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Abstract 
 

Cardiovascular disease is the leading cause of mortality worldwide, and its treatment is crucial both medically 

and financially. The mechanical characteristics of the myocardium, known to be nonlinear, anisotropic, and 

viscoelastic, plays an essential role in the response of the heart to loading and unloading in each cardiac cycle. In 

this study, a multiphysics framework was used to simulate the electromechanical behavior of the human left 

ventricle by using transversely isotropic hyperelastic and Kelvin-Voigt viscoelastic models and investigate their 

effect on the cardiac cycle. The fiber orientation of the heart was defined using a rule-based technique, and a three-

element Windkessel model was utilized to simulate ventricular pressure in COMSOL Multiphysics. It was 

observed that incorporation of myocardial viscoelasticity reduces blood flow and ventricular pressure, reduces 

myocardial torsion and significantly reduces apex to base shortening. Stresses produced in the hyperelastic and 

viscoelastic myocardial models were similar, however the strains were slightly reduced and delayed in the 

viscoelastic case.  Both hyperelastic and viscoelastic models  were able to successfully simulate ventricular 

activation, myocardial torsion, shortening of the apex to base distance, ventricular pressure, and characteristics of 

the pressure-volume loop. In future the model can be expanded to simulate various heart diseases. 

 

Keywords: Cardiac electromechanics, Viscoelastic, Hyperelastic, Pressure-Volume loops, Computational 

modeling, Finite element method. 
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1. Introduction 

 Cardiovascular disease causes the highest death rate in advanced industrialized countries, and its 

prevention and treatment is of the greatest medical and economic importance. Computational modeling is a new 

strategy that can help clinicians in the prevention and treatment of diseases [1]. The human heart is made up of 

several distinct physical functions operating at various scales, namely at the cell, tissue, and whole-organ levels. 

These functionalities all work together to keep the heart beating continuously. Physical functionalities of the heart 

include its mechanical, electrical, and fluid dynamics aspects, in which the behavior of each depends on the 

performance of other parts. Myocardial mechanics includes a passive component due to the presence of collagen 

and elastin, as well as an active component due to contraction of the cardiomyocytes. To model the passive 

mechanics, transversely isotropic or orthotropic hyperelastic constitutive equations are typically used, with 

parameters of these fitted to experimental data obtained from shear or biaxial loading [2]. In transversely isotropic 

models, the stiffness in the direction of the fibers is considered to be dominant. 

 Some passive mechanical models have added viscoelastic characteristics to the constitutive equations. 

Myocardial viscoelasticity arises from the presence of collagen and extracellular fluid, the latter causing damping 

of movement [3]. Biaxial tensile and triaxial shear tests on the human left ventricle indicate that the myocardium 

is viscoelastic [4]. Cansız et al. [3] coupled the orthotropic hyperelastic model of Holzapfel and Ogden [2] (H-O) 

with a parallel Maxwell element to simulate the viscoelastic behavior of the heart. The results of their model 

showing that the strains are significantly affected and damped. Their model however was not well-validated due 

to the lack of suitable experimental data. Another orthotropic viscoelastic model was introduced by Gültekin et 

al. [5] in which they used the same orthotropic hyperelastic model as Cansız et al., coupling it with a generalized 

one-dimensional parallel Maxwell model to model the viscoelastic behavior. Their model was compared with the 

biaxial and triaxial myocardial test data of Sommer et al. [4], showing good agreement with the experimental 

history-dependent (i.e. viscoelastic) tissue behavior. 

 Following these models, a new isotropic viscoelastic model for heart tissue was presented by Karlsen [6] 

in their coupled electromechanical model, in which the transversely isotropic model of H-O [2] was used to 

describe the hyperelastic aspect, and a Kelvin-Voigt model used to define the viscoelastic behavior. Their results 

showed that if the heart is considered completely hyperelastic, it causes oscillations in the cardiac displacements 

and pressure-volume loop, whereas the viscoelastic model damps these oscillations, and increasing model 

stability. Several other studies have modeled the electromechanical behavior of the myocardium with various 

degrees of complexity [7, 8]. Most have utilized hyperelastic formulations of the passive mechanics of the tissue 

[7]. Sainte-Marie et al. [9] was one of the first studies to introduce viscoelasticity in a biventricular 

electromechanical model of the heart, using strain energy functions for the isotropic hyperelastic behavior and for 

the viscoelastic property. Propp et al. [10] implemented the earlier viscoelastic model of Karlsen [6] in a realistic 

geometry left ventricular electromechanical model. Their results had some similarities with the results of Gültekin 

et al. [5], mimicking the damped behavior of heart movements during simulated contraction and relaxation. 

 It is worth noting that heart tissue and many other biological tissues have mainly been modeled as 

hyperelastic, with some recent viscoelastic models using a fractional viscoelastic formulation to express the 

viscoelastic behavior of biological tissues [11]. Early models of fractional viscoelasticity were highly complex 

from a computational point of view, and therefore Zhang et al. [12] presented a new computational approach that 
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was stable and capable of applying fractional viscoelastic models in a biomechanical framework. Subsequently, 

they presented a nonlinear, anisotropic fractional viscoelastic myocardial model using their novel computational 

approach [13]. Their model was one of the first that could significantly predict biomechanical responses of the 

myocardium in accordance with experimental tests, showing a substantial difference from the orthotropic 

hyperelastic formulation. To demonstrate the ability of the viscoelastic model they presented, Zhang et al. [14] 

implemented a finite element model of an idealized left ventricular geometry, and taking into account the closed-

loop blood circulation. Their results showed that the viscoelastic model significantly dampened the oscillations 

compared to the hyperelastic version, with the most important effect of viscoelasticity being the reduction in stroke 

volume. Recently, in a multiscale and multiphysics model of the heart, viscoelasticity was implemented using an 

isotropic viscous term in a Maxwell-type generalized model without considering variation in viscosity in the 

direction of fibers and sheets [8]. Results showed that for simulations in which only one cardiac cycle was 

modeled, the use of a hyperelastic model is appropriate, but when simulating several cardiac cycles, it is preferable 

to include viscoelastic behavior because it affects the pressure-volume loop characteristics over several cardiac 

cycles. The noteworthy point is that by considering viscoelastic behavior, the stress response during loading and 

unloading will be different due to the presence of hysteresis in the myocardium; therefore, in the diastolic phase 

of the cardiac cycle where the passive mechanics dominates, it is expected that the viscoelastic model will show 

different behavior compared to the hyperelastic model [15]. 

 Electromechanical and fluid-structure interaction models of the heart are usually coupled with lumped 

models to simulate the cardiac cycle along with its pressure-volume loop [15]. In models where blood is not 

included as a fluid, the pressure is uniformly applied to the endocardial surface of the ventricles as a boundary 

condition for the solid mechanics [16, 17]. In models where the blood is considered as a fluid and the Navier-

Stokes equations are used, the lumped circuit is used as the boundary condition for pressure or blood flow rate, 

and the applied pressure to the endocardium will not be spatially uniform [18, 19]. Commonly, in 

electromechanical models, the fluid part is not included, and its effect is applied as a spatially uniform pressure 

on the endocardial surface of the ventricle. We will continue to examine the approaches used to model the 

intraventricular pressure in these models. In the model of Sainte-Marie et al. [9], in order to determine the pressure 

in the ventricles, the blood flow was calculated according to ventricular pressure, and this calculated flow was 

then used to determine the pressure in the next step. They used two three-element Windkessel equations to model 

the aortic and pulmonary pressures in the ejection phase. In the isovolumetric phases, they used a constraint 

equation to keep the volume of the ventricle constant. In Berberoğlu et al. [20], the Sainte-Marie et al. [9] approach 

was reversed, such that the blood flow was determined from the volume changes, and applied pressure to the 

endocardium was then determined. To determine the pressure in the ejection phase, they used a three-element 

Windkessel model to evaluate the pressure in the left ventricle, and applied one-fifth of this pressure to the 

endocardium of the right ventricle. Importantly, their adjustments enhanced the model’s nonlinearity, and the 

model’s stability was significantly influenced by the parameter values chosen. 

 Cansız et al. [21] and Lee et al. [22] presented a new model for modeling ventricular pressure in which 

a parameter was defined whose value was different in the isovolumetric and filling phases, affecting the pressure 

evolution. They simulated the pressure in the ejection phase through a three-element Windkessel model, and 

implemented the model in an idealized biventricular geometry, applying the pressure such that the right ventricular 

pressure was one-fifth of the pressure determined by the equations for the left ventricle. Although their approach 
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for ventricular pressure modeling was computationally robust, some of the essential variables required in their 

model are difficult to define, particularly using finite element software. Some variables, for example, must be 

determined at the end of each phase, defining the value to be used in the next phase. An example of such a variable 

is the chamber volume: if the simulation is in the isovolumetric relaxation phase, the value of this variable should 

equal its value at the end of the ejection phase. In the idealized left ventricular electromechanical model proposed 

by Levrero-Florencio et al. [23], the earlier model of Fritz et al. [24] with some modifications was used for 

determining the ventricular pressure. Since they considered the initial volume to be at the end-diastolic phase, 

they used an ordinary differential equation with a no volume change constraint, increasing the pressure linearly. 

The ejection phase was simulated with a three-element Windkessel model, and the filling phase was simulated 

through a decay equation that was dependent on blood flow. 

 Stella et al. [25] applied a spatially uniform ventricular pressure to the endocardium as a boundary 

condition, constraining the ventricular volume in the isovolumetric phases. In the ejection phase, they used a two-

element Windkessel model, and in the filling phase, a linear pressure was applied to the endocardium so that the 

ventricular pressure reached the predetermined end-diastolic pressure. Their model did not depend on blood flows 

in the isovolumetric and filling phases and was implemented using simple constraints to readily simulate the 

cardiac cycle. Colorado-Cervantes et al. [26] investigated myocardial strain patterns and its dependence on 

myocardial fiber orientation using passive and active heart mechanics. To model the pressure-volume loop, they 

first changed the initial volume of the left ventricle to the end-diastolic volume by applying a linear pressure. In 

their approach, ventricular pressure and volume were dependent on active fiber stretch, and using constraints, 

fiber stretch was changed in each phase to reach the desired volume. It should be noted that the electrical behavior 

of the heart and blood flows were not included in their model, and their approach for pressure modeling was 

implemented using only fiber active stretch. Since the active fiber stretch evolution depend on the myocardial 

electric activation, the presented approach was not physiologically realistic [20, 27]. 

 In the computational ventricular model presented in this study, two simulations have been conducted; 

the first considers tissue mechanics to be transversely isotropic hyperelastic, while the second considers the 

rheological model of Kelvin-Voigt. Many previous models of cardiac have done a tremendous work in simulating 

the behavior of heart [8, 9, 17, 20-22, 25, 26]. Even though these models are very biophysically detailed, they are 

grounded on several parameters, often difficult to tune. In this study we have utilized a simple electromechanical 

model to investigate myocardial behavior under hyperelastic and viscoelastic scenarios during cardiac cycle. To 

ensure the correctness of the simulations, implementation of the model have been compared and verified against 

previous studies. 

2. Methods 

 This part presents details of the gross anatomy and fiber orientation of the heart, the modeling method, 

and assumptions. The idealized geometry of the left ventricle and fiber orientation are introduced, followed by 

the fundamental equations of passive and active mechanics, blood flow, and electromechanical formulations. 

Finally, verification of the model is provided. 
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2.1.  Gross geometry and fiber orientation of the heart 

 An idealized left ventricular geometry of the heart was utilized, with geometry and dimensions illustrated 

in Fig. 1. The left ventricle was built from two semi-ellipsoids using COMSOL Multiphysics software [28]. 

  
Fig. 1 Dimensions of the idealized left ventricular geometry 

 
 

 Due to the lack of accurate information on the orientation of the heart’s fiber orientation at the apical 

region and to prevent singularities, a cylinder of diameter 1 cm was placed in the apex to define a structurally-

isotropic zone [29, 30]. Outside this zone, the myocardium was considered anisotropic, with a defined 

microstructure consisting of the orientation of fibers, sheets, and normal-to-sheet directions, along with some 

simplifying assumptions. The orientation of fibers relative to the base plane was 60 degrees on the endocardium 

and -60 degrees at the epicardial surface [31]. These fiber angles were defined based on the circumferential 

direction of the local myocardial coordinate system. Sheets were defined in such a way that they were inward and 

perpendicular to the endocardial and epicardial surfaces along the radial direction. Finally, the normal-to-sheet 

direction was defined by taking the cross product of the fiber and sheet orientation vectors [18]. Fig. 2 shows fiber 

(a), sheet (b) and normal-to-sheet (c) orientations of the left ventricle using the method described in Appendix A. 

   
(a) (b) (c) 

Fig. 2 Fiber (a), sheet (b), and normal-to-sheet (c) orientations in the left ventricular geometry 

 
 

2.2.  Electrical activation 

 In this study, the gap junction based electrical activation model has been used to model action potential 

propagation in the heart, in which the model is defined in the material frame [18, 32]. The electrical activation 

model is given by Eqs. (1) to (3). These formulations were first introduced by Nash and Panfilov [33], in which 
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the variables were dimensionless, followed by Bakir et al. [18, 32] who introduced modifications to ensure unit 

consistency. Eq. (1) is a monodomain type which models activation of the myocardium at the tissue scale and 

simulates action potential propagation. Eqs. (2) and (3), models the activation on the cellular scale and are 

phenomenological descriptions of the myocardial action potential: 

𝛽𝑠𝑣 (𝐶𝑚

𝜕𝑉𝑚
𝜕𝑡

+ 𝑖𝑖𝑜𝑛) = ∇𝑋 ∙ (𝝈∇𝑋𝑉𝑚) 
(1) 

𝑖𝑖𝑜𝑛 = 𝑘1𝑘2(𝑉𝑚 − 𝐵)([
𝑉𝑚 − 𝐵

𝐴
] − 𝑎) ([

𝑉𝑚 − 𝐵

𝐴
] − 1) + 𝑘2𝑅(𝑉𝑚 − 𝐵) 

(2) 

𝜕𝑅

𝜕𝑡
= (𝜀0 +

𝜇1𝑅

[
𝑉𝑚 − 𝐵

𝐴
] + 𝜇2

)(−𝑅 − 𝑘1 [
𝑉𝑚 − 𝐵

𝐴
]([

𝑉𝑚 − 𝐵

𝐴
] − 𝑎 − 1)) 

(3) 

In Eq. (1), the del operator ∇𝑋, is defined in the material frame, corresponding to the initial undeformed 

configuration of the tissue, such that ∇𝑋= (
𝜕

𝜕𝑋
,

𝜕

𝜕𝑌
,

𝜕

𝜕𝑍
)
𝑇

. 𝑉𝑚, is the transmembrane potential and 𝑅 is a recovery 

variable that controls the repolarization. 𝛽𝑠𝑣 , is the surface to volume ratio of the myocytes, which can be 

approximated from the cell radius, 𝑟𝑐𝑒𝑙𝑙, using 
2

𝑟𝑐𝑒𝑙𝑙
, where 𝑟𝑐𝑒𝑙𝑙, was 25 μm, and 𝐶𝑚, is the cell membrane 

capacitance per unit of surface area. Most parameters in Eqs. (2) and (3) are not directly correlated to experimental 

results, but were chosen to realistically simulate action potential morphology and duration [18, 32]. The values of 

all parameters related to the electrical activation model are shown in Table B.1 of Appendix B. 

 In Eq. (1), the electrical conductivity tensor 𝝈, determined from: 

𝝈 = 𝜎𝑓(𝑭̂ ⊗ 𝑭̂) + 𝜎𝑠(𝑺̂ ⊗ 𝑺) + 𝜎𝑛(𝑵̂ ⊗ 𝑵̂) (4) 

such that the myocardial anisotropic ratio was 4:2:1, corresponding to the fiber, 𝑭̂, sheet, 𝑺, and normal-to-sheet, 

𝑵̂ directions, respectively [34]. In Eq. (4), ⊗, denotes the dyadic product, and the values of conductivity 

coefficients in the directions of the fiber, sheet, and normal-to-sheet are given by 𝜎𝑓, 𝜎𝑠, and 𝜎𝑛, respectively. In 

the cylindrical apex region of the myocardium, the conductivity was considered isotropic and equal to 𝜎𝑓, [18]. A 

zero-flux boundary condition was assigned to all myocardial external boundaries, unless specified otherwise. 

2.3.  Excitation-Contraction coupling 

 To simulate excitation-contraction coupling in the myocardium, a phenomenological model was utilized, 

first presented by Nash and Panfilov [33], and further modified by Bakir et al. [18] to ensure unit consistency and 

physiologically-realistic behavior. The excitation-contraction coupling was modeled using an ordinary differential 

equation defined by Eq. (5), including a delay function 𝜖(𝑉𝑚) for contraction and relaxation of the tissue (Eq. (6)): 

𝜕𝑆𝑎

𝜕𝑡
= 𝜖(𝑉𝑚) (𝑘𝑆𝑎 [

𝑉𝑚 − 𝐵

𝐴
] − 𝑆𝑎) 

(5) 

𝜖(𝑉𝑚) = 𝜖0 + (𝜖∞ − 𝜖0) exp (−exp(−𝜉(𝑉𝑚 − 𝑉𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑))) (6) 

In Eq. (5), 𝑆𝑎, is the active stress and 𝑘𝑆𝑎, is the parameter that controls the maximum magnitude of the active 

stress. 𝐴, and 𝐵 parameters were included to make the units consistent. Eq. (6) has four parameters 𝜖0, 𝜖∞, 𝜉, and 

𝑉𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 , in which parameter 𝜖0 controls the active stress relaxation rate: the larger its value, the faster the tissue 
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relaxation. Parameter 𝜖∞, controls the time for active stress to reach the peak value. 𝜉 controls the time to reach 

the peak as well as the relaxation rate: with its increase, the length of time for the active stress to reach its peak 

decreases slightly, and the relaxation time of the tissue becomes longer [18]. The values of all parameters used in 

the modeling of active stress are demonstrated in Table B.2 of Appendix B. 

2.4.  Myocardial mechanics and electromechanical coupling 

 In COMSOL Multiphysics, the quasi-static equilibrium equation may be written as: 

∇𝑋 ∙ (𝑭𝑺)𝑇 + 𝑭𝑉
⃗⃗⃗⃗  ⃗ = 0 (7) 

where 𝑭, 𝑺, and 𝑭𝑉
⃗⃗⃗⃗  ⃗, are the deformation gradient tensor, the second Piola-Kirchhoff stress tensor, and the body 

force vector, respectively. To complete the electromechanical coupling, the second Piola-Kirchhoff stress defined 

in the form of Eqs. (8) to (10): 

𝑺 = 𝑺𝑝 + 𝑺𝑎 (8) 

𝑺𝑝 = 𝑺ℎ + 𝑺𝑣 (9) 

𝑺ℎ =
𝜕𝜓

𝜕𝑬
, 𝑺ℎ = 𝑺𝑣𝑜𝑙 + 𝑺𝑖𝑠𝑜 =

𝜕𝜓𝑣𝑜𝑙

𝜕𝑬
+

𝜕𝜓𝑖̇𝑠𝑜
̅̅ ̅̅ ̅

𝜕𝑬
 

(10) 

where 𝑺𝑝, and 𝑺𝑎, are the passive and active parts of the second Piola-Kirchhoff stress, respectively, with the 

passive part divided into two components: hyperelastic, 𝑺ℎ, and viscoelastic, 𝑺𝑣. In Eq. (10), 𝜓, 𝑬, 𝑺𝑣𝑜𝑙, and 𝑺𝑖𝑠𝑜, 

are, respectively, the myocardial strain energy function, the Green-Lagrange strain tensor, the volumetric 

component of the second Piola-Kirchhoff stress tensor, and the isochoric component of the second Piola-Kirchhoff 

stress. 

 For the hyperelastic component, we used the transversely isotropic model of H-O [2] for defining the 

isochoric strain energy function 𝜓𝑖̇𝑠𝑜
̅̅ ̅̅ ̅, as defined in Eq. (12). To enforce the nearly-incompressible behavior of 

myocardial tissue, the volumetric strain energy function, 𝜓𝑣𝑜𝑙, was defined according to Eq. (13) [23]: 

𝜓 = 𝜓
𝑖̇𝑠𝑜

̅̅ ̅̅ + 𝜓
𝑣𝑜𝑙

 (11) 

𝜓𝑖̇𝑠𝑜
̅̅ ̅̅ ̅ =

𝑎𝑖

2𝑏𝑖

exp(𝑏𝑖(𝐼1̅ − 3)) +
𝑎𝑓

2𝑏𝑓

(exp (𝑏𝑓(𝐼4𝑓
̅̅ ̅̅ − 1)

2
) − 1) 

(12) 

𝜓𝑣𝑜𝑙 =
𝜅

2
(𝐽 − 1)2 (13) 

In Eq. (12), 𝐼1̅, denotes the first invariant of the isochoric part of the right Cauchy-Green tensor 𝑪̅, and 𝐼4𝑓
̅̅ ̅̅  is 

defined as 𝐼4𝑓
̅̅ ̅̅ = 𝑭̂ ∙ (𝑪̅𝑭̂). In Eq. (13), 𝐽, is the determinant of the deformation gradient tensor. In Eq. (12), the 

second term is included only when 𝐼4𝑓
̅̅ ̅̅ > 1, which is based on the assumption that when the fibers are under 

compression, their effect on passive mechanics will be negligible [2]. For the myocardial apex region, only the 

first expression of the right side of Eq. (12) is included, since the apex domain is considered isotropic [30]. The 

parameters of the hyperelastic model are listed in Table B.3 of Appendix B. 

 For the viscoelastic property, the isotropic model used by Propp et al. [10] was implemented, as defined 

by Eqs. (14) to (22). For the viscoelastic model, it was necessary to define the velocity gradient 𝑳 in the deformed 

configuration as: 
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𝑳 =
D𝑭

D𝑡
𝑭−1 

(14) 

where 
D

D𝑡
, is the material time-derivative. The spatial velocity gradient can be divided into symmetric and skew-

symmetric parts according to Eq. (15), where 𝑳𝑑, is the rate of change of the deformation tensor and 𝑳𝑤, is the 

spin tensor, defined by Eqs. (16) and (17): 

𝑳 = 𝑳𝑑 + 𝑳𝑤 (15) 

𝑳𝑑 =
1

2
(𝑳 + 𝑳𝑇) 

(16) 

𝑳𝑤 =
1

2
(𝑳 − 𝑳𝑇) 

(17) 

 Using the above equations, we can define the time rate of change for both the right, 𝑪̇, and left, 𝑩̇, 

Cauchy-Green deformation tensors according to Eqs. (18) and (19): 

𝑪̇ = 2𝑭𝑇𝑳𝑑𝑭 (18) 

𝑩̇ = 𝑳𝑩 + 𝑩𝑳𝑇 (19) 

𝑩 = 𝑭𝑭𝑇 (20) 

It should be noted that the left Cauchy-Green deformation tensor was defined according to Eq. (20). Now, 

assuming that the viscoelastic stress is isotropic, the viscoelastic Cauchy stress 𝝈𝑣, is determined from: 

𝝈𝑣 = 𝛼𝑣 exp(𝛽𝑣𝐼1̇)𝑩̇ (21) 

where 𝛼𝑣, and 𝛽𝑣 , are model parameters and 𝐼1̇, is the first invariant of the time rate of change of the right Cauchy-

Green deformation tensor. Based on sensitivity analysis of the viscoelastic model, if changes in the rate of 

deformation are low, parameter 𝛽𝑣  does not have a significant effect on model behavior. Nonetheless, the 

parameter 𝛼𝑣 has a direct effect on the viscoelastic properties of the tissue, and with its increase, the viscoelasticity 

increases [10]. Values of all the viscoelastic model parameters are shown in Table B.3 of Appendix B. 

 Since the solid mechanics physics formulations in COMSOL Multiphysics are completely Lagrangian, 

with the main stress considered by the software being the second Piola-Kirchhoff stress tensor, it is necessary to 

perform a pullback operation on the Cauchy stress determined in Eq. (21) so that the viscoelastic second Piola-

Kirchhoff stress tensor 𝑺𝑣, can be defined as: 

𝑺𝑣 = 𝐽𝑭−1𝝈𝑣𝑭
−𝑇 (22) 

Now that the viscoelastic property has been defined, to add the effect of the active stress 𝑆𝑎, calculated in Eq. (5), 

to the myocardial mechanics, we utilized Eq. (23): 

𝑺𝑎 = 𝑆𝑎(𝑭̂ ⊗ 𝑭̂) + 0.4 𝑆𝑎(𝑺̂ ⊗ 𝑺) + 0.4 𝑆𝑎(𝑵̂ ⊗ 𝑵̂) (23) 

From this equation, the active stress in the direction of the sheets and normal-to-sheets is 40% of the active stress 

in the direction of the fibers, indicating that the contraction strength in the direction of the fibers is higher than in 

cross-fiber directions [35]. For the myocardial mechanical boundary conditions, the base of the left ventricle was 

constrained in all three principal directions to prevent its movement and rotation. The endocardial boundary was 
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subjected to ventricular pressure, as given in the next section. The remaining boundaries of the myocardium were 

allowed to move freely, and no other constraints were applied unless otherwise noted. 

2.5.  Windkessel circulation 

 To model the pressure evolution in the left ventricle, it was necessary to determine the flow that enters 

and leaves, and for this purpose, the equations presented for blood flow by Chan et al. [29] were used. The left 

atrial pressure was assumed to be constant and equal to 12 mmHg according to Braunwald et al. [36], and the 

systemic pressure 𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐, was determined using a three-element Windkessel circuit. As a result, the inflow and 

outflow for the left ventricle were defined as: 

𝑄𝑚𝑖𝑡𝑟𝑎𝑙 = {

𝑃𝐿𝐴 − 𝑃𝐿𝑉

𝑅𝑚𝑖𝑡𝑟𝑎𝑙

0                

     

𝑃𝐿𝐴 > 𝑃𝐿𝑉

𝑃𝐿𝐴 ≤ 𝑃𝐿𝑉

 

(24) 

𝑄𝑎𝑜𝑟𝑡𝑖𝑐 = {

𝑃𝐿𝑉 − 𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐

𝑅𝑎𝑜𝑟𝑡𝑖𝑐               

0                

     

𝑃𝐿𝑉 > 𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐

𝑃𝐿𝑉 ≤ 𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐

 

(25) 

where 𝑄𝑚𝑖𝑡𝑟𝑎𝑙  and 𝑄𝑎𝑜𝑟𝑡𝑖𝑐  are the blood flows entering from the mitral valve and leaving via the aortic valve, 

respectively. 𝑃𝐿𝐴 and 𝑃𝐿𝑉 , are the atrial and left ventricular pressures respectively, and 𝑅𝑚𝑖𝑡𝑟𝑎𝑙  and 𝑅𝑎𝑜𝑟𝑡𝑖𝑐  are the 

mitral and aortic valve resistances respectively. 𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐, in Eq. (25) was determined from [37]: 

𝑄𝑎𝑜𝑟𝑡𝑖𝑐 = 𝐶
d𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐

d𝑡
+

𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐

𝑅𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐

 
(26) 

where 𝐶 and 𝑅𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐  are the systemic compliance and resistance, respectively. 

 To calculate the left ventricular pressure 𝑃𝐿𝑉 , we also require the volume of the ventricle at each point 

throughout the cardiac cycle. This was determined using the divergence theorem, in which the volume within a 

closed surface can be expressed according to: 

𝑉𝐿𝑉 = ∫𝑦𝑛𝑦 dS
𝑆

 (27) 

where 𝑉𝐿𝑉 is the volume of the left ventricle, 𝑆 its endocardial surface, and variables 𝑦, and 𝑛𝑦, denote the second 

component of the global Cartesian coordinate system and the second component of the endocardial outward 

normal vector expressed in Cartesian coordinates, respectively. Note that in this formulation, the long-axis of the 

ventricle is aligned with the Cartesian z-axis, such that 𝑛𝑦 = 0 over the base of the ventricle and this fixed base-

plane does not therefore contribute to the integral of Eq. (27). Once the ventricular volume has been determined, 

Eq. (28) determines the same volume quantity using a different means, based on the flow entering or leaving the 

ventricle: 

d𝑉𝐿𝑉,𝑑𝑒𝑠

d𝑡
= 𝑄𝑚𝑖𝑡𝑟𝑎𝑙 − 𝑄𝑎𝑜𝑟𝑡𝑖𝑐  

(28) 

where, 𝑉𝐿𝑉,𝑑𝑒𝑠, is the desired blood volume calculated according to the blood flows. The left ventricular pressure 

was then defined based on Eqs. (27) and (28) as: 

𝑃𝐿𝑉 = 𝑘𝑔(𝑉𝐿𝑉,𝑑𝑒𝑠 − 𝑉𝐿𝑉) (29) 
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where 𝑘g, is the feedback gain parameter set sufficiently large (1000 mmHg ml-1) to enforce the relation 𝑉𝐿𝑉 =

𝑉𝐿𝑉,𝑑𝑒𝑠, and regulate the pressure based on the 𝑉𝐿𝑉,𝑑𝑒𝑠, and 𝑉𝐿𝑉 [32]. In fact, Eq. (29) simply states that the pressure 

of the left ventricle should be calculated such that the current ventricular volume is equal to the desired volume 

according to the blood flow. The pressure calculated from Eq. (29) was subsequently applied as a boundary 

condition to the surface of the endocardium. Parameter values for the Windkessel circulation model are shown in 

Table B.4 of Appendix B. 

 This method for calculating left ventricular pressure using Eqs. (28) and (29) is simple to implement, 

allowing left ventricular pressure to be calculated continuously in different phases of the cardiac cycle, avoiding 

discontinuities in the applied pressure and resulting convergence problems. From a computational point of view, 

the baseline hyperelastic model has some similarities with Bakir [32]. However, contrary to this study, Bakir [32] 

utilized several conditional commands and extra relations to calculate the pressure in each phase of the cardiac 

cycle. In addition, Eq. (13) which determines the volumetric strain energy function was chosen different than the 

one used by Bakir [32], resulting in variations of the myocardial passive mechanical performance between these 

two studies. It is noteworthy that the pressure model can be expanded in future based on the state-of-the-art 

methods that couple 3D models with 0D cardiovascular models, and other compartments of the cardiovascular 

network can also be included in the modeling [38, 39]. 

2.6.  Simulation protocol and solver settings 

 In order to solve the electromechanical model of the left ventricle, the initial volume of the chamber was 

first adjusted to its end-diastolic volume by applying a linear ramp pressure from 0 to 12 mmHg to the surface of 

the endocardium [40]. When applying this pressure, only the passive mechanics of the tissue were considered, 

with the other physics being disabled. To electrically stimulate the left ventricle, a periodic rectangular stimulus 

pulse of duration 2 ms with frequency 1 Hz was uniformly applied to the lower two-thirds of the sub-endocardium 

and to a depth of 0.2 cm to mimic its rapid activation by Purkinje fibers [32]. Moreover, the duration of the cardiac 

cycle was considered to be 1000 ms, i.e., 1 Hz, corresponding to 60 beats per minute. To investigate the behavior 

of the electromechanical model, two simulations were performed as follows: 

 1- The first simulation, being the default case, considers the passive mechanics of the tissue to be 

hyperelastic. This model was simulated for three cardiac cycles to achieve a periodic solution and minimize 

changes in the pressure-volume loop. We refer to this simulation as (EM-H). 

 2- In the second simulation, a viscoelastic property was added to the passive mechanics. This simulation 

was also performed for three cardiac cycles so that the model could reach the periodic solution. The method for 

setting the initial chamber volume to the end-diastolic volume as well as periodic stimulation of the myocardium 

was as mentioned earlier. This simulation is referred to (EM-V). 

 COMSOL Multiphysics software version 6.0 was used to solve the model. Lagrangian second order 

shape functions were utilized to solve the myocardial mechanics and electrical activation equations. A fully-

coupled direct linear PARDISO solver was used along with Newton’s automatic damping method, in which all 

the formulations were assembled in one matrix and concurrently solved for. By making use of the second-order 

backward differential formula (BDF), each variable was updated concurrently throughout each time step as the 

simulation progressed. The solver was run in an adaptive mode that automatically adjusted the time steps. In this 

mode, COMSOL takes larger time steps when the heart cycle is in its diastolic phase, reducing the solution time 
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significantly. However, due to the use of larger time steps, the solver might overstep the stimulation pulses at the 

beginning of each cycle, and for this reason, the event detection algorithm was utilized together with the BDF 

solver to ensure that COMSOL will not miss the tissue stimulation pulses. The aforementioned settings were used 

for both EM-H and EM-V simulations, and the output times of the simulation results for postprocessing and 

visualization were set to increments of  2 ms. 

2.7.  Verification 

 For verification, simulation results of previous research were used. It was therefore necessary to perform 

additional simulations according to previous modeling study protocols to ensure the accuracy of the model. To 

improve the readability of the manuscript, the verification results of the electromechanical model are provided in 

Appendix C. To verify the viscoelastic model used in this study, the simulation performed by Propp et al. [10] 

was utilized. They utilized a realistic left ventricular geometry and the H-O orthotropic hyperelastic model [2] to 

model passive mechanics. We implemented their model on the left ventricular geometry of this study (see Fig. 1). 

We will first verify the H-O hyperelastic model followed by verification of the viscoelastic model. 

 The H-O orthotropic hyperelastic model [2] was defined as Eq. (31), along with a volumetric strain 

energy term to enforce the near-incompressibility, as defined by Eq. (32) [23]: 

𝜓 = 𝜓
𝑖̇𝑠𝑜

̅̅ ̅̅ + 𝜓
𝑣𝑜𝑙

 (30) 

𝜓𝑖̇𝑠𝑜
̅̅ ̅̅ ̅ =

𝑎𝑖𝑠

2𝑏𝑖𝑠

exp(𝑏𝑖𝑠(𝐼1̅ − 3)) 

         + ∑
𝑎𝑘

2𝑏𝑘

(exp(𝑏𝑘(𝐼4𝑘
̅̅ ̅̅ − 1)2) − 1)

𝑘=𝑓𝑖,𝑠

+
𝑎𝑓𝑠

2𝑏𝑓𝑠

(exp (𝑏𝑓𝑠𝐼8𝑓𝑠
̅̅ ̅̅ ̅2

)− 1)   

(31) 

𝜓𝑣𝑜𝑙 =
𝜅𝑣

2
(𝐽 − 1)2 (32) 

where 𝑎𝑖𝑠, 𝑏𝑖𝑠, 𝑎𝑓𝑖, 𝑏𝑓𝑖, 𝑎𝑠, 𝑏𝑠, 𝑎𝑓𝑠, and 𝑏𝑓𝑠, are model parameters. The strain invariants 𝐼1̅, and 𝐼4𝑘
̅̅ ̅̅ , are related to 

the isochoric part of the right Cauchy-Green deformation tensor and are defined as 𝐼4𝑓𝑖̇
̅̅ ̅̅̅ = 𝑭̂ ∙ (𝑪̅𝑭̂), and 𝐼4𝑠

̅̅̅̅ = 𝑺 ∙

(𝑪̅𝑺). The other invariant, 𝐼8𝑓𝑠
̅̅ ̅̅ ̅, is the eighth invariant of the isochoric part of the right Cauchy-Green deformation 

tensor, expressing the fiber-sheet shear property and is defined as 𝐼8𝑓𝑠
̅̅ ̅̅ ̅ = 𝑭̂ ∙ (𝑪̅𝑺). The second term of Eq. (31) is 

activated in the model only when either 𝐼4𝑓𝑖̇
̅̅ ̅̅̅ > 1 or 𝐼4𝑠

̅̅̅̅ > 1: it is assumed that when the fibers and sheets are under 

compression, they do not contribute any strain energy to the myocardium [2]. In order to validate the model, we 

will perform six shear mode simulations to match the experimental results of Dokos et al. [41].The parameter 

values of H-O model were based on Göktepe et al. [42] and the value of bulk modulus 𝜅𝑣, was the same as utilized 

by Levrero-Florencio et al. [23]. The geometry used for this simulation consisted of a cube of side length 3 mm. 

The results of the myocardial shear test are shown in Fig. 3, and highly agree with the experimental data of Dokos 

et al. [41]. Shear stress was calculated from the surface integration of the traction force in the direction of the 

shear and divided by the area of the surface for each shear mode. According to the validation results, the 

myocardial tissue stiffness is, in order of decreasing stiffness for fiber (F), sheet (S), and normal-to-sheet (N), F >

S > N, which is consistent with the experimental data. 
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Fig. 3 Validation of H-O orthotropic model [2] against myocardial shear test experimental data [41] 

 

 

 The next step was to verify the viscoelastic implementation with the results of Propp et al. [10]. For this 

verification, the endocardial surface was subjected to a uniform sinusoidal pressure, 𝑝𝑣 , defined as: 

𝑝𝑣 = 𝑝𝑚𝑎𝑥 sin(
𝜋

𝜏𝑣

𝑡) (33) 

in which, 𝑝𝑚𝑎𝑥, is the maximum amount of pressure applied to the endocardium, equal to 8 mmHg, and parameter 

𝜏𝑣, was set to 300 ms [10]. This pressure, consists of a sinusoidal pressure applied such that the myocardium 

undergoes a state of inflation and deflation within 300 ms. Values of  H-O parameters used in this verification are 

from Propp et al. [10] and the value of bulk modulus was based on the study of Levrero-Florencio et al. [23]. For 

verification, the fiber stretch for a point on the endocardial surface similar to Propp et al. was determined as 𝜆𝑓𝑓 =

[𝐼4𝑓𝑖]
1

2 = [𝑭̂ ∙ (𝑪𝑭̂)]
1

2, with results shown in Fig. 4. As can be seen, the results are in good agreement with the 

results of Propp et al. [10]. In order to compare the results more properly, we calculated the areas under the curves 

for both simulations. The area under the curve at the end of their 300 ms simulation was 25.1130 ms, and in the 

simulation of this study it is 24.9844 ms, a percentage difference of only 0.5119%. It should be noted that both 

myocardial geometry and fiber orientation were different for the two models, and is likely the reason for the small 

discrepancies between two graphs. 

 
Fig. 4 Fiber stretch results for the endocardial point in the viscoelastic model verification, compared with the 

corresponding results of Propp et al. [10] 

 
 
 

3. Results and discussion 

 This section presents and discusses results related to the EM-H and EM-V electromechanical simulations 

of the left ventricle, divided into four subsections. The first, second, and third subsections describe the results of 

electrical activation, myocardial mechanics, and blood circulation, whilst the mesh convergence analysis results 

are reported in the fourth subsection. 
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3.1.  Electrical activation 

 Fig. 5 (a) shows the computed transmembrane potential 𝑉𝑚, in third cardiac cycle at a point located on 

the mid apicobasal distance on the epicardial surface, where the action potential duration (APD) was 300 ms. As 

can be seen, the transmembrane potential starts from the resting state of -80 mV and during contraction, 

depolarizes and reaches an approximate value of 20 mV, followed by the repolarization phase until the 

transmembrane potential finally returns to its resting state. In Fig. 5 (b), the active stress 𝑆𝑎, in third cardiac cycle 

is depicted. The same behavior of transmembrane potential can be seen for the active stress, where increasing 

transmembrane potential leads to an increase in active stress, before returning to its resting state. The time for 

active stress to reach the peak was 191 ms, the half-relaxation time was 127.5 milliseconds, and the time to reach 

90% relaxation was 297 ms. In Fig. 5 (c), the recovery variable 𝑅, is displayed for the aforementioned point, and 

it can be seen that when the tissue is activated, the recovery variable slowly increases and with its increase, the 

transmembrane potential begins to repolarize slowly. When the recovery variable reaches its peak, the action 

potential returns to its resting state and the recovery variable quickly decreases to its value at the beginning of the 

cycle. The profile of active stress as well as the ranges of action potential durations was similar to the results 

reported in experimental isometric tests of a human myocardial twitch [43]. The morphology and duration of the 

transmembrane potential are similar to the reported isolated heart experimental measurements for a rejected donor 

heart [44]. 

  
(a) (b) 

 
(c) 

Fig. 5 Transmembrane potential (a), active stress (b), and recovery variable (c) for a point located at midway between 

apex and base on the epicardial surface 

 
 

In myocardial tissue, cardiomyocytes, are electrically connected by gap junctions. Cell culture studies 

have shown that the action potential propagates faster in cardiomyocytes than through the gap junctions, due to 

the higher resistance of these gap junctions, and as a result, the overall conduction velocity is dependent on the 

resistance of the gap junctions [45]. As the resistance of gap junctions in myocardial tissue is greater than in the 

cardiomyocyte intracellular space, the myocardium substrate can be considered as a series of linked resistors, with 

the overall electrical resistance remaining unaltered during deformation [18, 46]. According to the mentioned 

points, the myocardial electrical activation model used in this study is based on the gap junction resistivity, in 
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which the formulation is discretized in the material frame, and this approach leads to no difference in the behavior 

of the action potential and the active stress of myocardium between EM-H and EM-V cases. Moreover, the left 

ventricle was fully activated in 83.6 ms, with the activation time of the myocardium shown in Fig. 6, which 

concurs with the duration of the QRS in healthy cases (60-90 ms), which is associated with the activation time of 

the ventricles [47]. It is noteworthy that a transient increase in intracellular calcium occurs when the action 

potential travels through a cardiomyocyte [48]. Calcium ions control contraction in the smallest contractile units 

of the heart, i.e. sarcomeres. When the length of resting sarcomere increases during the filling phase, the heart 

contracts with greater force, which this mechanism is known as the Frank-Starling effect [47]. The dependence of 

the excitation-contraction model on sarcomere length, intracellular calcium release, and the filaments that 

comprise sarcomeres should be taken into account in order to simulate this effect [49]. However, considering these 

details increases the complexity of the model and impact the computational cost, therefore a phenomenological 

model was utilized for the active stress in this study as defined in Eqs. (5) and (6) [15]. 

 
Fig. 6 Left ventricular activation time 

 
 

3.2.  Myocardial mechanics 

 In this section, myocardial mechanical behavior under EM-H and EM-V simulations are presented and 

compared. After stimulation of the left ventricular endocardium, the myocardial tissue is activated and undergoes 

contraction, reducing the volume of the left ventricular chamber. At the end of the third cardiac cycle systolic 

phase, in EM-H, the left ventricular volume reaches 48.5% of its end-diastolic volume and in EM-V, the left 

ventricular volume reaches 50.4% of its end-diastolic volume. In both simulations, the contraction phase was 

faster than the relaxation phase, due to the generated active stress, which takes longer to relax. 

 Myocardial torsion was calculated using twist difference between the base and apex, and since the 

displacement of the base was constrained, the myocardial torsion was equal to the apical twist. Torsion was 

calculated for a point located near the apex at two-thirds of the apicobasal distance on the epicardium surface. 

Myocardial torsion for the third cardiac cycle for both EM-H and EM-V simulations are depicted in Fig. 7. At the 

beginning of myocardium contraction, the left ventricle, viewed downwards from the base, undergoes a 

counterclockwise torsion (positive torsion), followed by a larger torsion in the clockwise direction. The maximum 

amount of the torsion in hyperelastic and viscoelastic cases was 19.2 and 16.9 degrees, respectively, which was 

slightly greater than the reported experimental range with a mean of 12.7 degrees and a standard deviation of 1.7 

degrees [50]. The magnitude of twist in the case where the tissue was considered viscoelastic was less than in the 

hyperelastic case, with the viscoelastic property causing a slight delay in the contraction, and damping of 

myocardial deformation, which at the time of tissue relaxation (2300 ms onwards), this effect increases 

Activation time (ms) 
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significantly. It seems that the results corresponding to the viscoelastic model are closer to the experimental results 

and this, strengthens the inclusion of tissue viscoelasticity in heart modeling. 

 
Fig. 7 Myocardial torsion in the third cardiac cycle for the hyperelastic (Hyper) and viscoelastic (Visco) cases 

 
 

 During the contraction of the left ventricle, the distance between the apex and the base decreases. To 

determine this apex to base shortening, the third component of the displacement vector for a point located at the 

epicardium of the apex was extracted. Results of apex to base shortening of the third cardiac cycle for both the 

EM-H and EM-V cases are shown in Fig. 8. Since the base was held fixed, positive displacement indicates the 

movement of the apex towards the base, and therefore the apex to base shortening can be seen in both simulations. 

The apex to base shortening in the hyperelastic case was 1.14 cm and in the viscoelastic case was 1.03 cm, which 

is in accordance with the experimental results presented by Höglund et al. [51], as measured from healthy human 

hearts in echocardiography. The displacement in the viscoelastic case was slightly less than in the hyperelastic 

case due to the damping of deformation in the former. Furthermore, the delay of myocardial movement during 

relaxation can be seen in the viscoelastic case. It should be noted that due to the mechanical boundary condition, 

the base of the ventricle does not have any movement. Moreover, the base considered as the reference for 

calculating apex to base shortening. Physiologically, during the contraction of the ventricle the base is moving 

downwards towards the apex [51]. More realistic boundary conditions can be implemented in future to include 

the effect of pericardium and surrounding tissues so that the simulated motion would be more physiological.  

 
Fig. 8 Myocardial apex to base shortening in the third cardiac cycle for the hyperelastic (Hyper) and viscoelastic 

(Visco) cases 

 

 To observe the changes in stress and strain in the cardiac cycle, the second Piola-Kirchhoff stress tensor 

and Green-Lagrange strain tensor were calculated in the directions of the fiber (𝑆𝑓𝑓, and 𝐸𝑓𝑓), sheet (𝑆𝑠𝑠, and 𝐸𝑠𝑠) 

and normal-to-sheet (𝑆𝑛𝑛, and 𝐸𝑛𝑛) orientations for a point located midway between the apex and base on the 

epicardial surface. The results for the second Piola-Kirchhoff stress and the Green-Lagrange strain are shown in 

Fig. 9. 
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(a) (d) 

  
(b) (e) 

  
(c) (f) 

Fig. 9 Second Piola-Kirchhoff stress (a, b, c) and Green-Lagrange strain (d, e, f) in the direction of the fiber (a, d), 

sheet (b, e), and normal-to-sheet (c, f) for the third cardiac cycle for the EM-H (Hyper) and EM-V (Visco) simulations 

 
 

From Fig. 9, it can be seen that the viscoelastic property did not have a significant effect on the fiber 

stress, with its main effect being on the stress along the sheet and normal-to-sheet directions, which slightly 

reduced their magnitude, and this reduction being more noticeable in the sheet direction stress. The sheet stress 

𝑆𝑠𝑠, tends to zero in parts of the cardiac phase where the myocardial wall returns from its thickened state during 

contraction to its thin state in diastole. Since the applied ventricular pressure to the endocardium during diastole 

is less than during systole, the sheet stress at the end of diastole tends to zero. In the fiber, sheet, and normal-to-

sheet strains, the effect of viscoelasticity is noticeable in all three directions, causing damping of the strain and a 

slight reduction in its magnitude, where the greatest effect occurs in the sheet direction strain. During contraction, 

negative strains in the fiber and normal-to-sheet directions indicate contraction, whereas positive strain in the 

sheet direction indicates thickening of the myocardial wall during contraction. 

 The stresses corresponding to the sheet and normal-to-sheet directions can be affected due to the 

transverse isotropic and isotropic assumptions used, because it has been experimentally reported that myocardial 

tissue demonstrates an orthotropic behavior, and hence, it is suggested that in the future, the orthotropic behavior 

of myocardial tissue should be included in the model [41]. Moreover, the boundary conditions used in this study 

did not take into account the effect of the surrounding tissue of the heart, and may have affected the stress results; 

these effects should be considered in the future. Myocardial stresses in the viscoelastic simulation showed minor 

differences compared to the hyperelastic case, and although they caused the damping of stress in the peak systolic 

and diastolic states, the magnitude of difference in these stresses was not significant. The combination of the 

isotropic viscoelastic model used in this study and the transversely isotropic hyperelastic model for the 
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myocardium might be the reason for the minor differences in stresses obtained for the two simulations. In the 

future, for a more comprehensive investigation of stress due to viscoelasticity, it is recommended to use 

orthotropic viscoelastic models [5]. Nonetheless, studies have shown that the viscoelastic property of the heart is 

mainly due to the extracellular matrix of the myocardium, and unlike the viscosity of the fibers, which is only 

effective in the state of stretching, the viscosity of the extracellular matrix is effective throughout the cardiac cycle 

and during stretch and shear [8, 13]. 

 In the results for torsion, apex to base shortening, and stresses and strains, a small bump can be seen in 

Fig. 7-Fig. 9 occurring after the stimulation pulse. This behavior is due to the movement of the left ventricular 

wall, owing to the fact that when the stimulation pulse is applied, the endocardium quickly contracts. In the 

viscoelastic case, this small bump at the beginning of the stimulation is significantly damped and the sudden 

movement of the myocardium is limited. Recently, the effect of myocardial mechanics formulation in quasi-static 

and transient cases have been investigated, where minor differences was observed in the mechanical behavior of 

the myocardium [14]. The formulation used in this study, as described in Eq. (7), is of quasi-static type and inertial 

effects are neglected, and has been widely used in heart modeling [20, 21]. 

3.3.  Blood circulation 

 To set the initial volume to the end-diastolic volume, a ramped pressure of 12 mmHg was applied to the 

endocardium. The end-diastolic volume after applying the pressure in the hyperelastic and viscoelastic cases was 

130.6 ml, which was considered as the end-diastolic volume at the beginning of the first cardiac cycle. Fig. 10 

shows changes in left ventricular pressure, left ventricular volume, and aortic and mitral blood flow for three 

cardiac cycles in the EM-H and EM-V scenarios. As soon as the myocardium begins to contract, the pressure 

increases and the left ventricle enters the isovolumetric contraction phase. Since the left ventricular pressure is 

lower than the systemic pressure, no flow of blood leaves the ventricle, causing the left ventricular pressure to rise 

while the left ventricular volume remains constant. After the left ventricular pressure exceeds the aortic pressure, 

the aortic valve opens, the ejection phase begins, blood leaves the ventricle, and the pressure continues to increase 

until it reaches the peak systolic pressure. Peak systolic pressure in the hyperelastic and viscoelastic cases was 

135.6 and 124.2 mmHg, respectively, for which the viscoelastic simulation was in good agreement with the 

reported range of the experimental data, and the hyperelastic case was close to the upper-end of the reported range 

(mean 113 mmHg with a standard deviation of 18 mmHg) [52]. After reaching the peak systolic pressure, the 

pressure slowly reduced until it reached the aortic pressure, ending the ejection phase. After that, the isovolumetric 

relaxation phase begins and the pressure decreases, where there is no change in chamber volume. When the 

pressure of the left ventricle becomes lower than the left atrial pressure (12 mmHg), the filling phase begins until 

the left ventricle returns to its end-diastolic chamber volume. 

The major difference between the EM-H and EM-V cases is the lower ventricular pressure at peak systole 

in the viscoelastic case, due to the decrease in volume change of the ventricular chamber. Since the calculation of 

the pressure is dependent on the changes in volume, larger deformations cause higher ventricular pressure, and 

this causes the pressure to be lower in the viscoelastic simulation. On the other hand, during the filling phase 

(from 2350 milliseconds onwards), a slight difference in the pressure behavior can be seen in the two simulations, 

and it seems that in the hyperelastic case, the peak diastolic pressure is lower than the viscoelastic case, due to 

damping of the myocardial deformation in the viscoelastic case, in view of the fact that the myocardium could not 
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change its volume as rapidly as in the hyperelastic case. The difference in volume change between the two 

hyperelastic and viscoelastic cases is shown in Fig. 10 (b). As can be seen, the volume at the end of the diastolic 

phase in the third cardiac cycle of the viscoelastic simulation is less than in the hyperelastic simulation. In both 

cases however, the left ventricle experienced the same end-systolic volume. The viscoelastic property significantly 

affects the blood flow compared to the hyperelastic case, and as shown in Fig. 10 (c), the amount of blood flow 

decreased in the viscoelastic case, and the inflow and outflow experienced a delay in their behavior. On the other 

hand, the pulsatile behavior of blood flow in the viscoelastic simulation has become much smoother. 

  
(a) (b) 

 
(c) 

Fig. 10 Results of the third cardiac cycle for pressure (a), volume (b), and blood flow (c) in the EM-H (Hyper) and 

EM-V (Visco) simulations 

 
 

 Fig. 11 (a and b) shows the pressure-volume loop of three cardiac cycles in the EM-H and EM-V 

simulations, respectively. The stability of the model can be seen in the second and third cycles. At the end of the 

first cycle in the viscoelastic simulation, due to the property of viscoelasticity, the myocardium tissue cannot 

return to its volume at the beginning of the cycle and therefore the chamber volume decreases, but in the 

hyperelastic case, the volume change is faster and at the end of the first cycle, the left ventricle returns to the end-

diastolic volume at the beginning of the simulation. Furthermore, the decrease in peak systolic pressure and 

ejection fraction (EF) can be observed in the viscoelastic case compared to the hyperelastic simulation. At the end 

of the third cardiac cycle, in EM-H and EM-V simulations, the EF was equal to 51.5% and 49.6%, respectively, 

which are close to the lower-end normal range of the experimental observations (mean 57% with a standard 

deviation of 6%) [53]. However, the stroke volume obtained for the hyperelastic and viscoelastic cases was 

approximately 67.3 and 62.1 ml, respectively, which is within the range of clinical observations of the normal 

human heart for both simulations (57-150 ml) [54]. Nonetheless, the models were able to simulate the main 

characteristics of the pressure-volume loop, recreating all four main phases of the cardiac cycle, i.e., isovolumetric 

contraction, ejection, isovolumetric relaxation, and filling. 
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(a) (b) 

 
(c) 

Fig. 11 Pressure-volume loop of three cardiac cycles in the EM-H (Hyper) (a) and EM-V (Visco) (b) cases, with 

comparison of both cases in the third cycle (c) 

 

 

 In Fig. 12, the third cardiac cycle is shown for the hyperelastic and viscoelastic simulations along with 

the magnitude of displacement in corresponding times. The gray edges show the left ventricular outline at the end-

diastolic state. At 2002 ms, a stimulation pulse was applied to the endocardium for 2 ms to stimulate the tissue. 

After the stimulation, due to the low pressure of the left ventricle, the blood does not exit and the chamber volume 

remains relatively constant, and at the same time, the electrical activation propagates in the tissue, which causes 

the contraction of cardiomyocytes and therefore, increases the pressure in the ventricle. At 2036 ms, in the 

hyperelastic model, the aortic valve opens and the blood leaves the ventricle, which coincides with the beginning 

of the ejection phase. Next, at 2204 ms, the ejection phase is over and the diastolic phase begins with the 

isovolumetric relaxation phase, and electrical recovery of the myocardium begins from the region that was 

stimulated. The electrical activity initially propagated radially toward the epicardium and then proceeded toward 

the base of the ventricle, which is similar to experimental reports from isolated human hearts [55]. To demonstrate 

the differences between the hyperelastic and viscoelastic simulations, snapshots of the viscoelastic case are shown 

at the same corresponding times as the hyperelastic scenario. The initial difference between hyperelastic and 

viscoelastic cases in Fig. 12 can be seen at time 2036 ms. In the hyperelastic case, the myocardium is slightly 

twisted, but in the viscoelastic case, it experiences smaller deformations and, as a result, less twisting. The less 

amount of deformation in the viscoelastic simulation can also be seen at time 2086 ms, which in the hyperelastic 

case, the left ventricle is further away from the ventricular outline. The main difference between the two cases in 

the diastolic phase occurs at time 2622 ms, in which the myocardium in EM-H simulation is closer to the 

ventricular outline and as a result the end-diastolic volume, but in the viscoelastic case, due to the delay in 

myocardial deformation, the myocardium is at a greater distance from the ventricular outline and hence, the 

displacement is larger than the hyperelastic case. Nonetheless, the viscoelasticity induced a delay in myocardial 

deformation and as a result, the start and end times of the ejection phase occurred at 2038 and 2218 ms 

respectively, which were different from the hyperelastic simulation. The delay in the diastolic phase was more 

significant, in which the time of peak filling occurring in the viscoelastic and hyperelastic scenarios was 2732 and 

2622 ms, respectively. 
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SYSTOLE 

    
(a) t = 2004 ms (b) t = 2036 ms (c) t = 2086 ms (d) t = 2204 ms 

    
(e) t = 2004 ms (f) t = 2036 ms (g) t = 2086 ms (h) t = 2204 ms 

Transmembrane potential (mV) 

 

    
(i) t = 2004 ms (j) t = 2036 ms (k) t = 2086 ms (l) t = 2204 ms 

    
(m) t = 2004 ms (n) t = 2036 ms (o) t = 2086 ms (p) t = 2204 ms 

DIASTOLE 

    
(q) t = 2338 ms (r) t = 2450 ms (s) t = 2622 ms (t) t = 3000 ms 

    
(u) t = 2338 ms (v) t = 2450 ms (w) t = 2622 ms (x) t = 3000 ms 

    
(y) t = 2338 ms (z) t = 2450 ms (aa) t = 2622 ms (bb) t = 3000 ms 

    
(cc) t = 2338 ms (dd) t = 2450 ms (ee) t = 2622 ms (ff) t = 3000 ms 

Magnitude of displacement (mm) 

 
Fig. 12 Snapshots of the third cardiac cycle in the electromechanical model in EM-H and EM-V cases. First, second, 

fifth and sixth rows shows the transmembrane potential. Third, fourth, seventh and eighth rows illustrate the 

magnitude of displacement. 
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It is noteworthy that the displacement of the left ventricular chamber volume was less in the viscoelastic 

simulation than in the hyperelastic scenario, as evidenced by the decreased myocardial torsion in Fig. 7 and 

diminished apex to base shortening in Fig. 8. For this reason, the EF in the viscoelastic case was lower than in the 

hyperelastic case, and this behavior has been observed in other heart models that utilized closed-loop circulation, 

realistic geometry, and isotropic viscoelastic model, in which the EF was decreased by 6% in the viscoelastic 

model compared to a baseline hyperelastic model [8]. One of the reasons for the low EF in the simulations is the 

use of a transversely isotropic hyperelastic model and isotropic viscoelastic model, which are considered for 

passive mechanics because during the contraction of the myocardium, they cause a lower increase in wall 

thickness, and as a result, the displacement of the ventricular chamber volume decreases. On the other hand, the 

endocardial surface of the model is smooth due to the idealized geometry utilized in this study, however, the 

endocardium of real heart tissue has a trabeculated surface and contains papillary muscles, which will influence 

the EF of the heart [47]. 

4. Conclusion 

 In this study, an electromechanical model of the left ventricle was developed, and the effect of myocardial 

viscoelasticity on the cardiac cycle was investigated and compared with the hyperelastic case. In this approach, 

phenomenological models were used for the action potential and excitation-contraction coupling, which were 

discretized within the material frame to mimic the effect of gap junctions on the electrical propagation in the 

myocardium. By using the model, the general behavior of left ventricular function, such as the propagation of 

electrical activation in the myocardium, the mechanics of the myocardium, and the characteristics of blood flow 

in the circulation, were successfully simulated. The results of the viscoelastic model showed a reduction in the 

torsion and apex to base shortening compared to the hyperelastic case. Moreover, in the viscoelastic model, peak 

systolic pressure and blood flow were reduced and a delay was experienced in myocardial deformation. 

Furthermore, the stress and strain behavior were very similar in both viscoelastic and hyperelastic models, and 

only the strains were slightly damped. Overall, the electromechanical model was able to recreate the overall 

function of the left ventricle and can be utilized as a starting point to simulate the behavior of the heart under 

various disorders. 
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Appendix A. Fiber orientation of the heart 

First, we need to define a local coordinate system for the left ventricular geometry. Similar to Bakir et 

al. [18], the basis vectors 𝒆1̂, 𝒆2̂, and 𝒆3̂, are oriented along the myocardial longitudinal, circumferential, and radial 

directions, respectively. In this study, the COMSOL Multiphysics curvilinear coordinate system interface and 

diffusion method were used to determine the local coordinate system. In this interface, COMSOL requires three 

basis vectors to define a curvilinear coordinate system: the direction of the first basis vector is calculated by the 

use of an equation or can be defined by the user; the second basis vector can be in the direction of the components 

of the Cartesian coordinate system or determined by the user, and the direction of the third basis vector is 

calculated from the cross product of first two basis vectors. 

We defined the first basis vector for the left ventricular geometry by using the diffusion method and 

selecting the epicardium of the apex domain as the start boundary, and the base of the model as the end boundary. 

In this diffusion approach, COMSOL derives a scalar potential by following the geometry’s curvature to produce 

the first basis vector. For the second basis vector, the radial basis vector of the global cylindrical coordinate system 

was selected, which was perpendicular to the long-axis of the ventricle. The third basis vector for the curvilinear 

coordinate system was determined from the cross product of the previous two basis vectors. Thus, the local 

coordinate system for the left ventricular geometry was formed such that the first, third, and second basis vectors 

of the curvilinear coordinate system interface correspond to the first 𝒆1̂, the second 𝒆2̂, and third basis vectors 𝒆3̂, 

in the local coordinate system, respectively. Fig. 13 shows the local coordinate system of the left ventricular 

geometry, determined using the method above. 
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(a) (b) 

Fig. 13 Local coordinate system in isometric (a) and anterior (b) views. Longitudinal 𝒆𝟏̂, circumferential 𝒆𝟐̂, and 

radial directions 𝒆𝟑̂ of the myocardium are shown as red, green, and blue arrows, respectively  

 
 

 To establish the orientations of the fiber, sheet, and normal-to-sheet directions using the above local 

coordinate system, the distance from the endocardial and epicardial surfaces was determined at each point in the 

myocardium using two wall distance interfaces in COMSOL, using these distances to determine the orientation 

angle of the myocardial fibers. The wall distance interface in COMSOL is based on eikonal modified equations 

[56]: 

∇𝐺 ∙ ∇𝐺 + 𝜎𝑤𝐺(∇ ∙ ∇𝐺) = (1 + 2𝜎𝑤)𝐺4 (A.1) 

𝐷 =
1

𝐺
−

2

𝑙𝑟𝑒𝑓
 

(A.2) 

where 𝐷 is the distance from the origin wall. Two interfaces of this wall distance equation in COMSOL were 

used: one which the epicardial surface was taken as the origin boundary, with the distance from it given by 𝐷𝑒𝑝𝑖, 

and the other in which the endocardium was considered as the origin boundary, with the distance from it given by 

𝐷𝑒𝑛𝑑𝑜. Parameter 𝜎𝑤, which controls the ‘smoothness’ of the wall distance, was set to 0.2. For whatever boundary 

is selected as the origin, the reciprocal wall distance 𝐺 is set to 
2

𝑙𝑟𝑒𝑓
 as a boundary condition on that boundary, 

which corresponds to a wall distance 𝐷 of 𝑙𝑟𝑒𝑓, corresponding to the reference length scale, and assigned a value 

of 0.07 cm for our geometry [18]. The wall distance determined from Eqs. (A.1) and (A.2) is accurate at distances 

greater than 𝑙𝑟𝑒𝑓 from the origin boundary. 

 To adjust the angle of fibers with respect to the circumferential plane after calculating 𝐷𝑒𝑝𝑖, and 𝐷𝑒𝑛𝑑𝑜, 

we compute a transmural index 𝛾𝐿𝑉 , as: 

𝛾𝐿𝑉 =
𝐷𝑒𝑝𝑖

𝐷𝑒𝑛𝑑𝑜 + 𝐷𝑒𝑝𝑖

 
(A.3) 

which corresponds to the normalized fractional distance through the ventricular wall such that 𝛾𝐿𝑉 = 0 

corresponds to the epicardium and 𝛾𝐿𝑉 = 1 to the endocardium. Using this transmural index, variable 𝛼𝑓,LV, 

representing the local fiber angle at each point in the myocardium, was determined according to Eq. (A.4): 

𝛼𝑓,𝐿𝑉 = (1 − 𝛾𝐿𝑉)𝛼𝑓,𝐿𝑉,𝑒𝑝𝑖 + 𝛾𝐿𝑉𝛼𝑓,𝐿𝑉,𝑒𝑛𝑑𝑜 (A.4) 

where 𝛼𝑓,LV,𝑒𝑝𝑖, was equal to -60 degrees and 𝛼𝑓,LV,𝑒𝑛𝑑𝑜, was equal to +60 degrees. Fig. 14 shows, the transmural 

index and fiber angle in the myocardium. 
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(a) (b) 

Fig. 14 Fiber angle 𝜶𝒇,𝑳𝑽 (a) and transmural index 𝜸𝑳𝑽 (b) in the left ventricle 

 
 

 By using Eq. (A.5), the orientations of the fiber, sheet, and normal-to-sheet in the left ventricular 

geometry were determined: 

𝑭̂ = cos(𝛼𝑓,𝐿𝑉)𝒆2̂ + sin(𝛼𝑓,𝐿𝑉)𝒆1̂ 

𝑺 = 𝒆3̂ 

𝑵̂ = 𝑭̂ × 𝑺 

(A.5) 

 
 

Appendix B. Model parameters 

This appendix provides the necessary parameters that utilized for the simulation of the electromechanical 

model. 

Table B.1 Parameters and initial values for electrical activation model [32] 

Parameters Value Unit Description 
𝛽𝑠𝑣 160000 m-1 surface to volume rate of the cell membrane 
𝐶𝑚 0.01 F m-2 cell membrane capacitance per unit of surface area 
𝑘1 8 - - 
𝑘2 1 F m-2 s-1 - 

𝜎𝑓 1.5 S m-1 Conductivity in the fiber direction 
𝐵 -0.08 V To retain consistency in units 
𝐴 0.1 V To retain consistency in units 

𝑎 0.12 - - 

𝜀0 0.2 s-1 - 

𝜇2 20 - - 

𝜇1 0.3 s-1 - 

 

Initial values  

𝑉 -0.08 V Transmembrane potential 
𝑅 0.02 - Recovery variable 

 
 
 
 
 

Fiber angle (°) 
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Table B.2  Parameters and initial values for active stress model [32] 

Parameters Value Unit Description 
𝑘𝑆𝑎 120 kPa Maximum active stress 
𝐵 -0.08 V To retain consistency in units 
𝐴 0.1 V To retain consistency in units 
𝜖0 4.5 s-1 - 

𝜖∞ 30 s-1 - 
𝜉 10 V-1 - 

𝑉𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 -0.03 V - 

 

Initial value  

𝑆𝑎 0 kPa Active stress 
 
 

Table B.3 Parameters and initial values for passive mechanics (hyperelastic and viscoelastic components) 

[2, 10] 

Parameters Value Unit Description 
𝑎𝑖 2.280 kPa Myocardial isotropic characteristic 
𝑏𝑖 9.726 - Myocardial isotropic characteristic 
𝑎𝑓 1.685 kPa Myocardial characteristic in the fiber direction 
𝑏𝑓 15.779 - Myocardial characteristic in the fiber direction 

𝜌𝑠 1370 kg m-3 Density of myocardium [18] 
𝜅 3333 kPa Bulk modulus [23] 
𝛼𝑣 0.8025 kPa s Myocardial viscoelastic characteristic 

𝛽𝑣 0.005 s Myocardial viscoelastic characteristic 

 

Initial values  

𝑢𝑠⃗⃗⃗⃗  0 cm Myocardial displacement 
 
 

Table B.4 Parameters and initial values for the Windkessel circulation [40] 

Parameters Value Unit Description 
𝑃𝐿𝐴 12 mmHg Left atrial pressure 

𝑅𝑚𝑖𝑡𝑟𝑎𝑙 0.026 mmHg s ml-1 Mitral valve resistance 
𝑅𝑎𝑜𝑟𝑡𝑖𝑐 0.06 mmHg s ml-1 Aortic valve resistance 

𝐶 5.81 ml mmHg-1 Systemic capacitance 
𝑅𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐  1.25 mmHg s ml-1 Systemic resistance 

 

Initial values  

𝑃𝑆𝑦𝑠𝑡𝑒𝑚𝑖𝑐 80 mmHg Systemic pressure [21] 
𝑉𝐿𝑉,𝑑𝑒𝑠 - ml Chamber volume after applying a pressure of 12 mmHg 

on the surface of the endocardium 

𝑃𝐿𝑉 12 mmHg Left ventricular pressure 
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Appendix C. Verification of the electromechanical model 

Some aspects of the electromechanical model used in this study were based on the modeling study of Bakir 

et al. [18, 32]. All verification results are related to the EM-H simulation, and behavior of the fiber stress and 

strain are plotted at a point located on the mid apicobasal distance on the epicardial surface. This point was chosen 

as representative of the general behavior of the myocardium. Fig. 15 shows the second Piola-Kirchhoff stress 

tensor 𝑆𝑓𝑓 (a), and the Green-Lagrange strain tensor 𝐸𝑓𝑓 (b) in the direction of the fibers. Results between the 

model of this study and that of Bakir [32] are similar, with the largest difference occurring in the peak of the two 

graphs, due likely to the differences in the way of defining the fiber orientation and modeling ventricular pressure. 

Nonetheless, this discrepancy is acceptable with the magnitude of fiber stress and strain at the end of each cycle 

reaching a similar value in both simulations. To verify the Windkessel model of the circulation, results of chamber 

volume during cardiac cycle from the EM-H simulation are shown in part (c) of Fig. 15, again compared with the 

results of Bakir [32]. As can be seen, both simulations yield similar results, with some small discrepancies, likely 

due to minor differences in the model formulations. It should be noted that computational models of the heart are 

very complex and despite efforts for the verification, they may have some percentage of error. Furthermore, 

different approaches used between the two models will affect the results. 

 
(a) 

 
(b) 

 
(c) 

Fig. 15 Comparison of fiber stress (a), fiber strain (b) and ventricular volume (c) in this study with that of Bakir [32] 
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