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Abstract

‘We propose a novel simulation method for surface tension effects based on the Smoothed Particle Hydrody-
namics framework, capturing versatile tension effects using a unified interface energy description. Guided
by the principle of energy minimization, we compute the interface energy from multiple interfaces solely
using the original kernel function estimation, which eliminates the dependence on second-order derivative
discretization. Subsequently, we incorporate an inertia term into the energy function to strike a balance be-
tween tension effects and other forces. To simulate tension, we propose an energy diffusion based method

for minimizing the objective energy function. The particles at the interface are iteratively shifted from high-
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Email: wangxiaokun@ustb.edu.cn explicit computation of interfacial gradients. Experimental results demonstrate that our method effectively

captures the wetting, capillary and Marangoni effects, showcasing significant improvements in both the ac-

Present address curacy and stability of tension simulation.
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1 | INTRODUCTION
Surface tension exerts substantial influence on various fluid phenomena in nature, particularly in the formation of liquid
droplets™?, thin-film bubbles®*%, and capillary phenomenon®”. The interfacial dynamics between fluids and solid surfaces
also give rise to complex behaviors, including hydrophilic and hydrophobic effects®®. These complex physical processes have
attracted significant attention in the field of computer graphics”, prompting simulation studies aimed at achieving increasingly
refined and realistic visual effects.

At the microscale, surface tension fundamentally arises from asymmetric molecular attraction forces at fluid interfaces.
This imbalance induces tangential stress fields that minimize interfacial area through contractile forces. However, resolving
such intermolecular potential gradients requires molecular-scale discretization, rendering direct molecular dynamics simula-
tions computationally prohibitive. To circumvent this limitation at continuum scales, effective modeling has been achieved
in Smoothed Particle Hydrodynamics (SPH). The pairwise force model was developed to simulate surface tension following
the microscopic principle """, Nevertheless, compared with true molecular interactions, these methods require carefully
tuned interaction functions to artificially enhance short-range cohesion and suppress repulsive forces, thus reducing particle
clustering.

To enhance simulation fidelity, the Continuum Surface Force (CSF) model employs macroscopic principles of surface en-
ergy minimization, calculating surface tension through local curvature estimation to reduce interfacial area. However, the CSF

Abbreviations: SPH, Smoothed Particle Hydrodynamics; CSF, Continuum Surface Forc; MPM, Material Point Method.
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model faces challenges in accurately capturing curvature near free surface due to insufficient particle sampling, which un-
dermines both computational efficiency and numerical stability. Furthermore, the CSF model exhibits intrinsic limitations in
capturing interface migration phenomena driven by surface tension spatial gradients, specifically the Marangoni effect. Tong
and Browne™ introduced an interfacial gradient term I in the CSF formulation to expand the model. However, this approach
lacks thermodynamic consistency, and the numerical computation of the interfacial gradient also introduces non-negligible
erTors.

To overcome these limitations, we introduce a novel tension model driven by interface energy, which formulates versatile
interfacial effects within a unified energy framework. Our model addresses energy contributions at liquid-gas, liquid-liquid,
liquid-solid, and gas-solid interfaces, obtaining the interface energy function for both fluid and solid particles. To eliminate
dependence on second-order derivatives, we employ an original SPH kernel estimation formulation for interfacial area calcu-
lation, which is proposed by Probst and Teschner”. We combine it with solid volume resampling to enhance area estimation
accuracy in solid-involved interfaces.

Subsequently, we extended the energy function by introducing an inertia term™ and implement an energy-diffusion based
method to drive particles transition from high-energy regions to low-energy regions, achieving minimization of the interface
area, which is consistent with the effect of tension. The energy minimization of multiple interfaces enables the unified treatment
of phenomena such as high surface tension coefficients, wettability, and capillary forces within a single framework.

Furthermore, we incorporate spatially varying tension coefficients into the derivation, allowing particles at the interface to
experience traction from neighboring interfacial particles with higher tension coefficients. This allows spontaneous initiation
of the Marangoni effect without requiring explicit computation of complex interfacial spatial gradients.

2 | RELATED WORK
2.1 | Pairwise force models.

Surface tension arises from unbalanced molecular interactions at the microscopic level. Several studies approximate these
interactions macroscopically by introducing suitable attractive and repulsive forces between adjacent particles >™%™_ Most of
these methodologies suffer from particle clustering problems, resulting in simulation artifacts and numerical instabilities. Yang
et al.” developed a cosine-based interaction force function to mitigate particle clustering by generating repulsive effects when
particles are close to each other. Jeske et al.™' developed an implicit pairwise tension model, achieving stable simulations of
cohesion and adhesion.

2.2 | Continuum surface force models.

The CSF model operates through macroscopic tension effects, applying curvature-dependent volumetric forces to fluids to
facilitate surface area minimization. Brackbill et al."® constructed smooth transition interfaces using color field functions in
particle methods to represent surfaces, facilitating precise normal vector estimation at material interfaces, which subsequently
enables curvature computation through gradient operations. Due to satisfactory performance and accuracy, the CSF model has
been widely implemented in SPH-based methodologies. However, the estimation of normals can easily generate noise inside the
fluid, and the presence of second-order derivatives makes the calculation highly sensitive to particle disorder™"". To improve
numerical robustness, He et al."™™ developed an air phase sampling approximation to address insufficient particle sampling on
free surfaces. Adami et al.™ proposed a reproducing divergence approximation to compute curvature and alleviate errors caused
by second-order estimation. Expanding the CSF model, Tong and Browne™ incorporated thermal capillary into the CSF model
and introduced an interfacial gradient term to handle variable tension, achieving simulation of the Marangoni effect.

2.3 | Hybrid models.

Some studies attempted to combine the above two methods to simultaneously obtain both advantages". In addition, various
numerical methods have been developed to simulate surface tension. Da et al.”” proposed a mesh-based surface-only fluid



PLEASE INSERT YOUR ARTICLE TITLE HERE | 3

simulation framework capable of resolving microscale surface tension phenomena with high fidelity. Wang et al.” utilized co-
dimensional particles to model fluid sheets and filaments. Xing et al.”’ developed a method to simulate surface tension effects
by constructing local one-ring meshes around surface particles and minimizing their areas. Energy-based methodologies have
garnered increasing attention in recent years. Hyde et al.”” developed a variational formulation for Material Point Method
(MPM), subsequently extended by Chen et al.* to incorporate thermal phase transitions. Compared with other methods, the
energy-based formulation enables the unified simulation of surface tension alongside other physical phenomena, which can be
incorporated by an energy framework ", Probst and Teschner” proposed a novel method for computing surface energy within
the SPH framework and simulated physically consistent surface tension effects using an implicit formulation.

3 | SPHFUNDAMENTALS

Since our approach adopts a particle-based description, our methodology is fundamentally grounded in the SPH framework.

In SPH, the fluid is discretized into a series of particles that carry physical properties. The physical quantity A; of a certain
fluid particle i at position x; is approximated through interpolation of the corresponding physical quantities of other particles
within a certain spatial domain, >

A,‘ = AjVjW(X,’—Xj, /’l), (1)
J

where the subscript j denotes a neighboring particle, V denotes volume, x denotes position. The kernel function W is a Gaussian-
like function, chosen to be a cubic spline as suggested by Monaghan > and 4 denotes the support radius of W, which is typically
double the value of particle sampling distance dy. For the sake of brevity and readability, W(x; — X;, &) is replaced by W; in the
following text.

For solids, we also employ a unified particle representation. Taking into account uneven sampling, we perform volumetric
sampling of solid particles referencing the resampling method proposed by Akinci et al.". The volume of a solid particle b; can

be approximated as: |

Vy= P )
b Wb,b,-
J
where b; is a solid neighbor.
The volume of fluid particle i can be calculated as:
v
V=P P 3)

S VWit VW

where j is a fluid neighbor, b is a solid neighbor and V is the rest volume of a fluid particle as we assume that all fluid particles
have the same rest volume.

4 | METHOD

In this section, we propose a tension computation framework based on energy minimization principles, which comprises an
interface energy estimation method and an energy diffusion driven tension mechanism.

41 | Interface energy estimation

The interface energy E,, associated with the formation of the interface is proportional to the interface area Ay, which can be
calculated as:
Est = Ast, (4)

where is the respective energy density or also called tension coefficient.
For the entire system, the interface energy not only exists on the surface of the liquid but also stores on the surface of the
solid. To capture the behavior of interfacial interaction between the liquid and the solid, this part is indispensable. Therefore,
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Solid

FIGURE 1 Interface diagram in multiphase environment. As long as different phases of matter come into contact, an
interface will exist and store energy.

the total interface energy should be calculated as follows:
E9l = EE + ES, 5)

where ESLt denotes the interface energy on liquid surface, EsS, on solid surface. In most works, to simulate the cohesive effects
between liquids and the adhesive effects between liquids and solids, the liquid-gas and solid-liquid interfaces are typically con-
sidered, while the solid-gas interface is typically neglected ™. However, in order to achieve a unified description of all interfaces
and enable flexible parameter tuning, the solid-gas interface must be explicitly incorporated. Furthermore, in multiphase flow
scenarios, interfaces also exist between distinct liquid phases, necessitating the contributions of the liquid-liquid interface. At
this stage, the total interface energy that encompasses all interfaces can be expressed as:

L LGALG | LL 4LL LS ALS
E,= "A;+ Ay + A (6a)

ES = SOASC 4+ SEASE (6b)

where LG denotes the liquid-gas interface, LL denotes the the interface between L and another liquid phase L and LG denotes
the liquid-solid interface. The spatial schematic diagram of multiple interfaces is shown in Fig. [l

It is evident that the estimation of the interface area A is a crucial factor. In most SPH-based methods, the gradient of the
color function is typically used to calculate the interface area™” . However, this approach introduces second-order derivatives
when deriving forces, which exhibit high sensitivity to the particle distribution and severely affect the numerical accuracy.
Probst and Teschner” proposed a method for computing the interface area based on the estimation of the SPH basic kernel,
which is notably simpler and free of first-order derivatives. The main idea is to approximate the volume fraction of particles
from different phases within the neighborhood as the surface area fraction of the corresponding interface around the particle.
Firstly, we estimate the interface contribution C from all different phases within the support domain of particle i, which can be
calculated as:

><

o= VW (7a)

C,~LS= VWi (7b)
b > >

Clo=1- VIWy—  V,Wp. (7c)
j b

The SPH method rarely directly models gas particles. However, based on the normalization property of the kernel function, the
contribution of the gas phase within the support domain can be calculated by subtracting the contributions of all neighboring
particles from 1, as shown in Eq. [Zd. Taking into account non-homogeneous sampling of solids, we replaced the solid rest
volume V) in” with the resampled volume V;, calculated by Eq. @ to generate a more precise estimate. Similarly, the interface
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contributions on a solid particle can be calculated as follows:

oL _ o< o
Co = ViWey, (8a)
fi
Cl=1- VyWyp— VW, (8b)

where f; denotes a fluid neighbor and b; denotes a solid neighbor.
To avoid discontinuity of gradients and negative value, the contribution C is typically transformed into a continuous and
non-negative function C;, which can be expressed as:

a
Ci=max(- + C}+ 2,0), 9)

where is a coefficient that determines the threshold for the original C;. In our experimental practice, we set the parameter to
0.1. This modification significantly improves the precision of interfacial region identification while effectively minimizing the
misclassification of bulk-phase particles as interface particles.

Similarly to volume discretization, each particle can be conceptualized as possessing a finite surface area, which is partitioned
by interfacial regions with surrounding materials. Therefore, the volumetric weightings of different phases in the particle
support domain equivalently represent their interface area weightings. With the contribution function of a specific interface, the
respective interface area can be computed as the product of the function and the particle’s rest surface area:

A =AC, (10)

where A( denotes the rest surface area of a particle, which is determined as zd(z). With the quantification of all interface areas,
the aggregate interface energy of the system can be computed via integration over all defined interface energy density functions.

4.2 | Energy diffusion driven tension

The target is to minimize the energy function while achieving the tension effects and preserving the dynamic behavior. We
adopt an energy diffusion based strategy that iteratively displaces particles from regions of high energy density to regions of
low energy density.

Inspired by the projective dynamics framework™, our free energy minimization scheme explicitly incorporates a regulariza-
tion term, which serves a role similar to that of the momentum potential. Consequently, the objective energy function to be

minimized is formulated as: 5
v L —x; 1l

1 2 d(z) + s
where d is the particle sampling distance, X; is the original position in current time step, E; is the total interface energy on
particle i. The first term on the right hand of Eq. [ requires us to achieve a balance between inertia and tension, thereby
preventing instability induced by excessive particle displacement from their original positions.

Particle shifting is a commonly used particle regularization method in SPH*'. Tt follows Fick’s law of diffusion to shift
particles from high-concentration regions to low-concentration regions, preventing excessive particle clustering. He et al.”
applied this approach to the optimization of Helmholtz free energy, and follow this, we also utilize it in the context of our
energy function. The displacement of the particle i can be calculated as follows:

(1)

X; =— r,'", (12)

where denotes the diffusion coefficient which is used to limit the displacement of particles and mitigate artifacts such as
excessive shifting and unphysical jumps. The term ¥;"" can be computed as the derivative of the energy function "; with respect

to position Xx;:
X —X;
r'= d Ly rE. (13)
d2
0
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Accroding to Eq. bd to Eq. [[[, and r;E can be expressed as follows:

riE =1 AL 4 ry( AL ) 4 ry( BAD)

14
+ ri( SLASL)+ ri( SGASG). ( )

In addition to taking the derivative of the interface area, to address scenarios with non-constant tension coefficients, it is also
necessary to differentiate . In conventional CSF-based tension models, the derived force is a normal force directed toward
the fluid interior, which fails to capture such interfacial traction caused by variable tension coefficients. In contrast, our model
inherently characterizes it, as it is fundamentally driven by energy minimization.

Since C is a function of C,we formally define its partial derivative with respect to C as the operator H, which can be expressed
as follows:

@ .  max(C,0)

Consequently, the interface energy can be discretized through a variant of SPH derivative operator™ into the following
formulation:
>
rE=-A)Vo ( F°H;+ jLGHj) rw;
> J
~Ao (Vi FCH;+Vy ;°H)rWy,
b

X
+AVo ([P Hi+ (M HYrW; (16)
2L
+Ay (Vi PHi+ Vo JHy) YWy,
b

It can be observed that only particles with adjacent to the interface exhibit pronounced H values. Therefore, according to Eq. [[H,
contribution arises only from particles at the interface. This behavior is consistent with macroscopic physical descriptions and
eliminates the need to compute the interfacial spatial gradient of ™. Fig. Dl illustrates the effect of our computation.

Gas

olG 1

i%gi‘: ®
Telele

FIGURE 2 Tension effect with spatial gradients. The particles are primarily influenced by neighboring particles that are
close to the interface, and their behavior is more significantly affected by regions with high surface tension.
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We revisit the diffusion coefficient in Eq. [, whose value must ensure that the particle displacement in a single iteration
does not become excessively large. To this end, we set an upper bound d; on the displacement per iteration, and thus must
satisfy the following condition:

kr'k dp. 17)
By noting that
kx; —x; k
dj
where KrEK is a reference value that represents the upper bound of K EK,  is the upper limit of , and kirghlik is the upper
limit of krh1ik which can be computed analytically. Therefore, we define as:

kr*k + kiroEk di+2 oAokrrohlik, (18)
0

T Udy+2 oAokrohlik’

19)

5 | IMPLEMENTATION

Within SPH frameworks, the precision of kernel estimation is critically dependent on the number of particles within the sup-
port domain. This dependency becomes especially significant in surface tension calculations, where the absence of sufficient
particles near the interface severely degrades computational accuracy. To address this issue, we adopted an enlarged support
radius for tension calculation, which is determined as h*' = 3dj.

Although we treat the tension coefficient as variable, the underlying determinants governing its parametric variation remain
undefined. Factors such as liquid concentration and temperature can affect the magnitude of the tension coefficient. Considering
computational complexity, our iterative solution scheme does not update the tension coefficient at every iteration step, but rather
maintains it as an independent process.

For implementation of the whole fluid system, we adopt an operator splitting strategy, where surface tension, viscous forces,
external forces and pressure are sequentially solved. To enforce fluid incompressibility, we developed a pressure solver based
on IISPH®", which was subsequently adapted for multiphase flow simulation®". Solids are also discretized by particles, and we
use the method proposed by band et al.* for fluid-solid coupling. The simulation process in a time step is shown in Alg. .

Example Particle iters / step AV‘(?Y' time

num (s/frame)
Fig. B Coalescence and oscillation 240k 15 18.5

Fig.B

Droplet impacgt (o6 = 5000) 63k 20 87
Fig. B Contact angle (6 = 180 ) 65k 15 6.9
Fig. @ Capillary (Hydrophilic) 387k 10 14.8
Fig. B Marangoni effect 242k 5 11.4

TABLE 1 Performance of selected examples. For all examples, the frame per second (FPS) is set to 60.

6 | RESULTS

We implemented our method with C++ and parallelized the algorithm with CUDA. All simulations were performed on an Intel
Core i7-12700H CPU and an Nvidia GeForce RTX 3070 Ti Laptop GPU. We used the technique proposed by Béttcher et al.**
for surface reconstruction, Houdini and Mantra for ray tracing rendering. Table [ shows the performance of selected examples.

6.1 | Coalescence and oscillation

We conducted a coalescence and oscillation experiment with dual cubic water coalesces to assess the numerical accuracy and
stability of our methodology. Initialized in a zero gravity environment, the system demonstrated progressive fluidic deformation
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Algorithm 1 Simulation Loop.

1: Neighbor searching with two support radius h and A"
for all solid particles b do
Compute volume V, . Eqg.
4: end for
s5: for all fluid particles i do

w N

6: X X . Store original positions
7: end for
s: while iter <itery, do

9: for all fluid particles i do

10: Compute C; for all interfaces . Eg. & to Eqgq. 4
11: Compute H; &C; . Eg. @
12: end for

13: for all solid particles b do

14: Compute C, for all interfaces . Eqg. to Egq. EO
15: Compute Hp @%Cb . Eg.

16: end for

17: for all particles i do

18: Compute ;" . Eqg. and Eq. @@
19: Shift particles x—= ;r;"

20: end for

21: iter = iter + 1

22: end while
23: Update tension coefficient
24: Solve other forces with IISPHH

leading to complete coalescence, followed by damped oscillations converging to hydrostatic equilibrium. The side length of a
cube is set to 0.3m, and we set a large tension coefficient LG = 1000.

We conducted a comparative analysis between our method and the energy-based approach proposed by He et al.™, with both
employing the same support radius. The results are shown in Fig. B.It can be observed that the method proposed by He et al.™
successfully achieves coalescence into a spherical form, yet the resultant surface exhibits noticeable depressions and intensified
undulations. In contrast, our simulation methodology maintains surface smoothness throughout the process, ultimately forming
a geometrically perfect sphere. Fig. B shows the velocity magnitudes of surface particles at the beginning and final stages of the
simulation. As illustrated in Fig. Ba, the extremely uneven velocity of surface particles indicates significant instability in He’s
method under this configuration. To compare with, Fig. Bb shows a smooth velocity magnitude distribution with our method.

6.2 | Droplet impact

In this scenario, a spherical droplet with a diameter of 0.15m is placed in a rectangular hydrophobic container (height: 3m,
base: Im  1m), subjecting it to free fall from a height of 2.5m. When the tension coefficients of the liquid-gas interfaces
LG differ, the droplet exhibited distinct behaviors after impacting the container. The results, displayed starting from the frame
immediately after the droplet impacted the base, are presented in the figure B.
In this scenario, surface tension coefficients ranging from 1 to 5000 are simulated. It can be observed that our model demon-
strates robust capability in accommodating tension coefficients spanning multiple orders of magnitude while maintaining
simulation stability under such an extremely intense scenario.
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