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Abstract

In this study, a sliding mode observer (SMO) is implemented on a T–S fuzzy system with multiple time–

varying delays over continuous time. Because state data may not be fully available in practice, state observers are

used to estimate state information. A system based on observers is implemented with non–parallel distribution

compensation (N-PDC). Moreover, the concept of dissipative control provides a framework for analyzing the

performance of H∞, L2 − L∞, and dissipativeness. In order to design two sliding surfaces using the SMO gain

matrix, first two integral–type sliding surfaces must be constructed. Then, we define a few additional parameters

using fuzzy Lyapunov stability and SMO theory, resulting in asymptotically stable closed–loop performances. On

the basis of the new error system, convex optimization is used to generate the sliding mode controller and the

gained weight matrices. Following is an example of the power system (ship electric propulsion) to demonstrate

the potential scheme.

Keywords: Fuzzy Lyapunov–Krasovskii Functions, Sliding mode control, Time–delay system, Dissipative anal-

ysis.

1 Introduction

Along with the rapid development of digital technology, networked control systems (NCSs) have garnered substantial

attention in recent years because of their widespread industrial applications in areas of automation, robotics, process

control, and so on [1]. A key feature of NCS is that the control components are distributed and connected through

an interactive communication network [2]. Unlike traditional dedicated point-to-point communication, NCSs have

several advantages including low cost, ease of setup, and high reliability [3]. Nevertheless, the addition of the

communication network leads to a series of challenging problems such as network delay, insufficient bandwidth,

ineffective connections, and so on, which may degrade the performance of the system or cause system instability [4].

Recently, much effort has been made in examining stability, estimation, filtering, and control problems in NCS and

many achievements have been reported, see [5, 6] and references therein.

Up to now, many control problems of NCSs have been studied in the literature [7]. However, most of these re-

sults rely on the conventional transmission paradigm, which is impractical and leads to extreme consumption of
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communication resources. Hence, under the circumstances, it is significant to exploit a novel transmission paradigm

that can reduce the communication burden in NCS while ensuring system performance. Recently, event-triggered

mechanisms (ETMs), as an alternative to the conventional time-triggered scheme, have been proposed to mitigate

the communication burden [8]. Compared with the conventional time-triggered periodic scheme, the transmission

rate of channel resources can be greatly decreased in ETM even further because the network channel is only acti-

vated when deviations between the latest data and the current sampling signal exceed pre-established thresholds.

Therefore, ETM has received extensive attention and many outstanding achievements have been attained. For

example, adaptive control of ETM is examined as a method to stabilize uncertain nonlinear systems in [9]. Based

on an ETM, the design of the H∞ control protocol for the T–S fuzzy system is investigated in [10]. The results

showed a significant reduction in communication burden. Furthermore, when considering practical factors such as

component ripening, exterior interference, and unexpected environmental noises, the ambiguity that occurs in the

measured output cannot be overlooked [11]. Readers can refer to [12] to further explore the new horizons of

nonlinear models, such as neural networks, fuzzy systems, and optimization methods.

On another research front, sliding mode control (SMC), as an effective robust control method has been extensively

employed in many complex systems due to its outstanding advantages including strong robustness to uncertainty,

system nonlinearity, and disturbances [13]. Owing to the above characteristics, SMC has demonstrated excellent

performances in the variability of systems including multi-agent systems, and singularly perturbed systems [14].

The general principle of SMC is to achieve system stability by using the effect of designed laws on switching surfaces,

which promotes stability and performance [15]. So far, SMC techniques have received much attention and many

valuable achievements have been reported [16]. For instance, the authors examined output feedback control for SMC

problems in [17]. In [18], SMC strategies are applied to estimate unknown parameters. A fuzzy SMC strategy is

developed for utilizing the maximum wind power [19]. In addition, SMC results have been presented for a wide

range of uncertain systems, notably for high-order control systems. In [20], the dissipativity of SMC with respect

to time-delayed T–S fuzzy particular systems is studied. Taking into account input and state delays, authors in

[21] analyzed the SMC of fractional-order systems. An algorithm for tracking discrete-time uncertain systems is

provided in [22]. On the other side, fuzzy SMC schemes are suggested by the authors using exponential functions

for uncertain nonlinear systems [23]. The authors in [24] investigated the type of linear systems with appearing

of time-varying inputs and states, however, it does not consume time delay into account for analyzing the system.

This fact leads to the present study.

In addition, it is well known that the state information in the systems is not always available in reality due mainly

to limited environmental conditions, and in some cases, it is impossible to correspond to real physical quantities

that indicate its state. As an alternative method, sliding mode observer (SMO) has been gradually applied to

cope with the system state estimation in recent years. In fact, the design of SMO is implemented through the

SMC approach [25]. Accordingly, SMOs have better resilience to uncertainty, nonlinearity, and disturbances as

compared to SMCs [26]. So far, SMO design has been extensively investigated over the last few decades, including

studies of stochastic systems [27], T–S fuzzy systems [28], and many more. To cite a few, a stochastic exponential

stability problem for neural networks was investigated using the observer-based event-triggered SMC process in

[29]. Also, SMC approaches are used to analyze a fractional-order T–S fuzzy system observer in [30], whereas

a higher-order under balances matrix approach is used to research discrete-time T–S systems in [31]. In [32],

authors developed a disturbance observer based on an integral SMC technique to address the H∞ control problems

in the unknown-uncertain-and-mismatched disturbances. On the other side, extended sliding mode control (ESMC)

has attained significant results, especially in the power sector. In [33], authors explored the SMC for the power

application with their extended states, while in [34], adaptive ESMC is investigated for the neural networks with

disturbance rejection. As a result, there is a need for further research to determine the properties of ESMC in the

power engineering sector. These findings motivate the research in this paper.

On the other hand, researchers cannot ignore the impact of nonlinear terms, which always result in plant instability.

To adequately tackle the nonlinearities, effective strategies have been developed recently. For example, using an
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adaptive ETM, authors in [35] investigated the stabilization problems of nonlinear systems that are uncertain. In

[36], a communication scheme was explained using the event-triggered protocol which was developed for T–S fuzzy

systems. In addition, the uncertainty occurring in the measured output cannot be ignored if practical factors are

taken into account, such as the aging of the components and external interferences [37]. In particular, it is well

known that SMO has nonlinear input in addition to linear input as compared to SMC, which is necessary to ensure

finite time movement of the system’s state motions [38]. However, in this context, there are only very few results for

the nonlinear terms that appear in SMO design for delayed T–S systems, which motivates us to enrich this aspect

in this paper.

In the same consequences, system stability and performance can be impacted by external disturbances and uncer-

tainties. The performance indices can help to improve the measurement of system stability with the analysis of

the system. Several performance measures are frequently used, including passivity performance [39], and standard

dissipativity [40]. Scholars have recently tried to unify several different performance measures under one frame-

work, allowing them to design more robust and flexible control systems. In [41], authors discussed four performance

indices under one framework called extended dissipative performance. Based on this result, extended dissipative

processes have been applied to a variety of systems analyses [42]. Despite the fact that limited work has been done

in this area, though, the measure of state information and uncertainties regarding measurement have also been not

taken into account in terms of determining SMC for nonlinear systems with extended dissipative performance. As

a result, the objective of this article is to address these issues.

2 Related Work

In the theoretical analysis and practical application of dissipative control, SMC is one of the most popular control

methods available today due to its insensitivity to robustness, external disturbances, and active response speed. It

has been proven to be an excellent control method for all types of nonlinear systems. In [39], the authors present

a hidden Markov model (HMM) to address the dissipative control problem over finite time. In this research, an

HMM is introduced to present the asynchronous problem between the control protocol and the system. Based on

HMM, a finite–time asynchronous control protocol is developed for continuous–time MJSs under strictly dissipative

performance and Lur’e nonlinearity. The stability of this problem is analyzed by applying linear matrix inequality

and Lyapunov theory, where sufficient conditions were derived to ensure the finite–time boundedness of the result-

ing system. On the other side, the practical significance of this design is demonstrated by a wind turbine system

conducted by stochastic wind speed. In the above–mentioned literature, [8, 16,19,24,25], the authors examined the

new terms of sliding mode control in the form of linear matrix inequalities. In most of the studies investigated,

many researchers explored the common Lyapunov function which does not contain all plant information. As a

result, conservatism may increase. In this regard, we investigated the new fuzzy Lyapunov function. Therefore,

introducing membership–function-dependent integral terms to the fuzzy Lyapunov function would be of significant

interest. In contrast, there has been significant evidence in studies of sliding mode control with observer-based

control [13, 26, 27, 32, 33]. It should be pointed out that the observer–based control designed in the aforementioned

works does not have time delays. In practice, the observer’s state itself may contain time delays in its states. The

input of the plant may be a delayed signal measured from the output, especially when considering the environment of

the communication channel [29]. By considering these features, the authors present the scientific solution to delayed

observation–based control for sliding mode control.

In light of the discussion above, the primary purpose of this study is to investigate the SMC issue for continuous-time

nonlinear systems with dissipative properties. Moreover, this article is significant for the following three aspects:

1. New error systems with SMO systems are developed by constructing two integral–type sliding surfaces in which

SMO gain matrices Li were involved. Using a continuous-time nonlinear system as an example, the authors

address the SMO problem in the first attempt. In this study, the multiple delays in both state information
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and observer state can also be considered.

2. Also in this article, we established SMC -based SMO strategies in the presence of the system’s delay. Further-

more, an analysis of the performance of H∞, L2 − L∞, dissipativity and passivity within a unified framework

is provided by a concept of dissipative control.

3. By using the new fuzzy Lyapunov function with mode-dependent properties, the analysis of the extended

dissipative performance is considered. In order to increase the comprehensiveness and generality of analysis

results, the scalar and weighting matrices can be adjusted to convert the extended dissipative performance

into four standard performance indices.

Notations: The notations used in this article are general, and a majority of them are commonly used in published

literature. In specific, throughout this paper, we use the presentation of matrices Xi ≥ Yi for real symmetric matrices

Xi and Yi. The integrable vector functions over [0,∞) are represented by L2[0,∞). ⊗ is denoted as the Kronecker

product. ”(•)” indicates a term that is determined by symmetry with an ellipsis. A matrix I with proper dimensions

is called an identity matrix.

3 Problem Statement with System Description

In this article, our focus is on delayed T–S fuzzy systems [25] described by

Fuzzy rule i : IFϑ̄(t) is W̄i1 and · · · and ϑ̄g(t) is W̄ig, THEN

ṁ(t) = Aim(t) +Adim(t− d1(t)) + Biu(t) + Bωiω(t) + f(m, t)

z(t) = Eim(t) + Edim(t− d1(t))

y(t) = Cim(t) + Cdim(t− d1(t))

m(t) = φ̃(t), t ∈ [−d̄1, 0]

(1)

where m(t) ∈ Rm presents the state vector with i = 1, 2, · · · , ℓ, where ℓ denotes the number of IF-THEN rules;

u(t) ∈ Rn represents the control input vector; measured output is by y(t) ∈ Rp; and ω(t) ∈ Rq indicates the

extraneous disturbance of the nonlinear model which is supposed to belong to L2[0,∞). ϑ̄j(t)(j = 1, 2, · · · , g)
and W̄ij present the premise parameters and the fuzzy sets, respectively; f(m, t) represents the known nonlinear

continuous terms; d1(t) is the time-varying delay which fulfills 0 < d1(t) ≤ d̄1 and ḋ1(t) ≤ µ1, where d̄1 and µ1 were

prescribed positive constants; Initial condition φ̃(t) is defined over the domain [−d̄1; 0]. In this article, we suppose

that ϑ̄j(t) is accessible. For simplicity, the authors present the term ∇i instead of
∑ℓ

i=1 ℏ̄i(ϑ̄(t)). Using (1) as a

starting point, we can then express the T-S fuzzy system as:

ṁ(t) = ∇i{Aim(t) +Adim(t− d1(t)) + Biu(t) + Bωiω(t)}+ f(m, t)

z(t) = ∇i{Eim(t) + Edim(t− d1(t))}
y(t) = ∇i{Cim(t) + +Cdim(t− d1(t))}
m(t) = φ̃(t), t ∈ [−d̄1, 0]

(2)

where

ℏ̄i(ϑ̄(t)) = νi(ϑ̄(t))∑ℓ
i=1 νi(ϑ̄(t))

, νi(ϑ̄(t)) =
∏g

j=1 W̄ij(ϑ̄(t)) (3)

W̄ij(ϑ̄j(t) represents the membership degree of ϑ̄j(t) the fuzzy set W̄ij · ℏ̄i(ϑ̄(t)), which satisfies

ℏ̄i(ϑ̄(t)) ≥ 0, ∇i = 1 (4)

4 Formation of SMO

In this section, a two steps SMO design process is proposed for the T-S fuzzy system. The first step consists in

constructing an SMO for system (2). In the second step, a novel sliding surface is designed for the new error system.
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4.1 Construction of SMO

In this article, SMO will be considered as follows:

Fuzzy rule j : IFϕ̄(t) is M̄j1 and . . . and ϕ̄g(t) is M̄jg, THEN

˙̂m(t) = Ajm̂(t) +Adjm̂(t− d2(t)) + Bju(t) + Lj(y(t)− ŷ(t)) + Bjv(t) + f(m̂, t)

ẑ(t) = Ejm̂(t) + Edjm̂(t− d2(t))

ŷ(t) = Cjm̂(t) + Cdjm̂(t− d2(t))

m̂(t) = φ̃o(t), t ∈ [−d̄2, 0]

(5)

where m̂(t) presents the state estimation of m(t), ŷ(t) denotes the output to the observer, Lj ∈ Rn×p are the SMO

gain to be determined; d2(t) is the time-varying delay which fulfills 0 < d2(t) ≤ d̄2 and ḋ2(t) ≤ µ2, where d̄2 and

µ2 were prescribed positive constants; v(t) presents the nonlinear input; ϕ̃o(t) is the initial function for the observer

states. ϕ̄g(t)(g = 1, 2, · · · , g) and M̄jg are premise parameters and the fuzzy sets of observer–states, respectively. As

a result of fuzzy blending, the overall delayed T-S fuzzy SMO system takes the following form:

˙̂m(t) =
∑ℓ

i,j=1 ℏ̄i(ϕ̄(t))ℏ̄j(ϕ̄(t)){Ajm̂(t) +Adjm̂(t− d2(t)) + Bju(t) + Lj(y(t)− ŷ(t)) + Bjv(t)}+ f(m̂, t)

ẑ(t) =
∑ℓ

j=1 ℏ̄j(ϕ̄(t)){Ejm̂(t) + Edjm̂(t− d2(t))}
ŷ(t) =

∑ℓ
j=1 ℏ̄j(ϕ̄(t)){Cjm̂(t) + Cdjm̂(t− d2(t))}

m̂(t) = φ̃o(t), t ∈ [−d̄2, 0]

(6)

Now, we define:

m̃(t) = m(t)− m̂(t)

Therefore, an error system is obtained as follows:

˙̃m(t) =
∑ℓ

i,j=1 ℏ̄i(ϕ̄(t))ℏ̄j(ϕ̄(t)){φm̂(t) + (Ai − LjCi)m̃(t) + (Adi − LjCdi)m̂(t− d1(t))

− (Adj − LjCdj)m̂(t− d2(t)) + (Adi − LjCdi)m̃(t− d1(t)) + Bwi
ω(t)

− Biv(t)}+ (f(m, t)− f(m̂, t))

(7)

where

φ = Ai −Aj − LjCi + LjCj

Remark 1 It is commonly acknowledged that particular system parameters are subject to inevitable delays as a

result of stochastic instability with the increasing complexity of real–time systems, especially in process engineering.

In nonlinear systems, it is quite common for such perturbations of parameters to occur in a random manner due

probably to random fluctuations of the network loads, random failures and repairs of the components, and sudden

climate changes. In this case, the statistical properties (nonlinearities and time–varying delays) could be obtained

through statistical analysis. A number of engineering applications, including networked control systems, digital control

of chemical processes, and localization systems of mobile robots, rely largely on abrupt climate changes that cause

stochastic parameters and time delay systems, whose probability distribution laws can be obtained through statistical

tests.

4.2 Error System with Sliding Surface Design

To create an error system from the Figure 1, an integral–type sliding surface is designed as follows:

s(t) = Ḡm̃(t) + Ḡ
∫ t

0

∑ℓ
i=1 ℏ̄i(ϕ̄(α))(LiCim̃(α))dα (8)

where Ḡ ∈ Rm×n is a given matrix which fulfills the condition det(ḠBi) ̸= 0 and rank

[
Ḡ
Ci

]
= rank(Ci).

5



Figure 1: Observe-based sliding mode control.

Remark 2 A fixed integrator setting keeps the system in its initial state on the sliding surface while ensuring fast

response times and robustness. Moreover, to make calculation easier, we include LiCim̃(t) to s(t). Based on these

reasons, a universal flat surface is designed as (11).

Remark 3 This work adds a traditional integral sliding surface Ḡ
∫ t

0

∑ℓ
i=1 ℏ̄i(ϕ̄(α))(LiCim̃(α))dα, to account for

nonlinear functions. Literature [29] has extensively been applied in SMC research to inspire the choice of this

integral sliding surface. With an integral sliding surface, the approach phase can be eliminated in the system’s initial

state so that the trajectory reaches the sliding surface, making the system globally robust and stable. The term

s(t) = cm(t) is a general formula for describing linear sliding surfaces. Practically, m0 is never zero, i.e., its initial

position is always uncertain. Nevertheless, integral sliding surfaces have the form s(t) = m(t) + cm(t)dt. Hence,

if we set the integral
∫
m0dt = −m0

c for any initial state m0 at any time, this enables us to guarantee that the

sliding surface s(t) = 0 always results. Hence, ISMC is able to reduce chattering and steady–state errors better than

conventional SMC.

SMC theory asserts s(t) = ṡ(t) = 0, when sliding motion took place, we have

ṡ(t) = Ḡ
∑ℓ

i,j=1 ℏ̄i(ϕ̄(t))ℏj(ϕ̄(t)){φm̂(t) + (Ai − LjCi + LiCi)m̃(t)

+ (Adi − LjCdi)m̂(t− d1(t))− (Adj − LjCdj)m̂(t− d2(t))

+ (Adi − LjCdi)m̃(t− d1(t)) + Bwi
ω(t)

− Biv(t)}+ Ḡ{(f(m, t)− f(m̂, t))}

(9)

Thus, from ṡ(t) = 0, we can obtain the following equivalent control law

veq(t) = (ḠBj)
−1Ḡ(

∑ℓ
i,j=1 ℏ̄i(ϕ̄(t))ℏ̄j(ϕ̄(t)){ϕm̂(t) + (Ai − LjCi + LiCi)m̃(t)

+ (Adi − LjCdi)m̂(t− d1(t))− (Adj − LjCdj)m̂(t− d2(t))

+ (Adi − LjCdi)m̃(t− d1(t)) + Bwi
ω(t)}+ (ḠBj)

−1Ḡ{(f(m, t)− f(m̂, t))}
(10)

4.3 Construction of Sliding Surface for SMO System

In this section, we consider a new type of integral sliding function for the T–S Fuzzy SMO system (6).
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s1(t) = Ḡ1m̂(t)− Ḡ1

∫ t

0

∑ℓ
i=1 ℏ̄i,j(ϕ̄(α)){(Ai + BiKj)m̂(α) + LiCim̂(α)}dα (11)

where Ḡ1 ∈ Rm×n is a given matrix that fulfills the condition det(ḠBi) ̸= 0 and Li is defined in (6). On the other

side, Kj is selected so that (Ai+BiKj) is Hurwitz. According to surface selected for sliding, the SMC theory asserts

s1(t) = ṡ1(t) = 0, when sliding motion took place. In this scenario, the equivalent control law is designed as

ueq(t) = −(Ḡ1Bj)
−1Ḡ1

∑ℓ
i,j=1 ℏ̄i(ϕ̄(t))ℏ̄j(ϕ̄(t)){(−BjKj + LiCi − LjCj + LjCi)m̂(t)

+ LiCim̃(t) + LjCdim̂(t− d1(t)) + (Adj − LjCdj)m̂(t− d2(t))

+ LjCdim̃(t− d1(t)− f(m̂, t)} − v(t)

(12)

In order to compute sliding mode dynamics, the equivalent control law comes from (12) shall be substituted into

(7), with an estimate of the output error e(t) = z(t)− ẑ(t) and vector that is augmented ξ(t) =

[
m̂(t)

m̃(t)

]
, then our

augmented system becomes:

{
ξ̇(t) =

∑ℓ
i,j,m=1 ℏ̄i(ϑ̄(t))ℏ̄j(ϕ̄(t))ℏm(ϕ̄(t))[A1ξ(t) +

∑2
k̄=1 Adk̄

ξ(t− dk̄(t)) + Bwω(t)] + (f(m, t)− f(m̂, t))

e(t) =
∑ℓ

i,j=1 ℏ̄i(ϑ̄(t))ℏ̄j(ϕ̄(t))[Eξ(t) +
∑2

k̄=1 Edk̄
ξ(t− dk̄(t))]

(13)

where

A1 =

[
φa −φ1LiCi + LjCi

(I − φ1)φ (I − φ1)(Ai − LjCi + LiCi)

]
, Ad1

=

[
LiCdi − φ1LjCdj LiCdi − φ1LjCdi

(I − φ1)(Adi − LjCdi) (I − φ1)(Adi − LjCdi)

]

Ad2
=

[
φ1(Adj − LjCdj) 0

−(I − φ1)(Adj − LiCdj) 0

]
, Bw =

[
0

(I − φ1)Bwi

]
, φ1 = Bi(ḠBi)

−1Ḡ

φa = Aj − φ1(−BjKm + LiCi − LjCj), φ = Ai −Aj − LjCi + LjCj
E =

[
Ei − Ej −Ej

]
, Ed1 =

[
Edi Edi

]
, Ed2 =

[
−Edj 0

]

Remark 4 It is well known that external disturbances can impact the stability of a system. Analyzing the system

can lead to performance indicators, which can help determine its stability. For system analysis, the four standard

single performances are commonly used: H∞, passive, L2 − L∞, and standard dissipative. Through the adjustment

of weighting matrices and scalars, extended dissipative performances shall be converted into four common single

performances that benefit systems analysis by providing as comprehensive and general a result as possible.

Assumption 1 In Lipschitz conditions, we assume that g(m, t) is known and uniformly distributed over the states

m(t) and m̂(t), i.e.,

∥g(m, t)− g(m̂, t)∥ ≤ Lf ∥ m− m̂ ∥,∀ m, m̂ ∈ Rm

where Lf is known as a Lipschitz constant.

Lemma 1 ( [46]) Let’s assume a matrix Ci ∈ Rm×n of rank(Ci) = m, the single value decomposition (SVD) for

Ci can be presented in Ci = O
[
S 0

]
Vt, suppose Xi > 0, M ∈ Rm×m. Then, there exists X̄i such that CiXi = X̄iCi,

if and only if

Xi = V ∗ diag{M,N} ∗ VT

Theorem 1 With the Definition [2, [47]] of dissipative property, let’s consider the nonlinear system (13) with given

0 < Og < 1, and
∑3

g=1 Og = 1, d̄k̄, and γ, the closed–loop system (13) is extended dissipative for any time-varying

delay dk̄(t), which fulfills the equation 0 ≤ dk̄(t) ≤ d̄k̄, ḋk̄(t) ≤ µk̄. If matrices Pi > 0, Sk̄ > 0, Qk̄i > 0,

Rk̄i > 0, Zk̄i > 0, Wℓ > 0, Mk̄i such that (G − Pi) < 0, 𭟋a := (Q̇k̄i + Ṙk̄i − Sk̄) < 0, 𭟋b := (Ṙk̄i − Sk̄) < 0,
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𭟋c := (Żk̄i − d̄−1
k̄

Wk̄) < 0,

[
Zk̄i −Mk̄i

(•) Zk̄i

]
> 0 , i = 1, 2, · · ·, ℓ, k̄ = 1, 2, then the inequalities stated below apply.

△ij =

[
△11

ij △12
ij

(•) −I

]
< 0, (14)

∏
ij

=



∏11
ij

∏12T

ij

∏13T

ij

∏14T

ij Pi

(•) −Γ3 BT
ωPi 0 0

(•) (•) Zi − 2Pi 0 0

(•) (•) (•) −I 0

(•) (•) (•) 0 −kI

 < 0 (15)

where

11∏
ij

=


Π11

ij PiAd1
M1i PiAd2

M2i

(•) ∂1i 0 0 0

(•) (•) ∂3i 0 0

(•) (•) (•) ∂2i 0

(•) (•) (•) (•) ∂4i


△11

ij = diag{−O1G,−O2G,−O3G}, △12
ij = col{ET Γ̃0, ET

d1
Γ̃0, ET

d2
Γ̃0}

Π11
ij = Ṗi + PiA1 +AT

1 Pi +

2∑
k̄=1

(
Qk̄i +Rk̄i −Zk̄i + d̄k̄Sk̄

)
+ aI

12∏
ij

=
[
−ΓT

2 E + BT
wPi −ΓT

2 Ed1 0 −ΓT
2 Ed2 0

]
13∏
ij

=
[
PiA1 PiAd1

0 PiAd2
0
]

14∏
ij

=
[
Γ̃1E Γ̃1Ed1

0 Γ̃1Ed2
0
]

Zi =

2∑
k̄=1

(
Zk̄i + 1/2d̄2k̄Wk̄

)
, a = kLf

∂k̄i = −(1− µk̄)Qk̄i, ∂2+k̄i = −Rk̄i −Zk̄i, k̄ = 1, 2.

Remark 5 According to Theorem 1, a stable sliding motion takes place on the infinite-time sliding surface using

the control law u(t) defined in (12) and (11). According to equation (16), the fuzzy Lyapunov candidate function is

defined after the sliding surface has reached the states on the sliding surface defined in equation (11). The asymptotic

stability of the sliding surface is determined by the derivative of the mode-dependent fuzzy Lyapunov function in

equation (20). Throughout the slide, the states are clearly shown to remain on the sliding surface. Additionally, if

a sliding surface is defined, it will converge within a limited time period.

Proof. In this stage, the Krasovskii–Lyapunov function for system (13) is implemented as

T (mt, t) = ξ(t)TPiξ(t) +

3∑
ḡ=1

Tḡ(t) (16)

where

T1(t) =

2∑
k̄=1

(∫ t

t−dk̄(t)

ξ(υ)TQk̄iξ(υ)dυ +

∫ t

t−d̄k̄

ζ(υ)TRk̄iζ(υ)

)
dυ

T2(t) =

2∑
k̄=1

(
d̄k̄

∫ 0

−d̄k̄

∫ t

t+β

ξ̇(υ)TZk̄iξ̇(υ)dυdβ +

∫ 0

−d̄k̄

∫ t

t+β

ξ(υ)TSk̄ξ(υ)

)
dυdβ
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T3(t) =

2∑
k̄=1

(∫ 0

−d̄k̄

∫ 0

θ

∫ t

t+β

ξ̇(υ)TWk̄ ξ̇(υ)

)
dυdβdθ

From the above-mentioned Lyapunov function, we have Pi > 0, Qk̄i > 0, Rk̄i > 0, Zk̄i > 0, Sk̄ > 0, and Wk̄ > 0.

Then, computing the derivative of Tḡ(t) (ḡ = 1, 2, 3) along with the system (13), we have:

Ṫ (mt, t) ≤ ξ(t)T (Ṗi +

2∑
k̄=1

(Qk̄i +Rk̄i + d̄k̄Sk̄))ζ(t) + 2ξ(t)TPiξ̇(t)

−
2∑

k̄=1

(1− ḋk̄(t))ξ(t− dk̄(t))
TQk̄iξ(t− dk̄(t))

−
2∑

k̄=1

(
ξ(t− d̄k̄)

TRk̄iξ(t− d̄k̄)− ξ̇(t)T
(
d̄2k̄Zk̄i + 1/2d2k̄Wk̄

))
ξ̇(t)

−
2∑

k̄=1

d̄k̄

∫ t

t−d̄k̄

ξ̇(υ)TZk̄iξ̇(υ)dυ + 2ξ(t)TPi [f(m, t)− f(m̂, t)]

+

2∑
k̄=1

∫ t

t−dk̄(t)

ξ(υ)T𭟋aξ(υ)dυ +

2∑
k̄=1

∫ t−dk̄(t)

t−d̄k̄

ξ(υ)T𭟋bξ(υ)dυ

+

2∑
k̄=1

d̄k̄

∫ 0

−d̄k̄

∫ t

t+β

ξ̇(υ)T𭟋cξ̇(υ)dυdβ (17)

Because the inequality 2ATB ≤ 1
kA

TA+ kBTB is valid for any integer k > 0, we notice that:

∑2
k̄=1 d̄k̄

∫ t

t−d̄k̄
ξ̇(υ)TZk̄iξ̇(υ)dυ ≥

[
ξ(t)

ξ(t− d̄k̄)

]T [
Zk̄i −Mk̄i

(•) Zk̄i

][
ξ(t)

ξ(t− d̄k̄)

]
(18)

The definition of the augmented matrix follows

η(t) = col[ξ(t), ξ(t− d1(t)), ξ(t− d̄1), ξ(t− d2(t)), ξ(t− d̄2), ω(t)]

Combining (17) and (18), we get

Ṫ (mt, t)− J(t) ≤ ηT (t)
∏
ij

η(t)

Let us consider

Zi = Pi[PiZ−1
i Pi]Pi ≤ Pi[2Pi − Zi]

−1Pi

From this, it follows that

∏
ij

≤

[ ∏11
ij

∏12T

ij

(•) −Γ3

]
+

[ ∏13T

ij

BT
w

]
Pi[2Pi − Zi]

−1Pi

[ ∏13T

ij

BT
w

]T
+

[ ∏14T

ij

0

]
Γ̃T
1 Γ̃1

[ ∏14T

ij

0

]T
(19)

Then, by applying the Schur complement, we obtain (14). Thus, the matrix on RHS (19) is non-positive certain,

and therefore
∏

ij < 0 is valid. The result of this is that, given by (17)–(18).

Ṫ (mt, t)− J(t) ≤ 0 (20)

As a result, the following proof of [ [45], Theorem 1] will follow the same procedure. In the same consequences, it is

not problematic to get the fault system (13) to be stretched dissipative, according to the Definition [2, [47]]. As a

result, the proof can be concluded readily. □

By applying Theorem 1 to Theorem 2, now we are in a situation to design an observer and controller for the forms

(13).
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Theorem 2 With the Definition [2, [47]] of dissipative phenomena, let’s consider the nonlinear system (13) to the

given 0 < Og < 1, and
∑3

g=1 Og = 1, d̄k̄, and γ under the closed-loop system (13) is extended dissipative for any

time-varying delays dk̄(t), which fulfills the equation 0 ≤ dk̄(t) ≤ d̄k̄, ḋk̄(t) ≤ µk̄. If matrices P̄i > 0, S̄k̄ > 0,

Xi > 0, Q̄k̄i > 0, R̄k̄i > 0, Z̄k̄i > 0, W̄ℓ > 0, M̄k̄i such that i = 1, 2, · · ·, ℓ, k̄ = 1, 2, then the below inequalities

hold:

△̄ij + △̄ji < 0, i ≤ j (21)∏̄
ij
+
∏̄

ji
< 0, i ≤ j (22)

ℓ∑
i=1

ρi[Q̄k̄i + R̄k̄i + Lk̄]− S̄k̄ < 0

Q̄k̄i + R̄k̄i + Lk̄ > 0

(23)


ℓ∑

i=1

ρi[R̄k̄i + K̄k̄]− S̄k̄ < 0

R̄k̄i + K̄k̄ > 0

(24)


ℓ∑

i=1

ρi[Z̄k̄i + N̄k̄]−
1

d̄k̄
W̄k̄ < 0

Z̄k̄i + N̄k̄ > 0

(25)

Ḡ−X < 0,

[
Z̄k̄i −M̄k̄i

(•) Z̄k̄i

]
> 0, (Xi + L0) > 0 (26)

where

△̄ij =


−O1Ḡ 0 0 ⊤1ijΓ̃0

(•) −O2Ḡ 0 ⊤2ijΓ̃0

(•) (•) −O3Ḡ ⊤3ijΓ̃0

(•) (•) (•) −I



∏̄11

ij
=



Π̄11
ij ∃2ij M̄1i ∃3ij M̄2i ijג ∃T1ij ⊤1Γ̃1 Xi

(•) ∂̄1i 0 0 0 −⊤2Γ2 ∃T2ij ⊤2Γ̃1 0

(•) (•) ∂̄3i 0 0 0 0 0 0

(•) (•) (•) ∂̄2i 0 −⊤3Γ2 ∃T3ij ⊤3Γ̃1 0

(•) (•) (•) (•) ∂̄4i 0 0 0 0

(•) (•) (•) (•) (•) −Γ3I BT
ω 0 0

(•) (•) (•) (•) (•) (•) Z̄i − 2P̄i 0 0

(•) (•) (•) (•) (•) (•) (•) −I 0

(•) (•) (•) (•) (•) (•) (•) (•) −kI


Π̄11

ij =

ℓ∑
i=1

{

[
I

0

]
ρi(Xi + L0)

[
I 0

]
}+ ∃1ij + ∃T1ij +

2∑
k̄=1

(
Q̄k̄i + R̄k̄i − Z̄k̄i + d̄k̄S̄k̄

)
Z̄i =

2∑
k̄=1

(
Z̄k̄i + 1/2d̄2k̄W̄k̄

)
, ∂̄k̄i = −(1− µk̄)Q̄k̄i

∂̄(2+k̄)i = −R̄k̄i − Z̄k̄i, k̄ = 1, 2. ijג = Bω −⊤1Γ2

∃1ij =

[
Ωa

1 + φ1Ω
b
1 φ1AiXj − φ1FjCj

(I − φ1)Ω
b
1 (I − φ1)(AiXj −FjCj)

]

∃2ij =

[
φ1AdiXj + FjCdj + φ1FjCdj φ1AdiXj + FjCdi + φ1FjCdj
(I − φ1)(AdjXj + FjCdi) (I − φ1)(AdiXj + FjCdi)

]
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∃3ij =

[
φ1(AdjXj −FjCdj) 0

−(I − φ1)(AdjXj −FjCdj) 0

]
, ⊤1ij = 12 ⊗ (Xj(ET

i − ET
j ))

⊤2ij = 12 ⊗ (XjET
di), ⊤3ij =

[
−XjET

di

0

]
Ωa

1 = AjXj − φ1(−BjYm + FjCi −FjCj), Ωb
1 = (Ai −Aj)Xj −FjCi −FjCj

The following are the gains for controllers and observers:

Km = YjX−1
i , Lj = FjOSX−1

i S−1O−1 (27)

Proof. First, we define:

Pi = diag{P̄i, P̄i} (28)

Xi = P̄−1
i , XiQk̄iXi = Q̄k̄i, XiRk̄iXi = R̄k̄i, XiZk̄iXi = Z̄k̄i, XiMk̄iXi = M̄k̄i, XiPiXi = P̄i

For Xi = V (diag{X1i,X2i})VT . According to Lemma 1, with the assumption CiXi = X̄iCi where X̄−1
i = OSX−1

1i S−1O−1.

Find (14), then pre- and post–multiply by {Xi,Xi,Xi, I} and their transpose leads to (21). Accordingly, pre- and

post–multiply to (15) by {Xi, · · · ,Xi︸ ︷︷ ︸
5

, I,Xi, I,Xi} and its transpose, yields (22).

Then, we define: X̄i =
∑ℓ

i=1 ℏiX̄i, R̄k̄i =
∑ℓ

i=1 ℏiR̄k̄i, Q̄k̄i =
∑ℓ

i=1 ℏiQ̄k̄i, M̄k̄i =
∑ℓ

i=1 ℏiM̄k̄i, and Z̄k̄i =∑ℓ
i=1 ℏiZ̄k̄i.

As a result, it can be demonstrated that

X̄i > 0, R̄k̄i > 0, Q̄k̄i > 0, Z̄k̄i > 0, Ḡ− P̄i < 0,

[
Z̄k̄i −M̄k̄i

(•) Z̄k̄i

]
> 0.

It is important to note the following equality

ℓ∑
i=1

ℏ̄i = 1, ⇒
ℓ∑

i=1

˙̄ℏi = 0

In this, we suppose the assumption with constant positive number ρi exists, such that

˙̄ℏi ≤ ρi, i = 1, 2, 3, · · ·, ℓ (29)

This assumption is with the condition (Xi +L0) > 0 which is established in (26). Thus, we get the following result:

Ẋi =

ℓ∑
i=1

˙̄ℏiXi =

ℓ∑
i=1

˙̄ℏi(Xi + L0) ≤
ℓ∑

i=1

ρi(Xi + L0)

Suppose

˙̄ℏi ≤ ρi ⇒ ˙̄ℏi ≤ ρi ⇒ ρi > 0, ⇒
ℓ∑

i=1

˙̄ℏi = 0

Ẋi =

ℓ∑
i=1

˙̄ℏiXi, =

ℓ∑
i=1

˙̄ℏi(Xi + L0),

≤
ℓ∑

i=1

ρi (Xi + L0)︸ ︷︷ ︸
>0

With the additional computations combined with (22), this implies∏̄
ij
< 0

In (22), the inequality was satisfied. On the other hand, we can confirm that condition (14) is fulfilled when (21)

holds. Accordingly, we proved the condition with the assumption for a constant positive number ρi exist, which
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yields to the eq. (23) by adopting the same process of [41]. In addition, the same mathematical step will be adopted

for the remaining inequalities in (24)-(25), which implies that

(Ṙk̄i − Sk̄) < 0, (Żk̄i − d̄−1
k̄

Wk̄) (30)

Therefore, all conditions in Theorem 2 are satisfied while the given LMIs (21)-(26) are viable. The proof could be

prepared subsequently. □

5 Construction of SMC

In this subsection, the SMO and error control systems are described using sliding mode controllers.

5.1 Error system controller with sliding mode

First, if the LMIs in Theorem 2 are feasible, then it implies that m̃(t) is bounded. We assume that ∥m̃(t)∥ ≤ κ

where κ is known as a positive constant.

Corollary 1 With the proper dimension of Ḡ, the sliding mode motion can be obtained for the sliding surface s(t) = 0

by the following SMC law.

v(t) = (ḠBj)
−1(

ℓ∑
i,j=1

ℏ̄i(ϕ̄(t))ℏ̄j(ϕ̄(t)) + {Ḡ(Ai − LjCi + LiCi)m̃(t)

+ Ḡ(Adi − LjCdi)m̃(t− d1(t))}+ δi
s(t)

∥ s(t) ∥
(31)

where

δi = (∥ ḠAi ∥ + ∥ Ḡ(Adi − LjCdi) ∥)− ∥ Ḡ(Adj − LjCdj) ∥)κ+ ∥ ḠBωi ∥ θ + ḠLf + δ0

with θ as disturbance bounded and δ0 as a positive scalar.

Proof. In this stage, we select the following Lyapunov function

Ta(mt, t) =
1

2
s(t)T s(t)

Computing the time–derivative of Ta(mt, t), we get:

Ṫa(mt, t) = s(t)T ṡ(t)

= s(t)T {Ḡ
ℓ∑

i,j=1

ℏ̄i(ϕ̄(t))ℏj(ϕ̄(t)){φm̂(t) + (Ai − LjCi + LiCi)m̃(t)

+ (Adi − LjCdi)m̂(t− d1(t))− (Adj − LjCdj)m̂(t− d2(t))

+ (Adi − LjCdi)m̃(t− d1(t)) + Bwi
ω(t)− Biv(t)}+ Ḡ{(f(m, t)− f(m̂, t))}} (32)

Therefore, by substituting (31) into (32), we get

Ṫa(mt, t) ≤ −δ0 ∥ s(t) ∥, ∀ ∥ s(t) ∥≠ 0 (33)

Consequently, trajectory (7) can drive onto sliding surface s(t) = 0, over the finite time. The proof is successfully

completed. □
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5.2 Design of SMC for the SMO

According to the following corollary, the reachability condition can be ensured using Corollary 1.

Corollary 2 With the proper dimension of Ḡ1, the sliding mode motion can be obtained for the sliding surface

s1(t) = 0 by the following SMC law.

u(t) = (Ḡ1Bj)
−1(

ℓ∑
i,j,m=1

ℏ̄i(ϕ̄(t))ℏ̄j(ϕ̄(t)) + {Ḡ1(BjKm − LiCi + LjCj − LjCi)m̂(t)

− LjCdi)m̂(t− d1(t))− (Adi − LjCdj))m̂(t− d2(t))− LjCi)m̃(t)}

− (Ḡ1Bj){Ḡ1(Ai − LjCi + LiCi)m̃(t)

− Ḡ1(Adi − LjCdi)m̃(t− d2(t))− αi
s1(t)

∥ s1(t) ∥
} (34)

where

αi = (∥ Ḡ1Bj ∥∥ (ḠBj)
−1 ∥)δi + α0 (35)

with α0 is a positive scalar.

Proof. In this stage, we select the following Lyapunov function

Tb(mt, t) =
1

2
s1(t)

T s1(t)

Computing the time–derivative of Tb(mt, t), we get:

Ṫb(mt, t) = s1(t)
T ṡ1(t)

= s1(t)
T {Ḡ1

ℓ∑
i,j,m=1

ℏ̄i(ϕ̄(t))ℏj(ϕ̄(t)){(−BjKm + LiCi − LjCj + LjCi)m̂(t) + LjCdim̂(t− d1(t))

− (Adj − LjCdj)m̂(t− d2(t)) + LjCim̃(t) + LjCdim̃(t− d1(t)) + Bj(u(t) + v(t))}}+ Ḡ1f(m̂, t)) (36)

Substitute the values of (31), (34) and (36), we get

Ṫb(mt, t) ≤ ∥ s1(t) ∥
r∑

1=1

ℏ̄i(ϕ̄(t)){∥ Ḡ1Bj ∥∥ (Ḡ1Bi)
−1 ∥)δi − α0} (37)

Then from (35), we obtained

Ṫb(mt, t) ≤ −α0(∥ s1(t) ∥, ∀ ∥ s1(t) ∦= 0 (38)

Consequently, over the finite time, trajectory (6) can drive onto sliding surface s1(t) = 0. The proof is completed.

□

5.3 Algorithm for Controller Design

In this subsection, the authors present some basic steps to calculate the controller and observer gain. Table 1

summarizes the design of an SMO.

Remark 6 In the present work, relevant issues are addressed using the fuzzy linear matrix inequality (LMI), whose

balanced conservation and computation are worth watching and observing. Using Jensen inequality as a measure of

integral term, and Lemma 1, conservatism is further intensified. This change is to reduce conservatism to a certain
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Table 1: Algorithm for controller design.

extent by using the free weighting matrix method. A number of aspects arise from computation, including: (1) As

a result of the augmented system, Theorem 1 provides conditions. Dimension matching is required when converting

to LMI, which will result in an increase in matrix dimensions. (2) In order to deal with item CiXi, we use an

integral inequality and Schur complement that raises in the dimension of the matrix. As a result, we will use less

conservatism in the future, and therefore, we will improve methods of control, such as inequality techniques, with

stronger controls.

6 Simulation Examples

Example 1: In this section, the effectiveness of the given methods will be tested through simulations of chaotic

systems. In order to understand the chaos model, some numerical values are given as

(α, β, γ1) = (10, 2.7, 28)

Let suppose p1(t) ∈ [n1, n2] and ṗ1(t) ∈ [−5, 5]. Using the T–S fuzzy system in (2) with the following system

parameters, we can model it as a chaotic system.

[
A1 B1

A2 B2

]
=



−α α 0 0 0

γ1 −1 n1 1 0

0 −n1 −β 0 1

−α α 0 0 0

γ1 −1 n2 1 0

0 −n2 −β 0 1



An H∞ performance index of the proposed methods is used to illustrate why they are less conservative than other

methods. Using various parameters of α and β, we calculated the minimum attenuation levels as shown in Table

2. There is a significant improvement in efficiency with the proposed method compared with the methods in the

references [49], and [50].

6.1 Simulation Example of Power System

Example 2: The electric boat generally consists of two main parts: they are power generation and electric propul-

sion. The block model of the propulsion system is presented in Figure 2. There are three main parts which are given

below:
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Table 2: Optimal values of H∞ performance index.

α 2 5

β 0.3 0.7 0.95 0.8 0.83

[49] 0.191 0.476 12.517 2.888 18.594

[50] 0.252 0.357 0.856 0.653 0.764

Theorem 2 0.187 0.192 0.195 0.317 0.429

Figure 2: Integrated electric propulsion.

1. Propeller equations.

2. Permanent magnet motor for the synchronous model.

3. Resistance model.

6.2 Propeller equations

First, we write the torque of the propeller and the model of the propulsion as

Tprop = λn2D4KT

Qprop = λn2D5KQ
(39)

where KQ and KT present the propeller torque and propeller thrust, respectively. Further, we can write:

KT = s1 + s2
(1−w)V

λD
KQ = r1 + r2

(1−w)V
λD

(40)

where

λ =
Ω

2π

The equation of vessel motion equation can be written as:

mV̇ = (1− t)Tprop − R− Text (41)

6.3 Resistance model

Second, we will calculate the total resistance of the plant as

R = Rair + Rw + Rf + Rapp

where Rair is denoted by the air resistance; Rw presents the wave resistance; Rf is the frictional resistance; and

Rapp is the appendices resistance. By simplifying, the resistance modeled can be written as:
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R = aV 2

6.4 Permanent Magnet Motor for Synchronous Model (PMMSM)

Permanent magnet voltages for a synchronous motor in the form of equations can be written as:

vd = Rsid + Ldîd − pΩLdid

vq = Rsiq + Lq îq − pΩLqiq
(42)

The mechanical equation can be written as:

ImΩ̇ = pΦf iq + p(Ld − Lq)idiq −Qprop

where the propeller speed is presented by Ω; Rs denoted in the stator phase resistance; vd and vq are the longitudinal

component of stator voltages and the transverse component of stator voltages, respectively; Φf is the inductor flux;

shaft inertia can be denoted by Im; id and iq are the stator current longitudinal component and stator current

transverse component; Ld and Lq are the longitudinal inductance as well as transverse inductance; Qprop is the

propulsion couple; and p is the sign of pole pairs number.

Figure 3: Behaviour for the closed-loop T-S fuzzy system.

The synchronous motor’s mathematical model for PM voltages can be defined as:

i̇d = Rs

Ld
id + pΩRs

Ld
iq +

1
Ld

uq

i̇q = Rs

Ld
iq − pΩRs

Ld
iq − pΦfΩ+ 1

Ld
uq

Ω̇ = [p 1
Im (Ld − Lq)idiq + pΦf iq − 1

4π2 ρΩ
2D5r1 − 1

2πρΩD
4r2(1− w)V ]

V̇ = 1
m [−aV 2 + 1

4π2 (1− t)ρΩ2D4s1 +
1
2πρΩD

3r2(1− t)(1− w)V ]

(43)

Let m =
[
m1 m2 m3 m4

]T
=
[
id iq Ω V

]T
, while in the output y(t) and control signal u(t), we considered

the iq and uq, respectively. For the feasibility, we assume the ship’s electric propulsion system over the domain

m1(t) ∈ [d1, d2], m2(t) ∈ [k1, k2], and m3(t) ∈ [l1, l2]. Using the approach to construct the delayed T–S fuzzy

system, we get:

ṁ(t) =
∑2

i=1 ℏ̄i(ϑ̄(t)){Aim(t) +Adim(t− d1(t))

+ Biu(t) + Bωiω(t)}
z(t) =

∑2
i=1 ℏ̄i(ϑ̄(t)){Eim(t) + Edim(t− d1(t))}

y(t) =
∑2

i=1 ℏ̄i(ϑ̄(t)){Cim(t) + +Cdim(t− d1(t))}

(44)
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Algorithm 1 Calculation of Controllers and Observers Gains.

Input: Initial the system parameters according to the system (2) which are Ai, Adi, Bi, Ei, Edi, Ci, and Cdi, in
accordance with their membership functions and system matrixes.

Delay definition: Then chose dk̄(t), k̄ = 1, 2 and µk̄ which have been given as an explicit form and have the

upper bound delays.

Stability condition: Check the conditions of LMIs in Theorem 2 can be implemented using the prescribed

parameters.

Software such as Matlab can be used for this purpose. Alternatively, if LMIs cannot be computed, update the

parameter in pervious step.

if tmin > 0 then

update the stability criteria of LMIs (21)–(26).

else

change the upper bound delay of time–varying function.

end if

Output: Using the values of Yj , and Xi, get the gains for controllers and observers from the equation (27).

Figure 4: Sliding surfaces s(t) and s1(t)

.

where

A1 =


a11 a12 0 a14

a21 a22 0 0

0 0 −Rs

Ld

pl2Lq

Ld

−pΦf

Lq
0 −pl2Ld

Lq
−Rs

Lq

 , A2 =


b11 b12 0 b14

b21 b22 0 0

0 0 −Rs

Ld

pl2Lq

Ld

−pΦf

Lq
0 −pl2Ld

Lq
−Rs

Lq



Ad1 =


c11 c12 0 c14

c21 c22 0 0

0 0 −Rs

Ld

pl2Lq

Ld

−pΦf

Lq
0 −pl1Ld

Lq
−Rs

Lq

 , Ad2 =


d11 d12 0 d14

d21 d22 0 0

0 0 −Rs

Ld

pl1Lq

Ld

−pΦf

Lq
0 −pl1Ld

Lq
−Rs

Lq


a11 =

−ρD5r1l2
4π2Im

, a12 =
−ρD4r2l2(1− w)

2πIm
, a14 =

pΦf + p(Ld − Lq)d2
Im
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a21 =
(1− t)s1ρD4l2

4π2m
, a22 =

−2πak2 + (1− t)(1− w)s2ρD3l2
2πm

b11 =
−ρD5r1l2
4π2Im

, b12 =
−ρD4r2l2(1− w)

2πIm
, b14 =

pΦf + p(Ld − Lq)d1
Im

b21 =
(1− t)s1ρD4l2

4π2m
, b22 =

−2πak2 + (1− t)(1− w)s2ρD3l2
2πm

c11 =
−ρD5r1l1
4π2Im

, c12 =
−ρD4r2l1(1− w)

2πIm
, c14 =

pΦf + p(Ld − Lq)d2
Im

c21 =
(1− t)s1ρD4l1

4π2m
, c22 =

−2πak1 + (1− t)(1− w)s2ρD3l1
2πm

d11 =
−ρD5r1l1
4π2Im

, d12 =
−ρD4r2l1(1− w)

2πIm
, d14 =

pΦf + p(Ld − Lq)d1
Im

d21 =
(1− t)s1ρD4l1

4π2m
, d22 =

−2πak1 + (1− t)(1− w)s2ρD3l1
2πm

C1 =
[
1 0 0 0

]
, C2 =

[
0 −0.5 0 0

]
Cd1 =

[
−0.5 0 1 0

]
, Cd2 =

[
0 −0.04 0 −0.02

]
E1 =

[
0 1 0 0

]
, E2 =

[
0 1.5 0 0

]
Ed1 =

[
0 4.9 −2 0.04

]
, Ed2 =

[
0 4.9 −2.5 0.04

]
B1 = B2 = B =

[
0 0 1

Ld
0
]T

Ḡ =
[
0 0 −4.95 0

]
, Ḡ1 =

[
0 0 0 −0.45

]

Figure 5: Response of measured output y(t).

Select the same numerical values as [48] given in Table 3. The membership functions for the nonlinear plant are as

follows:

ℏ̄1(ϑ̄(t)) =
cos(2m1) + 0.5

2
, ℏ̄2(ϑ̄(t)) = 1− ℏ̄1(ϑ̄(t)) (45)

The nonlinear term f(m, t) and f(m̂, t) are −0.35sin(m1(t)) and −0.65sin(m1(t)), respectively. For time-varying

delay, we assume the following function:

dk̄(t) =
d̄k̄ + d̄k̄ sin(2µit/d̄k̄)

2
, k̄ = 1, 2.

where (d̄1, d̄2) = (0.65, 0.75) and (Lf , k, µ1, µ2) = (0.45, 0.55, 0.22, 0.47).

For the observer controller, the following are the membership functions:
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Table 3: Propulsion parameters of PMMSM

Unit name Symbol Numerical values

Wake fraction w 0.2304

Inductance (Longitudinal) Ld 0.0060

Inductance (Transversal) Ld 0.0059

Thrust coefficient s1 & s2 (0.5,-1.1)

Torque coefficient r1 & r2 (0.075,-0.1375)

Nominal torque & thrust Qn & Tn (3.14800 × 105 Nm,3.82000 × 105 N)

Voltage V 4.160 KV .

Number of pair poles p 4.

Power of motor S 5 MVA.

Water density ρ 1025 kg/m3.

Stator resistance Rs 0.0148.

Weight of ship m 20690 tonnes.

Coefficient of resistance a 4.7 × 103.

Diameter of propeller D 5.9 m.

ℏ̄1(ϕ̄(t)) = 0.99 exp
−m̂2(t)

2×1.52 , ℏ̄2(ϕ̄(t)) = 1− ℏ̄1(ϕ̄(t)) (46)

Furthermore, w(t) = 1
0.75+1.75t , t ≥ 0 is assumed to be the external disturbance. The initial condition will be as

φ̃(t) = [1,−3, 5,−7]T , the T–S fuzzy system’s state responses (2) in the parameters given in (44). We will examine

the designs for Passive and dissipative control issues.

Remark 7 External disturbances will have an impact on a system’s stability. Performance indicators can be de-

termined by analyzing the system, which can lead to a more stable system. For system analysis, standard single

performances are used. Extended dissipative performance can be converted into four general single performances by

adjusting weighting matrices and scalars. These allow a systematic analysis to be as broad and comprehensive as

Figure 6: The trajectory of stator current and its estimation (Longitudinal component).
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Figure 7: The trajectory of stator current and its estimation (Transverse component).

Figure 8: Path of propeller speed Ω and its estimation Ω̂.

possible.

Table 4: Case-specific matrices.

Analysis Γ0 Γ1 Γ2 Γ3

Dissipativity 0 -1 1 γ

L2 − L∞ 1 0 0 γ2

Passivity 0 0 1 γ

H∞ performance 0 -1 0 γ2

Passive Control: According to the matrices parameters in Table 2 for passive control, with γ = 3.75. Furthermore,

we can find the LMIs using Algorithm 1 for (21)–(26) that are feasible and they lead to the following feasible solutions:[
K1

K2

]
=

[
−0.0003 −0.0051 −0.1886 0.0001

−0.0018 −0.0050 −0.2632 0.0036

]
[
L1

L2

]T
=

[
−0.0169 0.1015 −0.0293 −0.0546

0.0278 0.0208 0.0884 0.0441

]T
According to LMIs of Theorem 2, the passive control parameters can be obtained using (27). Let’s assume the initial

conditions for the observer–state as φ̃o(t) = [1.15,−3.5, 5.45,−7.75]T . Figure 3 presents the state trajectories for
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Figure 9: Path of the voltage of PMMSM “V ” and its estimation “V̂ ”.

the closed–loop system. In the power sector, it is necessary to keep the states of the nonlinear model, that’s why we

also explore the properties of observer-based states which are exhibited in above-mentioned Figures. These figures,

not only show stability but have finally approached zero. In addition, Figures 4 and 5 present the behaviour curves

for the sliding surfaces s(t) and s1(t), and measured output y(t), respectively. Based on these simulation results, we

can conclude that the synthetic T–S fuzzy controller is capable of meeting the requirements.

Remark 8 To show the less conservative results, we made a comparison which is given in Table 3. We borrowed

the example from the Reference [43], in which authors used the anti-windup compensator for the stability analysis.

Hence, we discuss the same problem numerically. Our next step is to compare the maximum allowable upper bound

delay for those methods suggested in [43], [44], and our paper. Table 5 presents the comparison, where d̄ = d̄i,

i = 1, 2. According to the table, our methods are less than those obtained with Refs. [43], and [44], for the upper

bound delay. The method described in this study is less conservative than the methods proposed in Refs. [43], and

[44].

Table 5: Maximum Upper bound delay d̄i = d̄ under (ρ1, ρ2) = 100.

Method d̄

[43] 3.15

[44] 6.56

Theorem 2 11.82

Dissipative Control: According to the matrices in Table 2 parameters of dissipative control, with γ = 4.25.

Furthermore, we can find the LMIs using Algorithm 1 for (21)–(26) that are feasible and they lead to the following

reasonable solutions: [
K1

K2

]
=

[
1.6033 −0.7561 0.0310 −0.8013

1.6734 −0.7989 0.0318 −0.8662

]
[
L1

L2

]T
=

[
−6.7807 −1.9158 0.6283 −0.9491

−6.5050 −1.7785 0.4771 −0.8880

]T
According to the simulation analysis, Figure 6 presents the trajectory of the stator current and its estimation for the

longitudinal component, while Figure 7 shows the behaviour of the stator current and its estimation for the transverse

component. In the same consequences, Figures 8 and 9 exhibit the propeller speed and voltage of PMMSM and

their estimation, respectively. Moreover, Figure 10 illustrates that the control law responds with nonlinear input.
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Figure 10: Response of the control input u(t) and nonlinear input v(t).

The dissipativity of an energy system refers to the ratio between the energy supply from the outside and the energy

stored inside. It is therefore a very important consideration when designing electrical circuits. Because of this, we

analyzed these circuits in our article.

Remark 9 This research will further extend to distributed sensor filtering. In distributed sensors, each sensor

node will need to collect data from the other sensors, compare it with the other values, and transmit it through

communication. From this aspect, we will explore various issues, such as power supply and synchronization. Thus,

it will be imperative to elaborate on which target plant needs the proposed theoretical approach. In view of the sampled

control system, it has many industrial applications e.g., Power systems, Mechanical plants, Manufacturing systems,

and Communication systems. Dissipativity is simply the ratio of input to output energy in systems with multiple

energy sources.

Remark 10 In the simulation section, the authors focused only on two kinds of control analysis, namely passive

control and dissipative control. These kinds of control are very essential for the power system and mechanical systems.

As a result, dissipation is a crucial aspect of electrical circuits. Our research area includes these investigations for

this reason.

7 Conclusion

We discuss a continuous-time nonlinear model-based control system with sliding mode control. A new observer model

was developed to account for the presence of state and observer delays. A concept of dissipative control also provides

an analysis of the performance of H∞, L2−L∞, dissipativity, and passivity within a unified framework. Based on the

new Lyapunov stability theory, the new error SMO system constructed has been conditionally stabilized, as well as

analyzed for extended dissipative performance. By using the controlled sliding mode law, the system state can also

converge on the sliding surface. Following that, we solve the matrix convex optimization problem in order to find the

gains in the sliding mode controller and observer. Its feasibility will be demonstrated through the simulation with

an engineering application. It can also be applied to more complex systems, including switched networks, multi-time

scale networks, fuzzy networks, etc. In addition to the effect of cyber-attacks on information distribution, which we

will study in the future.
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