups are used to represent the transformations in 2D and 3D spaces

[104] so that the point cloud registration can be turned into an optimisation problem over

the Lie group, where parameter vectorsxt+ 1;x� 2 R6.
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Assumex� = 06, xt+ 1 = x̂k, x̂k is thek-th column of the diagonal matrixA.

A =

2

6
6
6
6
6
6
6
6
4

0:1 0 0 0 0 0

0 0:1 0 0 0 0

0 0 0:1 0 0 0

0 0 0 0:1 0 0

0 0 0 0 0:1 0

0 0 0 0 0 0:1

3

7
7
7
7
7
7
7
7
5

= [ x̂1; x̂2; x̂3; x̂4; x̂5; x̂6]

For anyx̂k;k 2 f 1;2� � � 6g, the`2 norm of the residual vectorkx� � x̂kk
2
2 is 0.01. Eacĥxk

as the parameter vector is applied to register the hand model, and the registration results

are shown in Figure.4.1.

Fig. 4.1 Registration results with different transformation parameter vectorsx̂k;k 2
f 1;2� � � 6g.

Figure.4.1 shows that although the norms of residual vectorskx̂k � x� k2
2 reach the same

value 0.01, the mean squared errors of the registration results are different, which means

that the components of a parameter vector have different impact on the registration results.

Figure.4.2 illustrates the impact of each component of parameter vectors on transfor-

mation.x̂k;k 2 f 1;2;3g represent the rotations along with the x-axis, y-axis, and z-axis.

x̂k;k 2 f 4;5;6g show the translation. It can be seen that each component plays a different

role in transforming the dark-green plane. Combining with Figure.4.1, we can �nd that
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Fig. 4.2 The transformation witĥxk;k 2 f 1;2� � � 6g

although the components of parameter vectors have changed on the same scale 0.1, the

registration error is different, and thex̂k;k 2 f 1;2;3g is more robust with regard to per-

turbations than translation. Therefore, the goal of RDO is to improve the robustness of

translation to perturbations and maintain the robustness of rotation.

To reduce the registration error and improve robustness while the estimated parameter

vectorxt+ 1 is approaching the ground truthx� , RDO assigns different weights to the

components of the parameter vectors to emphasise the in�uence of each component of the

vectors on the �nal registration results.

4.2.3 Sequence of Update Maps

Let h : Rp ! R f be a function that encodes features of a data set, andDt+ 1 2 Rp� f be

a matrix that maps the featureh to a update vector. Given an initial parameter vector

x0 2 Rp, the iterative updating process can be de�ned as follows:

xt+ 1 = xt � Dt+ 1h(xt) (4.3)

The update process ends untilxt+ 1 converges to a stationary point. And the sequence of

matricesDt+ 1; t = 0;1� � � are learned through approximating estimated parameter vector
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xi
t+ 1 to the ground truthxi

� .
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i= 1




 xi

t+ 1 � xi
�




 2

2

= min
D̂

1
N

N

å
i= 1




 xi

t � D̂h
�
xi

t
�

� xi
�




 2

2

(4.4)

WhereN is the number of samples,xi
t is the parameter vector ofi-th sample at thet

-th iteration. For simplicity, we denotexi
t asxt when the formula/function applies to all

samples.

Considering that each component of the parameter vectorxt can have a different impact

on the �tting error, RDO explores a weighting vectorwt 2 Rp to emphasise the impact of

each component of the parameter vector on �tting results.

wt = [ w1; w2; w3; � � � wp]T (4.5)

Dt+ 1 = min
D̂

1
N

N

å
i= 1




 wt �

�
xi

t+ 1 � xi
�
� 


 2

2

= min
D̂

1
N

N

å
i= 1




 wt �

�
xi

t � D̂h
�
xi

t
�

� xi
�
� 


 2

2

(4.6)

Where� represents Hadamard product. This weighting vectorwt can be transformed into

a weighting diagonal matrixWt 2 Rp� p.

Wt =

2

6
6
6
6
4

w1 0: : : 0

0 w2 : : : 0
...

...
...

0 : : : wp

3

7
7
7
7
5

p� p

Then, we get

Dt+ 1 = min
D̂

1
N

N

å
i= 1




 Wt

�
xi

t+ 1 � xi
�
� 


 2

2

= min
D̂

1
N

N

å
i= 1




 Wt

�
xi

t � D̂h
�
xi

t
�

� xi
�
� 


 2

2

(4.7)

4.2.4 Design Weighting Matrix Wt

Before designing weights for components of parameter vectors, we explored the function

of weights on transformation, as shown in Figure.4.3. Figure.4.3 shows the transforma-

tion with different weights. (a) shows the transformation process from the dark-green to

green whenwt = [ 0:2;0:6;0:1;1=30;1=30;1=30]T. The element of the vector at the top

of the sub-�gure[0:1294;0:1878; � 0:0710] corresponds to the rotation degree along with

the X, Y, Z axes respectively. (b) illustrates the rotation information with the weights



4.2 Motivation 48

[0:6;0:2;0:1;1=30;1=30;1=30]. It can be seen that the weights control the scale of trans-

formation. The greater the weight, the larger the scale of the transformation.

(a) (b)

Fig. 4.3 The transformation with different weights.

Figure.4.3 shows that the weights assigned to the components of parameter vectors

have the ability to control the scale of transformation, and the greater the weight, the larger

the scale of the transformation. To determine which component should be allocated a larger

weight, we introduce a 'detector'x̃tk to 'probe' the difference between the component of

the current estimationxt and that ofx� .

x̃tk = xt � ck; k 2 f 1;2; � � � ; pg (4.8)

Wherex̃tk is the changed parameter vector.ck 2 Rp� 1 is a vector with the length ofp, and

thek-th element in this vector is a constant, and other elements are zero. Except for the

k-th element,̃xtk is the same asxt .

The matching error between the 'detector' and ground-truth is the basis to assign

weights. The greater error means the larger difference between thekth component of the

current estimationxt and that of ground-truthx� . We need to assign a greater weight to

reduce the difference. That is to say that the matching error determines the weights. And the

weights act on the component of transformation vectors, then in�uence the transformation

scale that determines the matching error. The relationship between weights and matching

error is provided in Figure.4.4. The principle to design the weights is that the weight

monotonically increases as the matching error increases, which guarantees that larger

weights corresponding to the greater matching error.

The weightwk depends onerri
k, which is the �tting error of thei-th 'detector' on the

k-th dimension of the parameter vector space.erri
k involves the parameter vector pair



x̃i

tk;x
i
�
�
.

erri
k =

1
Nqi

Nqi

å
j= 1




 F

�
x̃i

tk;q
i
j
�

� F
�
xi

� ;qi
j
� 


 2

2
(4.9)

Whereqi
j represents thej-th elements of thei-th sampleQi , which can be thej-th point of

thei-th point cloudQi ; F is a function that applies the parameter vector toqi
j .
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Fig. 4.4 The relationship between weights and matching error

The �tting error of theQi on parameter vector space iserr i =
�
erri

1; erri
2; � � � erri

p
� T.

Err i
k =

erri
k � min(err i)

max(err i) � min(err i)
(4.10)

Err i =
�
Err i

1; Err i
2; � � � Err i

p
� T refers to the normalisation of vectorerr i. E is aN � p

matrix made up of vectorErr i. N is the number of samples. We express[E]k as thek-th

row of matrixE, [E]:;k as thek-th column of matrixE.

Statistical skills are used to get the normal distributions of the registration errors of

point clouds on each dimension of the parameter vector space, as shown in Figure.4.5.

Figure.4.5 shows the normal distributions of registration errors with parameter vectors

pairsh̃xtk;x� i , k 2 f 1;2; � � � ; pg. Curves with different colours represent different distri-

butions. The normal distribution is plotted by �tting the histogram of the �tting errors

[E]:;k ;k = 1;2� � � p. p is 6 for Lie-algebra of transformation matrices. It can be seen that

the distributions corresponding to the different parameter vector pairh̃xtk;x� i are different.

Fig. 4.5 Normal distributions of registration errors with parameter vectors pairsh̃xtk;x� i , k2
f 1;2; � � � ; pg.
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Weightswk is calculated according to the characteristics of normal distributions of

errors.

mk =
å N

i= 1[E]i;k
N

s 2
k =

å N
i= 1

�
[E]i;k � mk

� 2

N

(4.11)

f (mk) =
1

s l
p

2p
exp(�

1
2s 2

l
(mk � ml )

2) (4.12)

Wheremk ands 2
k are the mean and variance of the �tting errors of all samples on the

k-th dimension of the parameter vector.f (mk) depicts the probability density of the

normal distributionN (ml ;s l ) on mk. ml is the maximum or the minimum ofmk, and the

correspondings l is the minimum. Details to selectml ands l will be explained in the

following.

Figure.4.6 shows the criteria for designing weights,m1 < m2 < m3, d3 < d1 < d2. The

orange circles are thef (m1) and f (m3), where theml = m2. It can be seen that although

m1 < m3, the f (m1) � f (m3), which does not satisfy the principle of designing weights.

The blue plus signs illustrate thef (m2) and f (m3), where theml = m1. And the green

squares represent thef (m1) and f (m2), where theml = m3. The latter two cases ensure the

monotonicity of weight assignment. The black lines show the difference betweenf (m2)

and f (m3), f (m2) and f (m1). It can be seen that the difference betweenf (m2) and f (m1) is

larger than the difference betweenf (m2) and f (m3). Assumem1 < m2 < m3 < m4 < m5 < m6,

Fig. 4.6 The criteria for designing weights

we choosem1 andm6 as the candidates forml due to the monotonicity of weight assignment.

if d1 < d6, ml = m1

wk = exp(
1
2

(1� f (mk))
t) (4.13)

if d1 > d6, ml = m6

wk = exp(
1
2

( f (mk))
t) (4.14)
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Designing weights in this way guarantees monotonicity and makes sure that the differ-

ence between weights is suf�ciently to re�ect the difference between matching errors.

4.2.5 Learning a SUM

Suppose we are given a set of training data
��

xi
0;xi

� ;h(xi
0);Qi

�	 N
i= 1, including N samples

Qi, wherexi
0 2 Rp is the initial parameter vector of thei-th sample (e.g. thei-th points

cloud),xi
� 2 Rp is the ground truth (e.g. the transformation parameters),h : Rp ! R f

provides feature information of samples. For simplicity, we denoteh(xi
t) ashi

t to represent

the feature of thei-th sampleQi at thet-th iteration.

The goal of RDO is to learn a sequence of mapsDt+ 1 that updatexi
0 to xi

� .

Dt+ 1= min
D̂

1
N

N

å
i=1




 Wt

�
xi

� � xi
t+ D̂hi

t
� 


 2

2 (4.15)

In practice, to prevent over �tting, ridge regression is used to learn the maps:

Dt+ 1= min
D̂

1
N

N

å
i=1




 Wt

�
xi

� � xi
t+ D̂hi

t
� 


 2

2+ l



 D̂




 2

F (4.16)

Wherek�kF is the Frobenius norm, andl is a hyperparameter.

The initial training data
�

(xi
0;xi

� ;hi
0;Qi)

	 N
i= 1 is applied to(4.8), (4.9), (4.10), (4.11),

(4.12)and(4.13) to get an initial weighting matrixW0 at �rst. Next, an initial update

mapD1 can be learned by applying the initial training data
��

xi
0;xi

� ;hi
0;Qi

�	 N
i= 1 and the

weighting matrixW0 to (4.16), thenD1 will be applied to(5.7)to get the current estimation

x1. At each step, a new parameter vector can be created by recursively applying the update

rule (4.16)to (5.7). The learning process is repeated until some termination criteria are

met, such as until the �tting error does not decrease much or the maximum number of

iterations is reached. The pseudocode for training a sequence of update maps is shown in

Alg.2.

Algorithm 2 Training a sequence of update maps

Input
��

xi
0;xi

� ;hi
0;M i

�	 N
i= 1, T, l , c

Output f Dt+ 1gT� 1
t= 0

1: for t = 0 toT � 1 do

2: ComputeWt with (4.8), (4.9), (4.10), (4.11), (4.12), (4.13)

3: ComputeDt+ 1 with (4.16)

4: for i = 1 toN do

5: Updatexi
t+ 1 := xi

t � Dt+ 1hi
t

6: end for

7: end for
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4.2.6 Convergence of Training Error

Theorem 4.2.1 (Convergence of RDO's training error)Given training set
��

xi
0;xi

� ;hi
0

�	 N
i= 1,

if there exists a linear map̂D 2 Rp� f whereD̂hi
t meets the conditionå N

i= 1

�
xi

t � xi
�
� T D̂hi

t >

0 atxi
� for all i where

�
hi

t
�

j ;: 2 (0;1), and if there exists an i wherexi
t 6= xi

� , then the update

rule:

Dt+ 1= min
D̂

1
N

N

å
i=1




 Wt

�
xi

� � xi
t+ D̂hi

t
� 


 2

2+ l



 D̂




 2

F (4.17)

where[Wt ] j ; j > 1

xi
t+ 1 = xi

t � Dt+ 1hi
t (4.18)

guarantees that the training error strictly decreases in each iteration:

N

å
i= 1




 xi

� � xi
t+ 1




 2

2 <
N

å
i= 1




 xi

� � xi
t




 2

2 (4.19)

If D̂hi
t is strongly monotone atxi

� , and if there existH > 0, M > 0 such that



 D̂hi

t




 2

2 �

H + M



 xi

� � xi
t




 2

2 for all i, then the training error converges to zero.

Thm.4.2.1 says that for all samples , ifD̂hi
t meets the conditionå N

i= 1

�
xi

t � xi
�
� T D̂hi

t > 0,

then the average training error will decrease in each iteration; ifD̂hi
t is strongly monotone at

xi
� , the average training error will converge to zero. [11] also presents a similar convergence

result for an update rule, but it requiresD̂hi
t to be strictly monotone atxi

� for all i.The detailed

proof for convergence is provided in Appendix A.

4.3 Experimentation

This section describes how to apply RDO to 3D point cloud registration (Synthetic data

and Range-scan data) and stitching. We provide a comparative study of RDO with other

classical registration methods on different data sets. The data sets are shown as Figure.4.7,

Figure.4.8 and Figure.4.9.
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(a) Happy Buddha (b) Skeleton Hand

(c) Bimba Model (d) Dancing Children

(e) Model (f) Scene

Fig. 4.7 3D registration data sets.(a) � (d) are the Synthetic data, and(e); ( f ) are the
Range-scan data

(a) ptCloudRef (b) ptCloudCurrent

Fig. 4.8 Point Cloud stitching experiments data sets. The rectangles show the major
differences between two different views. The ellipses marked by 1,2,3 show the obvious
differences in stitching experimental results.
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(a) Airplane0001 (b) Airplane0144

(c) Car0007 (d) Car0026

Fig. 4.9 3D point clouds for comparing the PointnetLK and RDO registration methods.

4.3.1 Experimental Design

Data sets

We performed 3D points cloud registration experiments on synthetic data sets: Happy

Buddha model [13], Skeleton Hand model [18], Dancing Children and Bimba Model http:

//visionair.ge.imati.cnr/ (as shown in(a) � (d) of Figure.4.7). And the registration experi-

ment on Range-scan data is conducted on the UWA data set [105] (as shown in(e); ( f )

of Figure.4.7). Multi-view points clouds for the stitching experiment are as shown in

Figure.4.8. We also compare the performance of RDO and the advanced deep-learning-

based registration method PointnetLK [17] on the ModelNet40 data set [16], as shown in

Figure.4.9.

Design h

Let M 2 R3� NM be a matrix containing the 3D coordinates of the original model and

S2 R3� NS for the scene model. Our method is applied to registerS andM, where the

transformation matrix is represented by Lie algebrase(3) x 2 R6. We use the feature

extraction method in [11] to extract the feature of the data sets, which designsh to be a

histogram indicating the weights of scene points on the 'front' and the 'back' sides of each

model point according to the coordinates in Figure.4.10.
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Fig. 4.10 The positional relationship between scene points (square) and model point
(hexagon)m1.

S+
a =

�
sb : nT

a (F (sb;x) � ma) > 0
	

(4.20)

S+
a indicates the set of scene points on the 'front' of model pointma, andS�

a contains the

remaining scene points;na 2 R3 is the normal vector of the model pointma; F(sb;x) is

the function that applies rigid transformation with parameterx to scene pointsb. Then the

features in different divided areas of the model pointma can be calculated through the

following formulas:

[h(x;S)]a+ =
1
z å

sb2S+
a

exp
�

� 1
b2 kF(sb;x)� mak2

�
(4.21)

[h(x;S)]a� =
1
z å

sb2S�
a

exp
�

� 1
b2 kF(sb;x)� mak2

�
(4.22)

znormalisesh to sum to 1, andb controls the width of the exp function.h is speci�c to

modelM, and it has a �xed size 2NM.

4.3.2 RDO Training

The parameters in the RDO training process are the same as those in the code provided in

the Github of DO [11]. We normalise a given model shapeM to [� 1;1]3 and uniformly

sample fromM with the replacement 400 to 700 points to generate a scene model. Then

we apply the following perturbations to the scene model:(i) Rotation and translation:

The rotation is within 60 degrees, and the translation is in[� 0:3;0:3]3, which represents

ground truthx� ; (ii) Noise and Outliers:Gaussian noise with the standard deviation 0.05

is added to the scene model. 0 to 300 points within[� 1:5;1:5]3 are added as the sparse

outliers. Besides, a Gaussian ball of 0 to 200 points with the standard deviation of 0.1 to

0.25 is used to simulate the structured outliers;(iii) incomplete shape:We remove 40% to

90% points from the scene model to simulate occlusions, the detailed removing approach
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can be found in [11]. For all experiments, we generated 30000 training samples, set up

iterationsT = 30and setl as2� 10� 4, b2 as 0.03, and the initial transformationx0 is 06.

4.3.3 Experiments Metrics

Baselines

We compared RDO with the advanced learning-based approach DO [11] and deep-learning-

based method PointnetLK [17], two point-based approaches (ICP [31] and IRLS [33]) and

three density-based approaches (CPD [68], BCPD [99] and NDT [61]). The codes for

all methods were downloaded from the authors' websites, except for ICP, where we used

MATLAB's implementation. For IRLS, the Huber cost function was used. The code of

RDO was implemented in MATLAB.

Evaluation Metrics

We use the registration success rate, the average MSE, and the computation time as per-

formance metrics for comparing the performance of RDO with registration methods (DO,

ICP, NDT, CPD, BCPD, and IRLS). And registration success rate, the MSE, and thelog10

average MSE are used for RDO and PoinnetLK comparison.

Registration Success Rate.Registration is successful when the mean`2 is less than

0.05 of the model's largest dimension.

Average MSE.It is worth noting that the MSE is the mean`2 error between the model

and the scene sets, and the Average MSE is the average for MSE for all test sets.

4.3.4 Parameters Settings

The maximum number of iterations of all registration methods was set to 30. ForDO and

RDO, we setl as2� 10� 4, b2 as 0.03. The value of the tolerance of absolute difference

between current estimation and ground truth in iterations is 1e-4; ForICP, the tolerance of

absolute difference in translation and rotation is 0.01 and 0.5, respectively; ForIRLS, we

usedHuber criterion functionas the regression function, the remaining parameters were

set as the same as the setting ofICP. ForCPD, the type of transformation is set torigid,

and the expected percentage of outliers with respect to a normal distribution is 0.1; the

tolerance value is the same as that inDO. ForNDT, the value of the expected percentage

of outliers is set to 0.55, and the tolerance value is set as the same as that inICP. For

BCPD, the expected percentage of outliers is set to 0.3, the parameter in the Gaussian

kernel is 0.2, and the expected length of the displacement vector is 1e9. ForPointnetLK,

the PointnetLK network is trained on an Nvidia Geforce 2080Ti GPU with 12G memory.

The kernel sizes of the PointnetLK are 64, 64, 64, 128, 1024. The maximum iteration for

rotation and translation is set to 30. Adam optimiser with an initial learning rate of 0.001,
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250 epochs and a batch size of 10 are used for the training process. Please note that the

values of these parameters are the default values set in their of�cial codes.

4.3.5 Registration Experiments

Synthetic Data

We perform registration experiments on Happy Buddha model, Skeleton Hand model,

Dancing Children and Bimba Model in Figure.4.7. The models are downsampled by

selecting 477 points from the original model as the model setM. The performance

of algorithms are evaluated by comparing the evaluation metrics in the case of various

perturbations:(1) rotation: The initial angle is0� , 30� , 60� , 90� , 120� and150� [default=0�

to 60� ]; (2) noise:The standard deviation of Gaussian noise is set to 0, 0.02, 0.04, 0.06,

0.08 and 0.1 [default=0];(3) outlier: We set the number of outliers to 0, 100, 200, 300,

400 and 500, respectively [default=0];(4) incomplete ratio:The ratio of incomplete scene

shape is set to 0, 0.12, 0.243, 0.36, 0.48 and 0.6 [default=0]. The random translation of

all generated scenes is within[� 0:3;0:3]3. It is worth noting that when we change one

parameter, the values of other parameters are �xed to the default value. In addition, the

scene points are sampled from the original model, not fromM. We will test 750 test

samples in each variable setting.

Range-scan Data

We perform a registration experiment on the UWA data set in Figure.4.7. This data set

contains 50 cluttered scenes with �ve objects taken with the Minolta Vivid 910 scanner in

various con�gurations. All objects are heavily occluded (60% to 90%). From the original

model,� 400 points were sampled usingpcdownsampleand used as modelM. We also

downsampled the scene to� 1000 points. We initialised the model from 0 to 60 degrees

from the ground truth orientation with random translation within[� 0:3;0:3]3 (points can

move within[� 0:3;0:3] on each dimension). We ran 75 initialisation for each parameter

setting, and we set the inlier ratio of ICP to 50% as an estimate for self-occlusion.

ModelNet40 Data set

We perform registration experiments on ModelNet40 Data set in Figure.4.9. ForPointnetLK

training, We train the PointnetLK network on 20 categories of public ModelNet40 data

set, and all 3D point clouds are downsampled to 1024 points during training. ForRDO

training, there are two training schemes: single-class training and multi-class training. The

former is to train RDO on each point cloud (such as Airplane0001), and the latter is to train

RDO on all data sets (four point clouds) in Figure.4.9. The following perturbation setting

is adaptable for RDO training (single-class and multi-class) and PointnetLK training.

There are three kinds of perturbation setting modes. (i)mode1: The rotation is within 45

degrees and the translations is in[� 0:3;0:3]3; (ii) mode2: The rotation is within 60 degrees

and the translations is in[� 0:3;0:3]3; (iii) mode3: The rotation is within 45 degrees, the
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translations is in[� 0:3;0:3]3 and Gaussian noise with the standard deviation 0.05 is also

applied.

The performance of algorithms are evaluated by comparing the evaluation metrics in the

case of various perturbations: formode1: the initial angle is0� , 15� , 30� , 45� , 60� and

75� ; for mode2: the initial angle is0� , 30� , 60� , 90� , 120� and150� ; for mode3: the initial

angle is0� , 15� , 30� , 45� , 60� and75� [default=0� to 45� ] and the standard deviation of

Gaussian noise is set to 0, 0.02, 0.04, 0.06, 0.08 and 0.1 [default=0]. It is worth noting

that when we change one parameter, the values of other parameters are �xed to the default

value. We will test 100 test samples in each variable setting.

4.3.6 Stitching Experiments

We perform a multi-view points cloud stitching experiment on the data set in Figure.4.8,

which stitches together a collection of point clouds that were captured with a Kinect to

construct a larger 3D view of the scene. To align the two point clouds, we regard the �rst

point cloud as the reference and apply the transformation parameters to the second point

cloud. � 400 points of the reference model were sampled usingpcdownsampleand used as

the modelM. We also downsampled the second point cloud to� 1000 points. We initialise

the reference model from 0 to 15 degrees with random translations within[� 0:1;0:1]3. It

is worth noting that after attaining the estimated parameters, we use it to transform the

second point cloud to the reference coordinate system de�ned by the �rst point cloud.

4.3.7 Experimental Results and Discussion

Registration Results

Figure.4.11, Figure.4.12 represent the 3D registration results on Happy Buddha model

and Skeleton Hand model with various perturbations through Bar graphs. Top is the

Success Rate (SR). Middle is the Average MSE (AMSE). Bottom is the Computation

Time. It can be seen that the learning-based registration algorithms (DO, RDO) have better

performance than the traditional registration methods (ICP, CPD, BCPD, NDT, IRLS) on

all evaluation metrics, i.e., Successful Registration Rate, Average MSE, and Computation

Time. Speci�cally, in the presence of various perturbations, the Successful Registration

Rate of RDO is higher and more stable compared with other algorithms. And the values

of Average MSE illustrate that RDO can achieve more accurate and stable registration on

different data sets (Happy Buddha and Skeleton Hand) than DO. While ICP required less

computation time in all cases, it showed low success rates in high perturbations cases, and

the performance of CPD was similar to that of ICP. As another statistic-based algorithm,

NDT was more time-consuming and had higher registration errors and lower success rates

than CPD. BCPD had better performance and took less time dealing with registration under

all kinds of rotation and noise. However, when there were different degrees of outliers

and occlusion, the performance of the algorithm was not ideal. IRLS required a high

computation time and did not perform well when the model was highly incomplete.
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(a) Initial Angles (b) Noise SD (c) Outlier (d) Incompleteness

Fig. 4.11 Results of 3D registration with Happy model under different perturbations.

Table.4.1 shows the quantitative results of the registration on the Happy model. B

means the baseline method - Discriminative Optimisation method (DO); P is the proposed

method in this chapter - Reweighted Discriminative Optimisation method (RDO); C is

the outstanding conventional method in this registration experiments - Bayesian Coherent

Point Drift method (BCPD). We set the Successful Rate of DO, Mean Square Error of

DO, and the Computation Time of DO as the references of comparison. The value of the

Successful Rate is higher, the stability of the method is higher; the value of the Mean

Square Error is lower, the registration accuracy is higher; the shorter the computation time,

the real-time capability is better. We can �nd that the Successful Rate of RDO is 12.62%

higher than that of DO, and the registration accuracy of RDO is almost 45.56% higher than

that of DO. The computation time of RDO is 21.73% lower than that of DO. By contrast,

the successful rate and registration accuracy of BCPD are not as good as DO, and BCPD

takes more time to achieve registration.

Table.4.2 shows the quantitative results of the registration on the Hand model. C is

the outstanding conventional method in this registration experiments - Bayesian Coherent

Point Drift method (BCPD). We can �nd that the Successful Rate of RDO is 5.31% higher

than that of DO, and the registration accuracy of RDO is almost 38.38% higher than that

of DO. The computation time of RDO is 24.31% lower than that of DO. BCPD takes 2.3

times as much time as RDO.

Figure.4.13 illustrates that the better performance of RDO in dealing with the reg-

istration with60o rotation compared with other algorithms. Different colours show the

registration results of different registration algorithms. The rectangles illustrate the obvious

difference between the registration results.

Figure.4.14 and Figure.4.15 show the statistical registration results on the Bimba model

and Dancing children model with various perturbations by Box plots. Each column shows

the registration results in the presence of various perturbations with different degrees. The
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Table 4.1 The quantitative results of the registration on Happy model (B-Baseline DO;
P-Proposed RDO; C-Conventional method BCPD)

Successful Rate Mean Square Error Computation Time
B P C B P C B P C

(R)60 1.00 1.01 0.88 1.00 0.50 1.00 1.00 0.71 2.86
(R)90 1.00 1.13 1.11 1.00 0.76 0.80 1.00 0.80 2.67
(R)120 1.00 2.22 1.00 1.00 0.75 0.75 1.00 0.79 2.56
(R)150 1.00 1.25 0.63 1.00 0.80 0.80 1.00 0.91 2.22
(N)0.04 1.00 1.03 0.95 1.00 0.46 1.04 1.00 0.71 1.43
(N)0.06 1.00 1.02 0.93 1.00 0.40 0.88 1.00 0.86 1.43
(N)0.08 1.00 1.03 0.92 1.00 0.37 0.85 1.00 0.90 2.31
(N)0.10 1.00 1.03 0.92 1.00 0.34 0.80 1.00 0.90 2.50
(O)200 1.00 1.03 0.97 1.00 0.46 1.04 1.00 0.80 2.00
(O)300 1.00 1.03 0.95 1.00 0.40 0.88 1.00 0.75 1.25
(O)400 1.00 1.01 0.87 1.00 0.40 0.92 1.00 0.99 1.75
(O)500 1.00 1.06 0.72 1.00 0.43 0.94 1.00 1.01 2.47
(I)0.30 1.00 1.03 0.97 1.00 0.54 1.00 1.00 0.80 1.00
(I)0.45 1.00 1.02 0.94 1.00 0.90 2.00 1.00 0.75 1.12
(I)0.60 1.00 1.07 0.89 1.00 0.50 0.75 1.00 0.64 1.03
(I)0.75 1.00 1.05 0.81 1.00 0.70 0.93 1.00 0.43 1.14

(a) Initial Angles (b) Noise SD (c) Outlier (d) Incompleteness

Fig. 4.12 Results of 3D registration with Hand model under different perturbations.
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Table 4.2 The quantitative results of the registration on Hand model (B-Baseline DO;
P-Proposed RDO; C-Conventional method BCPD)

Successful Rate Mean Square Error Computation Time
B P C B P C B P C

(R)60 1.00 1.05 0.97 1.00 0.67 0.94 1.00 0.85 1.79
(R)90 1.00 1.10 0.96 1.00 0.60 1.23 1.00 0.86 1.55
(R)120 1.00 1.01 0.72 1.00 0.50 0.97 1.00 0.60 1.95
(R)150 1.00 1.04 0.71 1.00 0.67 1.04 1.00 0.85 1.94
(N)0.04 1.00 1.01 0.83 1.00 0.50 0.81 1.00 0.89 1.91
(N)0.06 1.00 1.10 0.98 1.00 0.44 0.98 1.00 0.73 1.63
(N)0.08 1.00 1.00 0.93 1.00 0.69 0.90 1.00 0.64 1.80
(N)0.10 1.00 1.08 0.89 1.00 0.74 1.07 1.00 0.70 1.51
(O)200 1.00 1.08 0.75 1.00 0.65 1.08 1.00 0.84 1.71
(O)300 1.00 1.09 0.95 1.00 0.64 0.89 1.00 0.79 1.66
(O)400 1.00 1.01 0.99 1.00 0.59 1.26 1.00 0.76 1.58
(O)500 1.00 1.04 0.95 1.00 0.55 1.23 1.00 0.61 1.59
(I)0.30 1.00 1.03 0.81 1.00 0.76 1.21 1.00 0.85 1.71
(I)0.45 1.00 1.08 0.78 1.00 0.67 1.10 1.00 0.64 1.54
(I)0.60 1.00 1.04 0.81 1.00 0.40 0.88 1.00 0.71 1.80
(I)0.75 1.00 1.09 0.86 1.00 0.79 0.90 1.00 0.79 1.74

(a) DO (b) ICP (c) NDT (d) RDO

(e) BCPD (f) CPD (g) IRLS

Fig. 4.13 Registration results of Hand model with 60o rotation.
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