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Abstract

Augmented Reality (AR) technology fuses virtual information with the real-world en-
vironment to enhance the way people interact with digital information in their physical
world. This thesis is concerned with topology-aware AR systems designed to be aware of
the topology changes in the surroundings and explore the topological features of scenes.
Topological structures, such as graphs, can provide information on the relationship between
point clouds to improve the quality of point cloud-based real-world 3D map reconstruc-
tions for topology-aware AR systems. The reconstructed 3D maps provide information to
improve the registration accuracy between virtual objects and the physical environment.
Furthermore, 3D maps also help to reduce registration failures caused by complex and
dynamic scenes, such as object occlusions, object motion, and object deformation.

This thesis explores algorithms, computational methods, and frameworks for dense
3D surface reconstructions based on monocular videos and images for augmented reality
applications. The main contributions of this PhD work are: 1) Proposed a graph deep
learning-based framework for monocular depth estimation, which learns non-Euclidean
features and improves the accuracy of depth estimations. Mathematical background on
group equivariance, including translation equivariance and permutation equivariance, is
also introduced to provide theoretical support for the proposed network; 2) Conducted two
use cases to demonstrate the capabilities of the proposed methods in improving fine details
of depth estimation for complex and unstructured environments with free camera motions;
3) A further improved the framework to address low-illumination endoscopy videos; 4)
Proposed a statistical method to handle the non-rigid point cloud registration with special
topology changes. Within which, a clustering and refinement scheme is proposed to deal
with distribution irregularities of point sets; 5) Developed a framework to demonstrate the
functionality of the proposed method in AR.

Under challenging scenes such as endoscopy and unmanned aerial vehicle videos, the
proposed methods outperform the state-of-the-art algorithms with robustness and accuracy.
For example, the proposed depth estimation method improves the 3D data acquisition,
the Break and Splice framework improves the 3D dynamic reconstruction, and the proposed
AR framework provides a solution in dynamic scenes for medical applications.
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Chapter 1

Introduction

1.1 Background

Augmented reality (AR) technology utilises computer-generated virtual information to

enhance the real world, thereby improving people's ability to perceive and interact with

their physical environment. AR technology is an interdisciplinary �eld encompassing

computer vision, computer graphics, machine learning and deep learning, and human-

computer interactions. AR has been used in a variety of industries and domains, such as

education [12], entertainment [13], medicine [14], and military [15].

Milgram and Kishino [16] �rst provided the concept of AR in 1994. They proposed

a virtuality continuum diagram to represent AR, Virtual Reality (VR) and Mixed Reality

(MR). Compared with VR, which is represented by a fully virtual environment at the

rightmost end, AR remains closer to the experiences comprising a real environment

and provides information that goes beyond what humans can perceive with their senses

alone. Figure 1.1 shows milestones in the history of AR. AR technology includes 3D

registration that fuses virtual information, including 3D information or models, with

real-world elements such as images and videos [17]. The solutions for 3D registration

can be classi�ed into two main categories: image-based methods using features detected

from images and 3D map-based methods using point features. The former category

achieves the virtual object registration in the real world based on Perspective-n-Point

(PnP) [18]. PnP utilises templates, such as makers [19] or reference images [20], to match

videos, which is then used to calculate the camera pose for virtual object registration. The

registration stability of these methods can cause distracting visual artifacts (i.e. �ashing

visual effects due to virtual objects being unstable) [21]. 3D map-based methods utilise 3D

map information to register virtual objects. The reconstructed 3D map not only provides

positional information but also helps overcome the challenge of virtual object registration

failure caused by complex and dynamic scenes, such as object occlusions, object motion,

and object deformation. [22], [23]. There are two types of 3D maps: sparse and dense

maps. Sparse 3D maps are representations of a space with a low point density and are

generally used to compute only feature points for depth estimation. Dense 3D maps, on

the other hand, have a high point density and usually have the same number of 3D points
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Fig. 1.1 Milestones in the history of AR.

with image pixels. Dense 3D maps can provide detailed and accurate representations of

3D point clouds and improve the registration between virtual objects and the environment

for AR applications.

This research primarily focuses on data acquisition and non-rigid registration. Data

acquisition is to capture a point cloud of multiple observations or frames of the object or

a scene using various sensing technologies such as RGB cameras (monocular and stereo

cameras), RGB-D sensors, Light Detection and Ranging (LiDAR), or other 3D scanning

techniques. The choice of sensors depends on the speci�c environment of an application.

For example, in Minimally Invasive Surgery (MIS), the visual sensor, called an endoscope,

is usually a monocular camera due to its small size and lightweight, making it easy to

integrate into the surgical setup [24]. RGB-D sensors, such as the Kinect, are commonly

employed in indoor environments [25]. LiDAR sensors have been used in autonomous

vehicles [26] or cultural heritage preservation [27] to capture high-precision point clouds.

RGB cameras have certain advantages, such as being cost-effective, lightweight and richer

information about the environment compared to other sensors. This project investigates

data acquisition using monocular RGB cameras for 3D surface reconstruction of generating

3D point clouds or meshes for dynamic scenes or environments that are changing over time.

This research work focuses on monocular depth estimation for dense depth maps. On the

other hand, non-rigid registration is to �nd a warp �eldW to be applied to a source point

cloudSsuch that the warped source point cloud best explains the target point cloudT:

W(S) = T. This research primarily focuses on non-rigid registration with special topology

changes, e.g. connections and separations (see Fig. 7.1 in Chapter 7).

More speci�cally, traditional monocular depth estimation involves Structure from

Motion (SfM)-based methods and handcrafted feature-based methods. SfM-based meth-

ods [28], [29], [30] aim to �nd a set of corresponding pixels on a series of images of

a scene to compute depth values. Obtained depth maps by these methods are usually

sparse. On the other hand, handcrafted feature-based methods [31], [32] utilise the features

extracted from images to estimate dense depth by optimising a probabilistic model such as

a Markov Random Field (MRF) [33] or a Conditional Random Field (CRF) [34]. More
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recently, deep-learning-based methods [35], [36], [37] have made signi�cant progress in

recovering the depth of information from a single image. However, many learning-based

methods fail to learn �ne details. This is because point clouds as depth maps are out-of-

order and include many non-Euclidean features, such as curvature, geodesic distance, and

hyperbolic angle [38]. Furthermore, monocular depth estimation for endoscopy scenes

remains a signi�cant challenge because of the complex surgical environment coupled with

textureless surface features and low-illumination conditions. Another challenging case is

that images captured by Unmanned Aerial Vehicles (UAVs) in unstructured environments

lack well-de�ned or predictable structures, which may have some degrees of complexity,

randomness, or variability.

Depending on applications, point clouds can be aligned by rigid methods [39] or non-

rigid methods [40]. Rigid methods are suitable for the registration of static scenes or objects,

which can be aligned with a single translation and rotation. Non-rigid methods often

involve a series of transformation matrices and different parts of the object that undergo

various deformations. The computation of deformations is a fundamental problem in the

acquisition and analysis of non-rigidly deformable objects [41]. Non-rigid registration

methods based on point correspondence are to estimate af�ne transformations between

the source and the target point sets [42], [43]. Statistical methods, such as the motion

coherence theory, have been proposed to estimate maximum-likelihood solutions for

non-rigid registration [44], [44]. However, non-rigid registration methods have failed to

effectively address the topology changes of objects, such as connection and separation

issues between objects. Topology changes in a scene can lead to misregistration and

inaccurate reconstructions. In addition, large inter-frame motions can also cause signi�cant

deformations and changes in topology, which poses a challenge for non-rigid registration.

1.2 Motivation

This project aims to address two challenges in 3D surface dynamic reconstruction in order

to improve the registration accuracy between virtual objects and their physical environ-

ments and to improve the perception of depth in challenge applications with a monocular

camera with free motions, such as Minimally Invasive Surgery(MIS) and Unmanned

Aerial Vehicles(UAVs). More speci�cally, this work will �rstly address challenges in

depth estimation to learn complex topology information contained in scenes captured

by monocular devices. Secondly, this research will investigate non-rigid registration by

dealing with special topology changes, which is an essential part of traditional 3D dynamic

reconstruction.

1.3 Hypothesis and Research Questions

This thesis hypothesizes that an accurate surface 3D reconstruction method, algorithm,

or framework can improve AR applications. The second hypothesis is that exploring
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topological structures can improve surface 3D reconstruction. Research questions for this

thesis are:

I. What factors in�uence the self-supervised monocular depth estimation accuracy in

state-of-the-art algorithms, and how to achieve more accurate depth estimations for

3D surfaces?

II. What factors affect the performance of depth estimation in low-illumination environ-

ments?

III. How to solve non-rigid registration with special topology changes, like connections

and separation?

IV. How to apply depth estimation and dynamic 3D surface reconstruction algorithms to

AR systems?

1.4 Research Contributions

This PhD research develops a self-supervised graph deep learning-based framework for

monocular depth estimation. Two use cases are presented: one is for minimally invasive

surgery using endoscopy videos; another is the depth estimation from videos captured

by Unmanned Aerial Vehicles (UAVs). A statistical method for non-rigid point cloud

registration is proposed to solve topological changes. AR applications are �nally developed

based on the proposed monocular depth estimation framework to achieve accurate surgery

instrument tracking and deal with missing depth caused by organs underneath the surgery

instruments.

The main contributions of this work are:

• The development of a new self-supervised graph deep learning-based frame-

work for monocular depth estimation.(Chapter 3, 4)

A novel coarse-�ne encoder framework is proposed that utilises a graph attention

network (GAT) [45] to learn non-Euclidean features and re�ne the depth geometry

feature. The graph structure that explores four-connectivity (two elements are

considered connected if they share a common edge, speci�cally the top, bottom, left,

or right edge) can keep the original neighbour point information so that avoiding

the loss of local feature information of the point cloud. In this thesis, mathematical

foundations are provided to support the validity of the coarse-to-�ne encoder model.

• Two use case studies of unstructured scenes are conducted to evaluate the

performance and ef�cacy of the proposed method.(Chapter 5, 6)

The use of case studies demonstrates the depth estimation effectiveness of the pro-

posed method for unstructured scenes. In the endoscopy case study, three endoscopy

datasets are used for quantitative evaluations with �ve state-of-the-art methods. In

addition, the qualitative results show that the proposed monocular depth estimation
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framework can correctly recover the depth of surgical instruments and have well-

distributed point clouds along the edges. In the UAVs case study, three different

weather datasets are used to compare with state-of-the-art methods for metrics evalu-

ations, and results of two real-world datasets, urban settings and natural wilderness,

show that the proposed framework can achieve �ne details of depth compared with

other methods.

• Improving the depth of low-illumination endoscopy video.(Chapter 5)

To address the issue of low-illumination environments in speci�c endoscopy scenar-

ios, the Contrast Limited Adaptive Histogram Equalization (CLAHE) method [46]

is employed to ensure brightness consistency and enhance the details of endoscopic

images. This application of CLAHE improves depth estimation in challenging

low-illumination conditions.

• A novel statistical non-rigid point registration.(Chapter 7)

A statistical algorithm is proposed for non-rigid point cloud registration, addressing

the challenge of handling topology changes without the need to estimate the cor-

respondence points of two point clouds. A novelBreak and Spliceframework is

developed to cluster a pair of point sets and assign labels to the source point cloud

and target point cloud. The point clouds are registered with the same labels using

the Bayesian Coherent Point Drift (BCPD) method [47]. The proposed approach is

evaluated on three public datasets and two of our datasets using various qualitative

and quantitative metrics. The results show that theBreak and Spliceframework

outperforms the state-of-the-art methods and achieves error reduction� 60%and a

registration time reduction� 57:8%.

• Two AR applications based on the proposed methods.(Chapter 8)

The accurate localisation of instruments is useful in minimally invasive surgery. AR

applications based on the proposed depth estimation framework are developed to

provide valuable augmented information for feedback, such as the relative distance

of instruments, for robotic surgery. In addition, AR applications using dynamic

3D organ reconstruction can overcome missing depth if organs are beneath the

instruments.

1.5 Thesis Outline

• Chapter 1: Introduction of research background, aim and main contributions.

• Chapter 2: Literature review on depth recovery from video, and introductions of

traditional algorithms, supervised and unsupervised learning-based methods. Fur-

thermore, the review encompasses many non-rigid point cloud registration methods,

including general transformation and Gaussian Mixture Models. 3D dynamic surface

reconstruction methods are also mentioned.
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• Chapter 3: Theoretical foundation is provided upon which this thesis is built. In

particular, the mathematical background is used to support the proposed depth

estimation framework, including the group equivariance deep learning and projective

geometry. The RGB-D imaging process is also introduced, which will be used to

conduct non-rigid registration experiments.

• Chapter 4: A novel group equivariance deep learning framework is proposed for

monocular depth estimation based on the mathematical foundations described in

Chapter 3 to support the validity of the coarse-to-�ne encoder model.

• Chapter 5: A use case on endoscopy videos is used to evaluate the proposed

framework described in Chapter 4, and a new loss function is designed to improve

the endoscopy video in low-illumination conditions.

• Chapter 6: Another use case on videos captured by UAVs in unstructured environ-

ments, which are similar to endoscopy environments with free-motion cameras and

textureless regions, is used to evaluate the proposed framework in Chapter 4.

• Chapter 7: A statistical method for non-rigid point cloud Registration. This chapter

utilisesBreak and Spliceframework to handle point clouds undergoing topology

changes and large inter-frame motions.

• Chapter 8: AR applications of organ 3D dynamic reconstruction and instruments

tracking based on the depth map.

• Chapter 9: Conclusion and future work.
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Chapter 2

Literature Review

This chapter reviews the state-of-the-art approaches, methodologies, and computational

models for 3D surface reconstructions and non-rigid point cloud registrations. Since this

PhD work mainly focuses on monocular depth estimation for generating dense depth maps

for 3D surface reconstructions, a literature review on Structure from Motion (SfM) based

and feature-based methods is �rst introduced. Secondly, supervised and unsupervised

deep learning-based methods are reviewed for monocular depth estimation. For non-rigid

point cloud registration, general transformation models and Gaussian mixture models are

described, and the registration problem is analysed in terms of its applications on 3D

dynamic surface reconstruction.

2.1 Depth Estimation from Videos

Depth estimation refers to the set of techniques and algorithms used to obtain a representa-

tion of the spatial structure of a scene, aiming to measure the distance of each point in the

observed scene. Many depth estimation methods [48], [49], [50] rely on stereo matching to

estimate depth maps. Stereo depth estimation methods are known for their accuracy since

the disparity between corresponding points in the left and the right images is obtained to

calculate the depth. However, stereo-vision-based methods come with intrinsic limitations.

Collecting stereo images requires precise alignment and calibration procedures, which can

be complex and time-consuming. Additionally, the baseline distance between the two cam-

eras used in stereo setups can limit the effective range for accurate depth estimation. The

farther the objects are from the camera pair, the more inaccuracy in the depth estimation

might occur. Stereo cameras are still too large to be widely used in practice, such as in

endoscopy surgery or micro drones, compared with monocular cameras.

2.1.1 Traditional Methods

Monocular depth estimation is considered an ill-posed problem because a single monocular

image can be captured from different 3D scenes. Therefore, traditional algorithms exploit

monocular cues, such as texture, occlusion, known object size, and lighting and shading,
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to recover depth. These methods can often be classi�ed into two categories: SfM-based

and handcrafted feature-based methods [51].

SfM is a process of predicting and reconstructing 3D structures from a series of

images taken from different viewpoints [52]. This process commonly starts with a feature

extraction step from a sequence of input images. SfM, then, �nds the correspondence

between different images based on texture features and removes the incorrectly matched

points. Finally, once matched between images, features are tracked from one image to

another to estimate the camera motion between the images. By triangulating the matched

feature points from multiple camera viewpoints, a 3D point cloud representation of the

scene is constructed.

Wedelet al. [28] utilized SfM to determine the scaling factor of supervised image

regions and estimated the scene depth. LetI (t) = ( X(t);Y(t);Z(t))> be a point the value

of 3D position at timet and its corresponding image point asI(t). The point at time

t + t can be de�ned byI (t + t ) = I (t) + T(t + t ), whereT(t + t ) is camera translation

between timet andt + t . Scene depth can be directly calculated through given vehicle

translationTZ(t; t ) and displacement of image points:

d =
s(t; t )

1� s(t; t )
TZ(t; t ) (2.1)

where thes(t; t ) is directly obtained by region tracking [53].

Prakashet al. [29] utilized a multiscale fast feature point detector to detect key points

in the image, and these corresponding 2D points were used to calculate 3D points through

two-view geometry and triangulation. In this method, the scene depth values of feature

points are computed through a metric transformation. Hyowonet al. [54] proposed a

depth acquisition pipeline from a small camera motion, which utilized the Harris corner

detector [55] in a reference image to extract features and found the corresponding points

through the Kanade-Lukas-Tomashi (KLT) algorithm [56]. The dense depth map was

reconstructed through a so-called plane sweeping [29]. Javidniaet al. [30] used ORB

features [57] to improve computing ef�ciency.

The accuracy of depth maps generated by SfM-based methods depends on the effec-

tiveness of feature detection algorithms and the feature matching accuracy between the

image pair. Feature detection can be challenging, especially in texture-less or low-contrast

scenes that can result in a small number of key feature points. As a result, many existing

SfM-based methods tend to produce sparse depth maps. For many applications, sparse

depth maps are not suf�cient in terms of measuring the detailed information required for

high-precision operations. For example, for endoscopy surgery or UAV navigations in

complex environments, dense 3D depth maps are required to obtain accurate positional

information for the surgical instruments or the control of UAVs.

Methods using handcrafted features often utilized superpixels as inputs to compute

features. For each superpixel, these features and depth cues are used to estimate the depth.

An MRF (Markov Random Field) model was applied to combine the superpixel-based

depth estimation with the relationship and context between different superpixels to ensure
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the coherence and smoothness of the depth map. A well-known classic method is called

Shape from Shading (SfS) [58], which relies on the gradual changes in shading as a cue to

estimate shape and depth. SfS assumes certain lighting conditions and the surface to be

Lambertian (with diffuse re�ection). It is not suitable for real-world scenarios. Torralbaet

al. [31] proposed a method to learn the relationship between the structures of the image

and the mean depth of the scene. Using a set of features obtained from Fourier and wavelet

transforms, and the mean depth of the scene, the absolute scene depth of monocular

images can be inferred. Junget al. [32] proposed a monocular depth estimation method

by considering object types in a single-view image. This method de�ned four different

object types and six attributes to describe object units. Each object was classi�ed using

the Bayesian classi�er based on the training data, and depth values were then allocated

differently based on the respective object types. Saxenaet al. [59] and Liu et al. [33]

used MRF incorporated with multiscale image features to learn monocular cues and

estimated depth in a supervised manner. Pre-designed features were used to extract speci�c

chosen characteristics. However, the need for pre-processing or post-processing imposes a

computational burden, rendering these methods unsuitable for real-time applications such

as endoscopy surgery and UAVs.

2.1.2 Deep Learning-based Methods

Deep learning-based methods have emerged as a promising approach for predicting depth

maps from monocular videos. The methods can be broadly classi�ed into supervised and

unsupervised depending on the need for ground truth. Supervised deep learning methods

often incorporate an individual image and its corresponding depth map ground truth to

train a model and learn scene structural features for estimating a depth map. Unsupervised

or Self-supervised models can be considered as an alternative when ground truth data

is absent, as they can be trained by using a comparison between a target image and its

reconstructed image as a supervisory signal.

Supervised Deep Learning Methods

Eigenet al. [35] proposed a multiscale convolutional neural network and a scale-invariant

loss function to estimate depth from a single image. The real scale of depth is recovered

without any post-processing. Compared with the commonly used method of uniform

discretization, Fuet al. [60] proposed a spacing-increasing discretization strategy to

discretize depth maps. This method can overcome over-strengthened loss for the large

depth values, particularly in the KITTI dataset [61]. Guoet al. [62] used a stereo network

to train with synthetic data as a pre-trained model. The real data is used to re�ne the depth

model under supervised or unsupervised settings, which reduces the domain gaps between

synthetic and real data. Recently, Chenet al. [63] proposed an attention-based context

aggregation network for capturing the continuous context information and improving the

depth estimation. These methods performed well on KITTI [61] and Make3D [64] datasets.

The KITTI dataset was captured by driving around the mid-size city of Karlsruhe, in
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rural areas and on highways in a structured environment. The Make3D dataset includes

monocular images and corresponding depth maps, but monocular or stereo sequences are

unavailable. However, depth estimation in endoscopic scenes remains challenging due

to the dif�culty of obtaining ground truth depth data, making it challenging to develop

supervised learning methods for this task. To address this problem, most methods [65], [66]

utilized synthetic endoscopy images to train depth maps. However, they tend to perform

poorly since synthetic depth data may not represent the full range of diversity in real-world

scenarios, including different lighting conditions, camera positions, and object orientations.

Unsupervised Deep Learning Methods

Garget al. [67] proposed a self-supervised network to learn depth by a stereo photometric

reprojection warping loss. Godardet al. [68] used a left-right consistency loss to im-

prove predicted depths from the stereo images. Godardet al. [4] proposed a monocular

self-supervised depth estimation network based on a per-pixel minimum reprojection

loss. Johnstonet al. [5] used self-attention and discrete disparity volume to increase the

accuracy of depth estimation. Similarly, for endoscopy data, Turanet al. [69] proposed an

unsupervised framework for real-time odometry and depth estimation by using monocular

endoscopic video. Liuet al. [70] used sparse self-supervisory signals derived from SfM

to establish supervision. Ozyoruket al. [71] combined residual networks with a spatial

attention module and a brightness-aware photometric loss to improve the robustness of

depth estimation. Recently, Shaoet al. [72] took advantage of the appearance �ow to

address the brightness inconsistency problem in depth estimation. These methods often fail

to obtain �ne details of depth, such as boundary objects, since they cannot learn intrinsic

features based on Euclidean space. Therefore, Graph Neural Networks (GNNs) have been

proposed to handle non-Euclidean data as a solution to the constraint of Convolutional

Neural Networks (CNNs). Works for monocular depth estimation based on GNNs include

Fu et al., which used two steps to reconstruct depth maps. Masoumianet al. [6] embedded

the graph convolution network into a decoder to improve the accuracy of depth maps.

However, they utilized a random graph structure to learn features, which not only increased

the training time but also lost the local feature information of point clouds.

2.2 Non-rigid Point Cloud Registration

Point cloud registration has many applications in computer vision, including 3D re-

construction, pose estimation, augmented reality, object matching and recognition [73],

[14], [74], [75]. Accurate registration of multiple point clouds obtained from different

views or time instants is necessary for building a complete and consistent 3D model of

the scene. In addition, point cloud registration enables the estimation of the relative pose

and motion of objects, the recognition and matching of objects in different scenes, and the

creation of virtual and augmented reality experiences [76], [77].
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While many registration methods work well on rigid objects [78], [79], they often

perform poorly on dynamic scenes or deformed objects. This is because objects with

non-rigid deformations and motions cannot be modelled by rigid transformations. In

addition, non-rigid objects may undergo topology changes, such as separation, which is

the act of creating a visible gap or distance between objects or individuals, and connection,

which is regarded as a reverse process of separation. The topology changes pose additional

challenges for registration methods that rely on correspondences between the source point

sets and the target point sets [80], [81]. Therefore, developing registration methods that

can handle non-rigid objects and dynamic scenes is an active research area in computer

vision. In this chapter, non-rigid point cloud registration methods are reviewed, which

involve general transformation models and Gaussian mixture models. 3D dynamic surface

reconstruction methods based on non-rigid point cloud registration are also introduced.

Chui et al. [42] used a thin plate spline (TPS) to de�ne a general transformation model

that consisted of an af�ne transformation and a TPS smoothness kernel. Yanget al. [43]

used a global and local mixture distance to estimate the correspondence between the

source point set and the target point set and update the rigid and non-rigid transforma-

tions and minimized the mixture distance using a TPS. Huanget al. [80] utilized a rigid

local transformation for each point to obtain a global non-rigid registration. Meanwhile,

the local af�ne transformation [82], [83] is frequently applied in non-rigid registration

because the surface representation allows surface details to be captured precisely due to

its more freedom. However, general transformation methods depend on correspondence

estimation based on the features of the source point and target point sets, and the result of

correspondence estimation directly affects registration accuracy and ef�ciency.

Myronenkoet al. [84], [85] proposed a Coherent Point Drift (CPD) algorithm for

Gaussian mixture models. They formulated the registration as a maximum likelihood

estimation problem, where one point set moves coherently to align with the other set under

motion coherence constraint over the velocity �eld.

Based on the motion coherence theory [86], two adjacent points tend to move coher-

ently, and this motion coherence is an important feature that in�uences the smoothness of

the transformation. Golyanietet al. [87] extended the CPD registration algorithm using

correspondence priors and a coarse-to-�ne optimization strategy to achieve robust non-rigid

point registration with an improved speed of the registration process. Baiet al. [88] pro-

posed a statistical framework by aligning two point sets represented by Gaussian mixture

models. Hirose [89] proposed the Bayesian Coherent Point Drift (BCPD) method, which

formulates CPD in a Bayesian setting to improve registration accuracy and ef�ciency.

These methods achieved good results for the connection but failed to register the separation

of two objects. The main reason is that the CPD-based framework requires all points to be

transformed coherently as a whole (e.g. a single point set) whose displacement must meet

the coherent point drift condition. When there are separations and connections during the

object topology change, the point set will separate into two sets. Thus, CPD-based methods

would fail to address the non-rigid registration challenges. Recently, Zampogianniset
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al. [90] proposed a framework to address the issues of separation and connection, but this

method did not work well on large inter-frame motions.

Non-rigid registration methods have been applied to dynamic reconstructions. New-

combeet al. [40] proposed a DynamicFusion system that fused live frame depth maps

into the canonical space via the estimated warp �eld to achieve high-quality 3D models.

The experiment in DynamicFusion does not deal with large inter-frame motions with

object topology change issues of separations and connections. The Fusion4D [91] and

Kaiwen [92] used RGBD camera inputs to reconstruct dynamic scenes simultaneously.

Although the method of Kaiwen tackled the object connection issue, object separation

remains unsolved. [93] and [94] proposed new methods to tackle this issue by incorporating

volumetric data. However, the detailed 3D information of volume-based methods is lower

than that of other point-based registration methods.

2.3 Summary

In summary, the depth estimation from video and non-rigid point cloud registration methods

have both been well-developed in recent years. Depth estimation with a dense 3D map

or surface is a crucial technology for AR applications in endoscopy surgery and UAVs

obstacle avoidance and control, as it plays a signi�cant role in enhancing precision and

stability. However, existing self-supervised depth estimation algorithms and methodologies

struggle to capture the intricate topological details inherent in scenes captured by monocular

devices. In addition, depth estimation networks based on GNNs often showcase their

works primarily through experimental results, lacking a robust mathematical background.

This research proposed a self-supervised GNNs-based coarse-to-�ne encoder to achieve

non-Euclidean features and improve depth maps of endoscopy and UAV scenes. The next

chapter also provides mathematical details about the translation equivariance in CNNs and

permutation equivariance in GNNs. These details serve to elucidate how these networks

possess the capability to learn diverse and meaningful features for various objectives.

Non-rigid point cloud registration is essential to the 3D dynamic surface acquisition, and

3D dynamic scene reconstruction is vital to the SLAM-based AR system. Most existing

point cloud non-rigid registration methods have limitations in handling topology changes

and large inter-frame motions. This research proposes aBreak and Spliceno-rigid point

cloud registration framework, which integrates the Dirichlet Process Gaussian Mixture

Model (DPGMM) and BCPD to achieve non-rigid registration with topology changes, to

overcome the aforementioned challenges. In addition, a non-rigid point cloud registration

example is conducted with endoscopy datasets provided by proposed monocular depth

estimation methods.



Chapter 3

Mathematical Fundamentals

This chapter gives an overview of the mathematical fundamentals and background used in

the development of depth estimation and AR applications. We �rst introduce Euclidean and

non-Euclidean features. Then, group equivariance deep learning is introduced to support

the proposed novel self-supervised framework developed in this PhD research for depth

estimation. In particular, translation equivariance and permutation equivariance are used in

this research. The Graph Convolution Network(GCN) and GAT network (Graph Attention

network) will be introduced for the permutation equivariance. Finally, projective geometry

is used to explain the relation between RGB images and 3D point clouds, which is also

applied to AR applications.

3.1 Euclidean and Non-Euclidean Features

The deep learning on depth estimation for images should not only learn Euclidean features,

but also learn non-Euclidean features. The Euclidean features are usually based on

Euclidean geometry, which assumes that space is �at and parallel lines never intersect [3].

Particularly, the images can be regarded as a 2D grid of points which follows the rules

of Euclidean geometry. The CNN-based methods [95], [96], [97] are designed to process

data on regular grids for object recognition, segmentation, and classi�cation. These tasks

are usually effective for obtaining 2D results, e.g. pixels. The principal limitation of these

approaches often stems from their treatment of geometric data as Euclidean structures.

Firstly, for intricate 3D objects, Euclidean structures like depth images or voxels may

result in the loss of signi�cant parts of the object, including �ne details and topological

structure. Secondly, Euclidean structure lacks intrinsic properties and occurs variation

with changes in pose or object deformation. Attaining invariance to shape deformations

demands complex models due to the considerable degrees of freedom involved in describing

non-rigid deformations, as shown in 3.1.

The depth estimation of images is to recover 3D point clouds. Scenes such as endo-

scopic scenes are usually complex since the surface of the objects in the scene is often

textureless and occluded. In addition, they include not only the motions of instruments, but

also the deformation of the objects. Therefore, learning only the grid geometry features is



3.2 Group Equivariance Deep Learning 14

(a) Filter of Euclidean (b) Filter of Non-Euclidean

Fig. 3.1 An illustration of the difference between �lter(colored window) of Euclidean and
Non-Euclidean on a 3D shape [1]. (a) A classical CNN applied to a mesh considered as a
Euclidean object. (b) a geometry network �lter applied intrinsically on the surface, and the
convolutional �lter is deformation invariant by construction.

insuf�cient. In addition to Euclidean features, the 3D surface of the deformable objects also

often exhibits non-Euclidean features, such as curvature, geodesic distance and hyperbolic

angles. To learn non-Euclidean features of 3D surfaces, a graph structure similar to point

clouds, including irregular and out-of-order properties, is proposed. The graph edges

can capture relationships between neighbouring pixels in the image, while the nodes can

explore the depth information in terms of 3D coordinates of point clouds.

3.2 Group Equivariance Deep Learning

Neural networks are designed for speci�c data types, and their operations are based on

built-in assumptions about the data, which lead to the emergence of symmetries [1]. For

example, CNNs are designed for grid data such as images in the translation symmetry

group [98], geodesic CNN [99] is designed for manifold data such as meshes in the gauge

symmetry group, and GNNs is used in sociology [100] or the prediction of chemical

reactivity [101], which usually utilized graphs as models of analysis and a graph system is

invariant for permutation symmetry group.

The symmetries can provide insights into the underlying structure of a system or an

object. In this research, the properties of the symmetry group and its equivariance are used

to design the proposed network framework for depth estimation. A symmetry group is

a group of transformations that leave an object or a system invariant in its structure. In

other words, if a system has a symmetry groupG, applying any transformation inG to

the system will not change its structure. For example, a rigid object has two symmetry

groups: the translation group and the rotation group [102]. Equivariance is the property

of a transformation that preserves the symmetry of an object or system. If a function is
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equivariant with respect to a symmetry groupG, applying anyG transformation to the input

will result in the same transformation being applied to the output. For example, GNNs

are permutation equivariant networks that operate on graph-structured data [103], [104].

Therefore, a GNNs-based structure is used to learn non-Euclidean features and achieve

more accurate depth images or point clouds than others. In addition, a mathematical

framework is used to demonstrate this hypothesis based on the geometry properties of

symmetry.

3.2.1 Symmetry Group

A symmetry of an object is a transformation that leaves a certain property of an object

invariant, and a set of transformations with certain properties (Associativity, Identity,

Inverse, Closure) is called a symmetry group [102]. For example, a set of 2D inte-

gersI(u;v) =
�

(u;v) j (u;v) 2 Z2
	

is a symmetry group of translations. For associativ-

ity, ((u;v) + ( m;n)) + ( p;q) = ( u+ m+ p;v+ n+ q) = ( u;v) + (( m;n) + ( p;q)) , where

(u;v); (m;n); (p;q) 2 Z2; Existence of identity, theI(u;v) of translation operators by

vector0 is the identity operator; Every element ofI (u;v) has an inverse:I (� u; � v) =
�

(� u; � v) j (u;v) 2 Z2
	

, and(� u; � v) + ( u;v) = ( 0;0) = 0; At last, for closure(u;v) +

(m;n) = ( u+ m;v+ n), it means that the sum of two translations is again a translation.

Therefore, a set of 2D integers can be veri�ed to satisfy translation group properties. The

symmetry group is meaningful since different convolutions can be explained by exploring

the invariant for different transformation groups [1], such as CNNs for the translation

group and GNNs for the permutation group. In addition, the properties of the group are

used to explain the proposed monocular depth estimation framework.

The basic concepts that are helpful in understanding the proposed model need to be

introduced. In the context of data (such as a grid or graph), a symmetry groupG represents

a set of geometric transformations. This research is mostly interested in how symmetry

groups act on data, called group action. LetX be a set and a groupG, a left action

of G on X is a mapr : G� X ! X that is compatible with the group properties, such

asg1 � (g2 � x) = ( g1 � g2) � x for all g1;g2 2 G andx 2 X, where� is the operation of

juxtaposition. Group action plays an important role in de�ning the invariance of data.

Formally, givenx 2 X, g 2 G and a group representationr X(g)x of G onX, the de�nition

of G� equivariant is given by group actions, as follows:

De�nition 1 The encoding functionf : X ! Y isG� equivariant if f (r X(g)x) = r X(g) f (x)

8x 2 X;8g 2 G. f : X ! Y is an autoencoder framework with encoding function, mapping

between the data domain X, and latent domain Y.

De�nition 1 means that there is the same effect for group action on input and output. This

is an important property to analyse the proposed method. In the following sections, the

mathematical derivations of the translation-equivariant on CNNs for the grid geometry

structure and the permutation-equivariant on GNNs for the graph geometry structure will

be introduced.
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Fig. 3.2 Translation-equivariant of CNNs [2], f is a segmentation network of cat andGT is
translation operator.

3.2.2 Translation-equivariant of CNNs

In order to show that CNNs are translation-equivariant, both visualization explanation and

explicit derivation are introduced. Fig. 3.2 shows an example of cat segmentation in CNNs.

In this case, the output results of two processes are the same, i.e. cat being shifted �rst

and then segmented has the same results as the cat being segmented and then shifted. This

process can be written:GT f (x) = f (GTx), which means that the cat segmentation network

is translation-equivariant. Although it is certainly easy to see through visualization, an

explicit derivation can be useful to understand that CNNs are equivariant to the translation

group. Therefore, we �rst recall the de�nition of convolution used in CNNs.

For each CNNs layerl , feature maps can be stackedI : Z2 �! RMl
and convolved

with a shared weightK l : Z2 �! RMl
:

(I � K l ) [i; j ] = å
a2Z

å
b2Z

Ml

å
c= 1

Ic [a;b]K l
c [i � a; j � b] (3.1)

wherei 2 Z and j 2 Z are the value of coordinate after convolution,a 2 Z andb 2 Z

are value of coordinate in a pixel,Ml is the number of input channels, and letMl = 1

for brevity, c is the channel number. Then, if CNNs are translation-equivariant, for any

translationgt = ( t1; t2) 2 GT , whereGT is the group of all translations ofZ2 , they should

satisfy the equation as follow:

((gt I ) � K) [i; j ] = ( gt(I � K))[ i; j ] (3.2)
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(a) Feature map (b) Pixel map (c) Original relationship

Fig. 3.3 An image data can be regarded as a combination of a feature map and a pixel map.
(a) is part of a feature map under a 3x3 convolution kernel, (b) is part of a pixel, and (c) is
the initial position relationship between the feature map and the pixel map.

where the left side indicates applying a translation transformation action on the feature

map, followed by convolution. The right side signi�es performing convolution �rst and

then applying a translation transformation action on its outcome. The same notation is also

mentioned in [102], in which a translation transformation action on the feature map (the

values of RGB or grayscale):gt I and action on the point (the value of a pixel position):

g� 1
t [a;b] are the same operations. In other words,gt I is to move the feature map and �x

the pixel map, butg� 1
t [a;b] is to move the pixel map and �x the feature map, whereg� 1

t

is the inverse ofgt . Visualization is used to illustrate thegt I = g� 1
t [a;b], from Fig. 3.3 to

Fig. 3.5. Fig. 3.3 shows the initial position relationship between the feature and pixel maps.

Fig. 3.4 shows the process of moving the feature map and �xing the pixel map. Fig. 3.5

shows the process of moving the feature map and �xing the pixel map. It can seen thatgt I

andg� 1
t [a;b] have the same results.

In addition,g� 1
t [a;b] means that a pixel[a;b] is shifted byg� 1

t = ( � t1; � t2) and can

be writteng� 1
t [a;b] = [ a� t1;b� t2]. (gt I ) can be expressed as the Eq.3.3:

(gt I )[a;b] = I(g� 1
t [a;b]) = I [a� t1;b� t2] (3.3)

For Eq.3.2, we use the substitutiona �! a+ t1 andb �! b+ t2, and it can be expressed

as Eq.3.4:
((gt I ) � K) [i; j ] = ( I [a� t1;b� t2] � K) [i; j ]

= å
a

å
b

I [a� t1;b� t2]K [i � a; j � b]

= å
a

å
b

I [a;b]K [i � t1 � a; j � t2 � b]

= å
a

å
b

I [a;b]K [(i � t1) � a; ( j � t2) � b]

= ( I � K) [i � t1; j � t2]

= ( gt(I � K))[ i; j ]

(3.4)
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(a) Moving feature map (b) Result

Fig. 3.4 This process is about moving the feature map and �xing the pixel map:(a) shows
the colour squares move to the position of (4,4) centre. (b) shows the result of movement
gt I .

(a) Moving pixel map (b) Result

Fig. 3.5 This process is about moving the pixel map and �xing the feature map: (a) shows
the white square of (4,4) pixel position move to the position of pink. (b) shows the result
of movementg� 1

t [a;b].



3.2 Group Equivariance Deep Learning 19

Therefore, CNNs are equivariant to the translation group so that they can learn the

same feature from different images. However, CNNs are not equivariant to the permutation

group since CNNs will fail to get the same feature when the order of the grid nodes, which

a 2D image can be as a grid, is changed. For depth estimation or point cloud, they are out

of order. So, we apply an additional graph neural network to learn the intrinsic features of

a point cloud.

3.2.3 Permutation-equivariant of GCN

In this section, the de�nition of the layer propagation rule on GCN [105] is recalled. We

use the graph convolution with the following layer propagation rule:

F(X;A) = s (D̃� 1
2 ÃD̃

1
2XW) (3.5)

whereX is the node features of input,̃A = A+ IN is the adjacency matrix with added

self-connections (IN is the identity matrix),D̃ = diag(å i6= j ãi j ) is the degree matrix,W is

a trainable weight matrix, ands (�) denotes an activation function. Therefore, applying a

permutation matrixP (P> P = P P > = I) to the node featuresX automatically implies

applying it to rows and columns of the adjacency matrixA, which can be written asPAP> .

TheF(X;A) is permutation-equivariant for any permutation matrixP if:

F(PX;PAP> ) = PF(X;A) (3.6)

According to Eq.3.5, and the left of Eq.3.6 can be written as :

F(PX;PAP> ) = s (PD̃� 1
2P> PÃP> PD̃

1
2P> PAW)

= s (PD̃� 1
2 ÃD̃

1
2AW)

(3.7)

Because the nonlinear activation function of a graph network is an element-wise operation,

which is permutation equivariant [106], the Eq.3.7 can be written as :

s (PD̃� 1
2 ÃD̃

1
2AW) = Ps (D̃� 1

2 ÃD̃
1
2AW)

= PF(X;A)
(3.8)

where the left of Eq.3.7 is equal to the right of Eq.3.7. Therefore, GCN is equivariant to

the permutation group.

3.2.4 Permutation-equivariant of GAT

Similar to GCN, the de�nition of the layer propagation rule on GAT [107], [45] is also

recalled. LetGa = ( N;E;A) be an undirected weighted graph with the nodesN and the

edgesE, represented by the adjacency matrixA= ( ai j ), whereai j = a ji ;ai j = 0 if (i; j) =2 E
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andai j > 0 if (i; j) =2 E. At the layerl , the graph convolution operation is de�ned as :

h(l )
v = s ( å

u2N(u)[ v

a (k)
vu W(l )h(l � 1)

u ) (3.9)

wheres (�) denotes an activation function,N(u) [ v denotes that add a self-loop for all

nodes, the attention weighta (k)
vu measures the importance between the nodev and its

neighbouru, and the de�nition ofa in [45] is used. For a node featurexv and the set of its

neighbourhoodSAv, we usef (xv;SAv) to de�ne a node operation function, wheref is same

to Eq.3.9 andhv only includes the feature of a node. Then, all nodes can be de�ned as:

F(X;A) = [ f (x1;SA1); f (x2;SA2); : : : ; f (xn;SAn)] (3.10)

whereF(X;A) means that the functionf applies independently to neighbourhood of every

node. Therefore, similar to Eq. 3.6 if :

F(PX;PAP> ) = PF(X;A) (3.11)

wherePX = [ xp(1);xp(2); : : : ;xp(n)], and we use the substitutionPAP> �! B, whereB

is adjacency matrix ofGb = ( N;E;B) (whereGa andGb are isomorphic). The left of

Eq.3.11:

F(PX;PAP> ) = F(PX;B)

=
�

f (xp(1);SB1); : : : ; f (xp(n);SBn)
� (3.12)

For the right of Eq.3.11:

PF(X;A) =
�

fp(1); fp(2); : : : ; fp(n)
�

(3.13)

where fp(n) = f (xp(n);SAp(n)
). SAp(n)

andSBp(n) have same elements for nodes featurexp(n) .

Since summation does not depend on the order of the set,fp(n) = f (xp(n);SBn) and the left

of Eq.3.11 is equal to the right of Eq.3.11. Therefore, GAT is equivariant to the permutation

group. Because the translation group is the subgroup of the permutation group and the

geometry properties of the point cloud are similar to the permutation group, graph-based

networks can learn more information than translation equivariant and �ne details for depth

images. Although GCN and GAT have the same symmetry group, GAT is suitable for

different rankings of neighbours and can assign different importance to nodes of the same

neighbourhood [45]. Then, the details of the implementation based onG-equivariance will

be introduced in Chapter 4.

3.3 Projective Geometry

The development of methods relies on the utilization of projective geometry, such as a

pinhole camera model. In particular, it can explain the reprojection error mentioned in
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Fig. 3.6 Pinhole camera model [3].

monocular depth estimation, the transformation between RGB-D images and point cloud

that are used to experiment in Chapter 7 and the registration of AR applications between

virtual objects and the real world.

The camera model can describe the projection of a real-world 3D scene onto an image

plane. The pinhole camera model is used in this research. This model is a simpli�ed

representation of a camera that assumes it to be a basic optical device without lenses,

where light enters through a pinhole and projects an image onto the camera's image plane.

Figure 3.6 illustrates the process of projection. This model is an idealized approximation

that overlooks distortions, leading to higher accuracy near the optical image centre and

reduced precision towards the edges. However, these limitations can be addressed through

suitable calibration methods [108], [109]. Therefore, this model is often used in computer

graphics and computer vision to simplify the mathematical description of camera projection

and scene rendering.

As shown in Figure 3.6, the distance between the camera centre and the image centre

is the focal lengthf of the camera. The symbolsfx and fy represent the scaling factors for

the focal lengths in the x and y directions, respectively. The image centre or principal point

(cx;cy) is the intersection of the optical axis and the image plane. The intrinsic camera

matrix can be written as follows:

K =

0

B
@

fx 0 cx

0 fy cy

0 0 1

1

C
A (3.14)
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The projection operator is that projects a 3D pointP = ( X;Y;Z)> onto a pixel(u;v) in the

image plane as follow:

0

B
@

u

v

1

1

C
A = K(I3� 3 03� 1)

0

B
B
B
@

X

Y

Z

1

1

C
C
C
A

(3.15)

whereI3� 3 is identity matrix and assumes the camera is static.

For the monocular depth estimation introduced in Chapter 4, the Eq. 3.15 need to add a

rotationR and a translationt due to the camera moved, as follow:

0

B
@

u

v

1

1

C
A = K(R t)

0

B
B
B
@

X

Y

Z

1

1

C
C
C
A

(3.16)

whereR andt can be obtained by an unsupervised network, and according to the depth map,

the pixel coordinates can be calculated. The reprojection means that different viewpoints

for the same static object have the same 3D point values. Therefore, the depth created by

a network can get the pixel coordinates, which can be used to compare with the original

input images.

For the RGB-D images used in Chapter 7, this type of data is usually captured by RGB-

D camera, such as Kinect [25] or RealSense [110]. They can acquire a 2D depth image,

which stores the distance to the surfaces observed from the camera centre. Therefore, the

point cloud can be computed by Eq. 3.15 as follows:

X = (u� cx)�Z
fx

Y = (u� cy)�Z
fy

Z = D

(3.17)

whereD is the depth value from a depth image.

For the registration between virtual objects and the real world, Eq. 3.16 can be di-

rectly used, where(u;v) is the video screen coordinates, andP = ( X;Y;Z)> is the virtual

object 3D information. In addition, theR andt can be obtained based on Perspective-n-

Point [111].

3.4 Summary

In this chapter, the concepts of Euclidean and Non-Euclidean Features are proposed for

learning image geometry features according to different networks. Speci�cally, CNNs

are shown to excel in learning 2D grid Euclidean features, while GNNs are adept at

learning graph non-Euclidean features The concept of group equivariance deep learning

is used to provide visualization and mathematical proofs about translation-equivariant
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in CNNs and permutation-equivariant in GCN. will present a novel network grounded

in the principles of group equivariance. In addition, we leverage projective geometry

to explain the relationship between images and 3D points, setting the groundwork for

subsequent chapters. This framework will be applied in Chapter 4 for self-supervised

training, Chapter 7 for generating point clouds from depth images and RGB images, and

Chapter 8 for coordinate transformations.



Chapter 4

Group Equivariance Deep Learning

Framework

4.1 Introduction

In this chapter, a group equivariance deep learning framework is proposed for monocular

depth estimation. Previous unsupervised monocular depth estimation methods mentioned

in Chapter 2 rely on convolutional neural networks (CNNs) as the main learning framework.

CNNs can learn hierarchical features from raw image data for depth estimation. CNNs

are designed to process data on regular grids and capture spatial correlations and patterns

in Euclidean space, as shown in Fig. 4.1a. However, most data is usually not ordered or

regular, such as point clouds, which need to extend deep neural networks to non-Euclidean

domains [67], where the geometry structure of the graph is similar to that of the data, such

as the point clouds, with out-of-order and irregular shapes. There are some works based

on graph neural networks (GNNs), as shown in Fig. 4.1b, which handle points cloud tasks,

such as segmentation and classi�cation [112], [113]. For self-supervised monocular depth

estimation, there are relatively few works based on GNNs. Fuet al. [114] use two steps to

reconstruct depth maps, which will lead to an increase in the complexity of the proposed

model. Masoumianet al. [6] embedded the graph convolution network into a decoder to

improve the accuracy of depth maps. However, they did not explain the reasons why their

models are effective in terms of mathematical principles. [6] method utilized a random

graph structure to learn features, which increased the training time and the loss of the

local/neighbouring feature information of the image.

The main contribution of this novel deep-learning architecture is that a new coarse-to-

�ne encoder framework is proposed for depth estimation, which utilizes a GAT [45] to

learn non-Euclidean features and re�ne the depth geometry features. Moreover, the graph

structure based on four-connectivity can keep the original neighbour point information and

the mathematical foundations described in Chapter 3 are used to support the validity of the

coarse-to-�ne encoder model.
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(a) CNN on a grid data (b) GNN on a graph data

Fig. 4.1 Comparison of CNN and GNN on Euclidean and non-Euclidean domains, respec-
tively. (a) CNN: The region of dashed is ordered and has a �xed size. (b) GNN: The region
of dashed is out-of-order and irregular.

4.2 Group Equivariance Deep Learning

This section describes a novel self-supervised depth estimation framework based on

the permutation-equivariant and translation-equivariant as described in Chapter 3. The

proposed framework consists of three main components: a coarse-to-�ne encoder, a discrete

volume decoder, and a pose estimation network. To estimate the depth from monocular

images, the CNN network based on U-Net [115] is used to learn coarse depth features,

while the graph attention network is used to learn �ne depth features. The decision-making

process for depth estimation is further re�ned using a discrete volume decoder [5]. An

essential part of the proposed framework is the pose estimation network, which calculates

the relative transformation matrix by comparing the differences of neighbouring images.

The entire framework of the proposed model is illustrated in Fig. 4.2, and the endoscopy

use case is used as an example.

4.2.1 Coarse-to-Fine Encoder

For the coarse part of the encoder, the input is an image, which can be regarded as the

grid and regular geometry data. CNNs can explore the global structure of image data by

convolution weight sharing, which is owed to data distribution with approximately invariant

to translations. Therefore, in our model, CNNs are suitable for extracting global coarse

depth information from an input image. The coarse encoder includes �ve layers. The

�rst layer is a fast convolutional layer, which includes three Conv3� 3s (3� 3 convolution,

batch normalization, and ReLU activate function) and a max-pooling operation. The last

four layers are ResNet-101 [97]. The network details are shown in Table 4.1.

For the �ne part of the encoder, as mentioned in group equivariance in Chapter 3,

the graph attention network can explore feature details based on permutation equivariant.
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Table 4.1 The network architecture of the Coarse encoder: K is the number of block
repetitions, S is the stride, Chn is the number of output channels, input corresponds to the
input channel of each layer, and "-" is without activation function

.

Layer K S Ch Input Activation
Conv1 3� 3 L0 1 1 64 image(320� 192� 3) ReLU
Conv2 3� 3 L0 1 1 64 Conv1(320� 192� 64) ReLU
Conv3 3� 3 L0 1 1 128 Conv2(160� 96� 64) ReLU
Maxpooling L0 1 2 128 Conv3(160� 96� 128) ReLU
ResNet-101 L1 3 1 256 Maxpooling(160� 96� 128) —
ResNet-101 L2 4 2 512 L1(80� 48� 256) ReLU
ResNet-101 L3 23 1 1024 L2(40� 24� 512) ReLU
ResNet-101 L4 3 1 2048 L3(40� 24� 1024) ReLU

Therefore, the �ne encoder usually includes two main parts: generating graphs and

generating graph neural networks. In the former, pixel connectivity is used to generate the

adjacency matrix and the features generated by the coarse part as node features. Compared

with the random adjacency matrix [6], the adjacency matrix based on pixel connectivity

can retain image position information. This is because there is a high correlation and

continuity between the depth of a pixel and its neighbours. Algorithm 1 shows details

about how to generate the adjacency matrix, and a four connectivity is used for our graph

network. For the latter, the proposed model is based on the graph attention network [45]

that is suitable for different rankings of neighbours and can assign different importance

to nodes of the same neighbourhood. Therefore, the graph attention at thel layer can be

de�ned as follows:

Algorithm 1: four_connectivity(rows, cols)
Data: rows, cols
Result: AdjacencyMatrix

num_nodes rows� cols;
Ad jacencyMatrix zeros(num_nodes;num_nodes);
for i  0 to rows� 1 do

for j  0 to cols� 1 do
nodeIdx i � cols+ j;
if j + 1 < colsthen

rightIdx  nodeIdx+ 1;
Ad jacencyMatrix[nodeIdx][rightIdx]  1;
Ad jacencyMatrix[rightIdx][nodeIdx]  1;

if i + 1 < rowsthen
bottomIdx nodeIdx+ cols;
Ad jacencyMatrix[nodeIdx][bottomIdx]  1;
Ad jacencyMatrix[bottomIdx][nodeIdx]  1;

Ad jacencyMatrix add_sel f loop(Ad jacencyMatrix);
return AdjacencyMatrix;
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Table 4.2 The network architecture of �ne encoder part. K is the number of block repe-
titions, S is the stride, H is the number of heads, Chn is the number of output channels,
input corresponds to the input channel of each layer, and "-" is without activation function

.

Layer K S H Ch Input Activation
Conv1 1� 1 1 1 - 128 L4(40� 24� 1024) –
GAT1 - - 3 64 Conv1(40� 24� 128) ReLU
GAT2 - - 3 32 GAT1(40� 24� 64) ReLU
GAT3 - - 1 32 GAT2(40� 24� 32) ReLU
Conv2 1� 1 1 1 - 128 GAT3(40� 24� 32) –

h(l )
v = s (

1
K

K

å
K= 1

å
u2N(u)[ v

a (k)
vu W(l )h(l � 1)

u ) (4.1)

wherehu;2 RFin andhv;2 RFout are the input and output node features(F is the number of

nodes features).W 2 RKFout is the weight matrix. K is the number of heads (K = 3 for all

layers). The equation in Eq. 4.1 remains permutation-equivariant because the additional

operation is a summation.s (�) denotes the non-linear activation function, which in this

case is the ReLU. At last,avu is an attention score de�ned as:

avu = so f tmaxj (e(hv;hu)) =
exp(e(hv;hu))

å u02N(u0)[ vexp(e(hv;hu0))
(4.2)

wheree(hv;hu) is an edge scoring function. These scores are normalized across all

neighbours by the softmax function, and the edge scoring function is de�ned as:

e(hv;hu) = a> LeakyReLU(W � [hv k hu]) (4.3)

wherea andW are the weight matrix, andk is vector concatenation.

Note thatFin is latent features extracted from the coarse part in the �rst layer. The

parameters of each layer used in our �ne encoder part are described in Table 4.2. It includes

two 1� 1 convolution layers, two graph hidden layers and an output graph projection layer.

4.2.2 Depth Decoder and Pose Estimation

In the depth decoder, a discrete disparity volume is used to help extract depth information,

which can improve depth estimation robustness and sharpness [60]. Speci�cally, the

discrete disparity volume atr resolution can be written as follows:

d(Dr ) =
Chn� 1

å
c= 1

so f tmax(Dr ) � tensor(a +
(b � a ) � c

Chn� 1
) (4.4)

whereDr is disparity values at different resolutions,Chnis the number of channels, and

the functiontensor(�) generates a tensor with the same value at all positions.a is 0.01,

andb is 1 in our experiment. At the start of the process, ther is 40� 24, and theChn



4.3 Self-supervised Monocular Depth Training 29

Table 4.3 The network architecture of �ne encoder part. K is the number of block repeti-
tions, S is the stride, Chn is the number of output channels, and input corresponds to the
input channel of each layer, Upconv consists of a 3� 3 convolution and a nearest-neighbour
upsampling that factor is 2, Outconv consists of Batch normalization and a 3� 3 convolu-
tion, Disp is the disparity of output that is obtained by Eq. 4.4, and "-" is without activation
function

.

Layer K S Ch Input Activation
Disp4 1 1 1 GAT3(40� 24� 128) Softmax

Upconv1 3� 3 1 1 64 GAT3(40� 24� 128) ELU
Conv1 3� 3 1 1 64 Upconv1(80� 48� 64),ResNet-101 L1 ELU

Outconv1 3� 3 1 1 128 Conv1(80� 48� 64) –
Disp3 1 - 1 Outconv1(80� 48� 128) Softmax

Upconv2 3� 3 1 1 64 Conv1(80� 48� 64) ELU
Conv2 3� 3 1 1 64 Upconv2(160� 96� 64),Conv3 L0 ELU

Outconv2 3� 3 1 1 128 Conv2(160� 96� 64) –
Disp2 1 1 1 Outconv2(160� 96� 128) Softmax

Upconv3 3� 3 1 1 32 Conv2(160� 96� 64) ELU
Conv3 3� 3 1 1 32 Upconv3(320� 192� 32) ELU

Outconv3 3� 3 1 1 128 Conv3(320� 192� 32) –
Disp1 1 1 1 Outconv3(320� 192� 128) Softmax

is 128. Similar to [5], [4], the40� 24 resolution is up-sampled to multi-resolutions by

the nearest neighbour method, and the decoder network details are shown in Table 4.3.

The computational process, based on group equivariance, is achieved by generating a

topological depth graph at multiple scales, allowing the network to capture both local and

global features of the scene.

The pose estimation network is an essential component of our model, as it provides

accurate estimates of the relative transformation between two images recorded at different

time steps as follows:

Tt! s = F p(It ; Is) (4.5)

whereF p is pose network that receives a pair of images,It andIs, the output ofF p is a

rigid transformation matrixTt! s, which include a rotation matrix and translation vector.

In our model, the standard ResNet-18 blocks [97] are used to pose encoder, and the pose

decoder is the same to [4].

4.3 Self-supervised Monocular Depth Training

The adoption of a self-supervised depth estimation approach in Minimally Invasive

Surgery(MIS) and Unmanned Aerial Vehicle(UAV) videos is driven by its ability to

capitalize on large amounts of unlabeled data, enabling the model to autonomously learn

depth information without the need for explicit depth annotations. This approach proves

particularly advantageous in the medical domain, where obtaining precisely labelled depth

data for training can be challenging due to the intricate nature of surgical procedures and
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the associated ethical considerations. In addition, obtaining accurate depth ground truth

data for UAVs can be challenging due to limited sensors and payload constraints. How-

ever, practical applications need other sensor data to �ne-tune their predictions accurately,

particularly for MIS.

Self-supervised monocular depth estimation that uses a single colour inputIt and

relative transformation matrixTt! s to reconstruct a depth mapDt . This transformation

can be described in Eq. 3.16 in Chapter 3. A per-pixel correspondence can be established

between any pointpt in the target imageIt and a corresponding pointps in the source

imageIs by

ps � KTt! sd(Dt(pt))K� 1pt (4.6)

whereK denotes the camera intrinsic matrix. Then, theÎt can be reconstructed fromIs
through the differentiable bi-linear sampling operationÎt = s(Is; ps) [116]. Similarly to [4],

L1-norm and SSIM [117] are applied as photo-metric error de�ned:

pe(It ; Ît) =
a
2

(1� SSIM(It ; Ît)) + ( 1� a )



 It � Ît






1 (4.7)

wherea is set to 0.85 in all experiments. The SSIM term is not particularly sensitive

to uniform biases [118], which can lead to changes in brightness or shifts of colours.

The L1-norm term can preserve colours and luminance. This error is weighted equally

regardless of the local structure and does not produce quite the same contrast as SSIM. In

this research, we combine both error functions to capture the best characteristics.

To address the depth of ambiguity, an edge-aware smoothness term [68] is used to

enforce smoothness in depths,

Ls = j¶xDt j e� j¶xIt j +
�
�¶yDt

�
� e� j¶yIt j (4.8)

where¶x and¶y are image gradients along horizontal and vertical axes. In self-supervised

monocular depth estimation, assumptions of a moving camera and a static scene are unmet,

where the camera motion may be small, and the scene may be dynamically changing

in real-time. This can result in the prediction of inaccurate depth maps. Therefore, the

auto-masking of stationary points [4] is utilized, which masks out areas of the image where

the camera motion is small, and the scene is relatively static. As a result, this method can

prevent the model from being in�uenced by these static areas without camera motions and

improve the accuracy of the predicted depth maps. This mask can be de�ned as:

m=
h
min

s
(pe(It ; Ît)) < min

s
(pe(It ; Is))

i
(4.9)

where[�] is the Iverson bracket. The photo-metric error combined with auto-masking can

be rewritten as

Lpe =
1

NR
å
r2R

min
s

(mr � pe(I r
t ; Î r

t )) (4.10)
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whereNR is the number of multi-resolutions, and its value is 4 in our experiment, such

asR= [( 320;192); (160;96); (80;48); (40;24)]. In summary, the �nal lossL is combined

with photo-metric error in Eq. 4.10 and an edge-aware smoothness loss in Eq. 4.8:

L = Lpe+ l Ls (4.11)

wherel is the weight parameter, and its value is 0.0015 similar to [4], we empirically

found that this weighting parameter offers a desired balance between sharpness and overall

structure correctness of the depth prediction.

4.4 Discussion

The proposed novel deep-learning architecture based on group equivariance proposed in

this chapter is that the graph structure based on the four-connectivity of pixels in images

can keep the original neighbour point information. Compared with the random adjacency

matrix [6], the adjacency matrix based on pixel connectivity can retain image position

information. Since every graph has the same structure and one-step network, the proposed

can reduce the training time compared with other GNN-based methods [6] [114]. In

addition, the mathematical background of group equivariance deep learning in Chapter 3

is introduced to support the proposed novel self-supervised depth estimation framework,

which can learn intrinsic features of point clouds. Thus, the proposed group equivariance

graph network can improve the depth details recovered from monocular images and

videos [4] [5], such as endoscopy videos [72] and videos captured by UAVs [8].

4.5 Summary

This chapter presents a novel self-supervised monocular depth estimation framework based

on group equivariance deep learning described in Chapter 3. The coarse-to-�ne encoder

architecture can learn non-Euclidean information and re�ne the depth geometry feature. In

addition, the graph structure based on four-connectivity can keep the original neighbour

point information. In the following chapters, two use cases will be used to demonstrate the

proposed depth estimation framework.



Chapter 5

Topology-aware Depth Estimation from

Endoscopy Videos

5.1 Motivation

This chapter presents a case study of topology-aware depth estimation from endoscopy

videos. Based on the proposed novel self-supervised depth estimation framework, this

case study aims to demonstrate the effectiveness of the proposed method and the group

equivariance designed to learn non-Euclidean information and intrinsic features of point

clouds.DaVinci dataset, which includes many instruments and complex depth, is used

for qualitative evaluation on point clouds. Furthermore, several public endoscopy datasets

are used to compare with other state-of-art methods, including SCARED, SERV-CT and

Hamlyn heart datasets.

Depth estimation from monocular endoscopy plays a crucial role in the context of

Minimally Invasive Surgery (MIS), enabling 3D reconstruction, surgical navigation, and

AR patient-speci�c data visualization. However, there remain some challenges. The

complex nature of the MIS surgical environment, coupled with the featureless surface

representations, makes it challenging to estimate depth accurately, particularly for the task

of localization of instruments, which is crucial for surgical navigation. Furthermore, the

ground truth is dif�cult to obtain for supervised deep learning methods.

5.2 Introduction

Depth estimation is a common task of robotic vision and visual computing, involving the

prediction of the depth or distance of objects in a scene from a 2D image or a video. This

can be done either using a single image (monocular depth estimation) or multiple images

(stereo or multi-view depth estimation). The output of depth estimation can be used for a

variety of applications, including 3D reconstruction, object detection, scene understanding,

and AR [119]. Depth estimation also �nds its use in medical imaging and surgery, such as

robotic surgery. In surgical settings, depth estimation can assist navigation and improve
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the understanding of surface anatomy, particularly in MIS, where 2D endoscope images

may compromise depth perception [120].

Various methods have been proposed for reconstructing 3D structures or estimating

depth from endoscopic images [121], [122], [123]. Shape from Shading (SfS) [124] is one

such method that estimates 3D surface geometries from observed image shading patterns

caused by surface normals. Feature-point matching techniques, such as structure from

motion (SfM) and visual odometry (VO), have also been applied to endoscopic images

for depth estimation [125], [126]. However, these approaches may not perform well in

estimating depths from real endoscopic images. The reason is that endoscopic images can

capture a wide range of organ surface textures, and organs depicted in these images often

exhibit non-rigid deformations. As a result, the accuracy of feature point matching in the

images may decrease, failing in estimating depths.

In recent years, deep learning methods have emerged as a promising approach for

predicting depth maps from monocular videos. These methods can be broadly classi-

�ed into two categories: supervised learning [35], [36], [127], and unsupervised learn-

ing [72], [4], [71]. The former requires ground-truth depth maps to be available during the

model training process. It is often dif�cult to collect a large-scale and accurate ground-truth

depth of endoscopic scenes due to several challenges, such as sensor noise, limited �eld

of view, and varying lighting conditions [72]. This chapter proposes an unsupervised

framework without relying on real-depth maps as the ground truth for model training and

learning. The proposed self-supervised deep-learning architecture based on GNN in Chap-

ter 4, for the �rst time, is applied to estimate the depth of endoscopy videos. In this chapter,

three public datasets are evaluated to demonstrate the ability of the proposed framework to

obtain �ne details in endoscopy depth estimation, including surgical instruments, which are

also measured with greater accuracy compared to �ve state-of-the-art methods. In addition,

to improve the performance of the proposed framework in low-illumination endoscopy

videos, a new loss function based on the CLAHE algorithm is introduced.

5.3 Evaluation on Endoscopy Video

Several experiments are conducted to evaluate the different aspects of the proposed ap-

proach. In particular, the proposed method is evaluated onDaVinci datasets [128] and

three public datasets, SCARED [129], SERV-CT [130] and Hamlyn1. The ground truth

from SCARED datasets is used for quantitative and qualitative analysis. Ablation studies

based on SCARED datasets are discussed to give a more detailed analysis of the proposed

method.

5.3.1 Experiment Setup

The proposed depth estimation network is based on the public deep-learning platform

PyTorch framework [131]. All methods are trained on a single NVIDIA GeForce RTX

1http://hamlyn.doc.ic.ac.uk/vision/
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2080 GPU for a batch size of 5 and 20 epochs. The Adam [132] is used to optimize both

the pose and depth net, and the learning rate is1e� 4 at the beginning. This rate will be

dropped to1e� 5 after 15 epochs. The pre-trained ResNet-18 is used for the PoseNet, but

the coarse encoder (CNN) part is trained without a pre-trained model, which can achieve

more accurate results for endoscopy images. Since the raw resolution ofDaVinci datasets

is 384� 192, the resolution of images is set to 320� 192 for all datasets.

5.3.2 DaVinci Datasets Results

TheDaVincidatasets contain recordings of minimally invasive surgeries, which include

detailed information on surgical tools. TheDaVinci datasets were released by the Imperial

College of London into the public domain and are freely available for research communities.

There are no ethical concerns for this PhD work to use these datasets. These datasets are

well-suited for evaluating the proposed method, as they provide a realistic and challenging

environment for testing the performance of the proposed approach. Additionally, the

accurate localization of surgical instruments is useful for various applications, such as

augmented reality (AR) in surgical navigation systems. In this experiment, the left images

were used as the training data,70%� 15%� 15%, consisting of 34240 images for training,

7191 images for validation, and 7191 for testing. The depth estimation performance of

the proposed framework is evaluated against �ve state-of-the-art self-supervised methods,

including AF-SfM [72], GCNDepth [6], Monodepth2 [4], Johnstonet al.(2020) [5] and

Endo-SfM [71]. Since an endoscope (the camera) is usually close to an organ and neigh-

bouring objects have a similar depth or small depth difference, the point cloud is used

to show results. Moreover, the point cloud results are highly versatile and can be easily

applied in various applications.

As an illustration, Fig. 5.1 demonstrates the aforementioned results, indicating that

our model performs better on surgery instruments and exhibits a more regular distribution.

The results obtained by AF-SfM, GCNDepth, Monodepth2, and Endo-SfM suggest that

surgical instruments tend to have a planar shape with similar depth values as the background.

Meanwhile, when applying the method proposed by Johnstonet al. [5]to the DaVinci

dataset, the resulting depth values on the surgical instruments are non-planar, and the

orientation of the depth values is incorrect. However, our method can correctly recognise

the depth of surgical instruments, and the distribution of the top-point cloud closely

resembles the actual depth. Fig. 5.3 shows more examples of various methods, and our

method can handle the details of the surgical instruments.

5.3.3 Quantitative Evaluation

Since theDaVinci dataset is a real surgery video without ground truth, the SCARED,

SERV-CT and heart of Hamlyn datasets are used to evaluate the proposed framework.

The SCARED dataset contains nine stereo videos, and the ground truth was captured

using a structured light camera. The 22,922 left images are collected from the �rst

seven videos with ground truth data. These images are divided into 16,046 for training,
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(a) Image (b) Our (c) Johnstonet al.(2020)

(d) GCNDepth (e) Monodepth2 (f) AF-SfM (g) Endo-SfM

Fig. 5.1 Comparison of point cloud results onDaVincidataset. The proposed framework
perform better on surgical instruments, and the resulting distribution is more regular.

6,062 for validation, and 814 for testing purposes, where70%, 25%and5%are used for

training, validation and testing, respectively. The model trained on the SCARED dataset

is utilized for the Hamlyn and SERV-CT datasets due to their analogous data distribution

and characteristics. This means that the common feature representations learned by the

network, like organ surface. Another reason is the similar environmental context under

human organs.

Regarding the quantitative evaluation, standard depth evaluation metrics are used, such

as Absolute and Relative Error (Abs Rel), Squared Relative Error (Sq Rel), Root Mean

Squared Error (RMSE), and Root Mean Squared Log Error (RMSE log). Additionally,

d < 1:25 is used to determine the accuracy of the estimated depth using a threshold

proposed in [133] and the details shown in Eq. 5.1. The predicted depth is multiplied

with median scaling (̂s = median(Dgt)=median(Dpred)) before the evaluation, which is

introduced in [37].
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ImageAF-SfMGCNDepthMonodepth2
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