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ABSTRACT 

OPTICAL WAVEGUIDE ANALYSIS USING 

TRANSMISSION LINES 
Xin Qian 

Bournemouth University 

Optical fibres have been used as a key medium for telecommunication and 
networking for more than two decades because in principle they offer sufficient 
transmission capacity, reaching total rates as high as Tbits/s per fibre. Critical fibre 

properties such as mode field profiles, single-mode propagation conditions and 
dispersion characteristics can all be related to the optical fibre refractive index 

profiles. For this reason, it is of fundamental importance to be able to determine the 

optical fibre refractive index profiles. 
In this thesis, a novel Transmission-Line technique has been studied and extended 

for both the forward and inverse solutions. In the forward solution of the 
Transmission-Line technique, it is shown that the technique is not only capable of 
determining exactly the propagation constants in optical fibres with real refractive 
index profiles, but also evaluating accurately the complex propagation constants in 

single-mode fibres with arbitrary complex refractive index profiles. To illustrate the 
effectiveness of this technique, it is applied to the evaluation and manipulation of the 
gain in a typical 980 nm pumped Erbium-Doped fibre as well as to the calculation of 
the attenuation of optical fibres when radial loss factors are presented. Moreover, 
based on the Transmission-Line equivalent circuit model, the exact analytical 
formulas are derived for a recursive algorithm which allows direct and efficient 
calculation of dispersion of arbitrary refractive index profile optical fibres. The 

proposed algorithm computes dispersion directly from the propagation constants 
without the need for curve fitting and successive subsequent numerical 
differentiation. The algorithm results in savings for both storage memory and 
computation time. 

In the inverse solution using the Transmission-Line technique, the optical fibre 

refractive index profile synthesis from the given mode electric field distribution is 
developed and demonstrated. The application of the Transmission-Line principles in 
the study of optical fibre properties was developed for the first time in the early 80's. 
However, until now the potential of using Transmission-Line technique for the 
design of optical fibres based on the given electric field pattern had not been 

examined. From Maxwell's equations, the Transmission-Line equivalent circuits are 
derived for a homogeneous symmetric optical fibre. This work demonstrates how to 
use the Transmission-Line model to reconstruct the exact refractive index profile 
from the electric field data. The accuracy of the reconstructed optical fibre refractive 
index profile is examined numerically. 
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CHAPTER 1 

Introduction 

1.1 Motivation 

Optical fibres have become the backbone of telecommunication systems due to 

their enormous capacity to transmit simultaneously data, voice and video. 

Advantages of optical fibres include high data transmission rates and bandwidth, low 

losses, small cable size and weight, electrical safety and data security. Because of 

these advantages, the fibres are suitable for carrying high bit rate optical signals 

whilst being impervious to the disturbances which afflict electrical wires and 

wireless communication links. 

The refractive index profiles of optical fibres play an important role in 

characterizing the properties of optical fibres. The profile allows the determination of 

the numerical aperture (NA) of an optical fibre and the theoretical number of 

propagating modes. At the same time the NA and profile defines intermodal 

dispersion. Also, since the information-carrying capacity of optical fibres is 

refractive index profile-dependent, it is essential for optical fibre manufacturers to 

produce controlled optical fibre index profiles with great accuracy. In a similar 

manner, the characterization of the refractive index profiles of planar waveguides has 

a fundamental importance for the determination of their optical properties. Features 

such as bandwidth, single-mode condition, fibre-to-guide and guide-to-guide 

coupling efficiency are related to the refractive index profiles. Refractive index 

profiling is essential for optical waveguide fabrication processes, as the profile can 

give valuable information about the physics of the fabrication process. Therefore the 

profiling permits the development of analytical process models useful in the 

fabrication process of optical waveguides. 

It is important to establish an efficient and accurate method for determining the 

refractive index profile. Accurate knowledge of the refractive index profile allows 

designers to reduce optical waveguide device manufacturing costs through tight 



control of the optical waveguide fabrication processes. Recently, the inverse 

techniques applied to the refractive index reconstruction from the mode electric field 

have been the topic of much research. Boucouvalas and Papageorgiou (1982) have 

shown that Transmission-Line (TL) techniques can be applied to optical fibres and 

can determine exactly the mode propagation constants and cut-off wavelengths of 

waveguide modes. In general, from knowledge of the refractive index, a complete 

waveguide characterization including the mode field plots can be achieved by using 

this technique. Furthermore, the inverse solution of the TL technique has the 

potential for the design of optical fibres based on a set of properties such as a given 

mode electric field. 

Significant advances in optical fibre technology have resulted in the production of 

low loss, high bandwidth optical fibres for communication purposes. Single-mode 

optical fibres offer an excellent data transmission medium ranging in length from 

metres to hundreds of kilometres. For long distance high capacity transmission 

applications, an important concern of optical fibres is the dispersion, measured in the 

unit of ps/nm/km. Understanding and controlling the variation of dispersion against 

wavelength is essential for the design of optical fibres. Dispersion characteristics 

such as dispersion shifted and dispersion flattened fibres have been extensively 

studied and investigated in the optical communication systems. Numerical 

techniques for fast calculation of total dispersion from the mode propagation constant 

ideally should be as direct as possible. The methods must be theoretically accurate so 

that even a small value of dispersion can still be predicted and the dispersion must 

include a material dispersion component. Direct analytical techniques are preferred 

in order to avoid high order curve fitting and subsequent numerical differentiation of 

data. 

The Erbium Doped Fibre Amplifier (EDFA) has now replaced optoelectronic 

repeaters as the primary design option for extending the range and capacity of the 

fibre optic telecommunication systems. The standard single-mode fibre deployed 

today is manufactured to optimize transmission at 1310 nm by effectively reducing 

dispersion to the minimum at that wavelength. The dispersion in the 1550 nm 

window far exceeds that of 1310 nm on standard fibre and hence is a limiting factor 

in single channel or Dense Wavelength Division Multiplexing (DWDM) systems 
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operating in that window. The advent of EDFA technology allowing the 

amplification of multiple optical carriers in the 1550 nm window has provided 

sufficient motivation for the development of optical fibres that will give minimal 
dispersion at 1550 nm, an example of which is dispersion shifted fibre. 

In multimode optical fibres, the light confinement is achieved through total internal 

reflection in the high index centre core. A completely different confinement 

mechanism, Bragg reflection, provides an alternative way of guiding light. Since 

Bragg fibres and conventional multimode optical fibres utilize different guiding 

mechanisms, it is not unexpected that Bragg fibres offer many possibilities that are 

difficult to achieve in multimode fibres. One such example is the possibility of 

guiding light in air, which has attracted much recent interest. A Bragg fibre can also 

be designed to support a single guided mode without azimuthal dependence (i. e. the 

TE or TM mode). In contrast to the fundamental mode in conventional fibres, which 

is always doubly degenerate, these guided Bragg fibre modes are truly single-moded. 

Consequently, many undesirable polarization dependent effects can be completely 

eliminated in Bragg fibres. 

1.2 Statement of The Problem 

The reconstruction of the optical fibre refractive index profile from mode electric 

fields is generally difficult due to small dimensions and low refractive index 

differences. Therefore an efficient inverse algorithm is needed. The inverse TL 

technique as an efficient alternative algorithm to refractive index profiling is 

developed. The author can optimise the number of cylindrical layers and avoid prior 

exact knowledge of the mode propagation constant. The more cylindrical layers are 

used, the more accurate the results can be achieved. However, too many cylindrical 

layers will consume more computation time and memory. 

Another challenge in this research work is the dispersion calculation. The 

definition of dispersion involves the use of first (delay) and second (dispersion) 

derivatives of mode propagation constant with respect to wavelength, thus theoretical 

evaluation of dispersion requires the determination of such derivatives in the first 
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instance. However, direct numerical calculation of the first and second derivatives 

from data points of mode propagation constant versus wavelength based on simple 
finite differences can result in errors due to approximations. It is an aim to obtain 
dispersion directly from the mode propagation constant without the use of first and 

second derivatives. 

1.3 Outline of The Research Work 

This research work is concerned with the development of efficient and novel 

algorithms based on TL principles for the design of optical waveguides. The 

following issues are addressed: 

a) Forward Solution of The TL Technique 

9 An optical fibre can be represented as a cascade of Transmission-Line circuits 

(T-circuits), the impedances of the circuit represent a function of the 

waveguide physical and optical properties. The mode propagation constant 

can be determined when the optical energy is trapped inside the optical 

waveguide, and this is equivalent to the resonance condition of the equivalent 

T-circuits. The mode propagation constant can be obtained from the fibre 

refractive index profile by using the root searching method on the basis of the 

resonance technique. By using exact propagation constants, both the 

fundamental mode electric field distribution and the higher order mode 

electric fields can be plotted out. 

"A new analysis leading to an exact and efficient algorithm is presented for 

calculating directly the dispersion characteristics of arbitrary refractive index 

profile optical fibres. Based on the T-circuit model the exact analytic 

formulas can be derived for a recursive algorithm which allows direct 

calculation of mode delay and dispersion. This technique has been 

demonstrated by calculating the fundamental mode dispersion for step, 

triangular and linear chirp refractive index profile optical fibres. The accuracy 

of the numerical results is examined. The proposed algorithm computes 
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dispersion directly from the propagation constant without the need for curve 
fitting and subsequent successive numerical differentiation. It is exact, rapidly 

convergent and it results in savings for both storage memory and computation 

time. 

" The gain or loss in optical fibres is described by the imaginary component of 
the complex propagation constant, which is critically dependent on the 

imaginary component of the complex refractive index profile. A rapidly 

converging numerical procedure for evaluating mode characteristics of the 

optical fibre with an arbitrary complex refractive index profile is studied. 

This method is also based on TL principles. To illustrate the effectiveness of 

this procedure, it has been applied to optical fibres with complex step, 

parabolic, and segmented refractive index profiles. This method has also been 

used to evaluate and manipulate the gain in a typical 980 nm pumped Erbium- 

Doped fibre as well as to calculate the attenuation of optical fibres when 

radial loss factors are presented. 

" The TL technique has been extended to calculate the effective index of leaky 

modes by using the model of Bragg fibres. From Maxwell's equations, the 

transmission line equivalent circuits for leaky waveguides, such as Bragg 

fibres, are derived to demonstrate how to determine the mode effective index 

using the root searching method on the basis of the resonance technique. As a 

result, the Bragg fibre TM mode band-gap structures can be obtained and 

analyzed using the TL method. 

b) Inverse Solution of The TL Technique from Mode Electric Field 

"A novel and accurate refractive index profile synthesis method for optical 

waveguides is demonstrated using the transmitted electric field data. This 

method is based on an inverse TL technique. The method of using the T- 

circuit model to carry out the inverse problem and synthesize the exact 

refractive index profile numerically from homogeneous symmetric optical 

fibre electric field has been demonstrated. Based on knowledge of the electric 

field, the numerical reconstruction results of step, parabolic and segmented 
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optical fibre refractive index profiles have been obtained. The accuracy of the 

reconstructed waveguide profiles is examined numerically. 

" The T-circuit model has been used to synthesize the exact Bragg fibre 

refractive index profile when the desired Bragg fibre electric field is 

available. The accuracy of the reconstructed Bragg fibre refractive index 

profiles is also examined numerically. 

1.4 Thesis Outline 

The main scope of this thesis is to develop algorithms for both forward and inverse 

solutions of the TL technique. It focuses on the optical waveguide refractive index 

profiles that determine the performance of optical waveguides. The thesis has four 

parts; chapter 2 discusses existing alternative algorithms on the design of optical 

waveguides, chapters 3 and 4 consider the forward and inverse TL theories with the 

modelling of symmetric cylindrical optical waveguides, chapter 5 studies the forward 

and inverse TL solutions for isotropic symmetric and asymmetric planar optical 

waveguides, and chapter 6 presents the conclusions and suggestions for further 

research work. 

Chapter 2 introduces an overview of optical fibres, followed by a general 
discussion of optimisation methods and their importance to optical fibres. This 

chapter presents the real and complex propagation constants in the design of optical 
fibres. Chapter 2 also presents a number of numerical methods used in calculating 

the dispersion of optical fibres. Finally, the current research on Bragg fibres and 

planar optical waveguides is critically reviewed. 
Chapter 3 presents the forward TL theory and numerical methods associated with 

the modelling of optical fibres, followed by a detailed exploration of the strategy 

algorithm, along with its computational implementation. This chapter examines the 

performance of the forward TL method by comparing it with existing algorithms in 

the literature. The performance of the forward TL method shows that it is an effective 

and accurate method. 
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Chapter 4 examines the refractive index profile reconstruction results from the 

mode electric fields for step, graded index and Bragg fibres. The chapter then 

concludes with a discussion on the potential of such algorithms and related 

computational issues. The reconstructed refractive indices from electric fields are 

obtained not only for the fundamental mode but also for higher order modes. A high 

level of accuracy is achieved. 

Chapter 5 presents the forward and inverse electric field solutions of Maxwell's 

equations for planar optical waveguides. The same simulation algorithm and analysis 

method used in optical fibres are also applied to isotropic symmetric and asymmetric 

planar optical waveguides. 

Chapter 6 presents the conclusions of this thesis and proposes the direction for 

further research work. 
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CHAPTER 2 

Background and Literature Review 

Optical fibres are waveguides which normally guide light in the core region of the 

fibre, and they are generally made of silica. Takagi et al. (1992) point out that the 

design of fibres with particular characteristics in mind is an important issue, as 

general rules of thumb are known to apply to simple fibres, but not to more complex 

structures. Also, the problem here is not to attempt to discover the relationship 

between the fibre structure and its corresponding characteristics, but rather to arrive 

at a fibre structure that gives desired characteristics. Appendix A shows the basic 

background of optical fibres. 

In order to appreciate the transmission mechanism of optical fibres, it is necessary 

to consider how light is guided by a cylindrical glass fibre. The guiding properties of 

optical fibres can be explained using the simple ray theory of light, and the wave 

theory of light. Ray theory considers light as narrow rays. This approach is also 

called geometrical optics (Adams 1981). 

Experiments have shown that the wave theory of light is most successful for 

explaining propagating phenomena and fibre optic components, especially when the 

dimensions of the fibre are very small. The wave theory is used to describe the 

properties of light that ray theory is unable to explain. Light in this case is considered 

to be an electromagnetic wave, and has an optical wavelength X. A set of guided 

electromagnetic waves are referred to as the modes of the optical fibre. This 

approach is discussed in more details by Schar (1999). When light is considered as 

an electromagnetic radiation which oscillates at frequency f, it has an electric field E 

and an orthogonal magnetic field of H. These fields travel in wavelike fashion along 

a propagation direction z, as shown in Fig. 2.1. 
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Figure 2.1 Electric and magnetic field distributions in a train of plane electromagnetic waves 
at a given instant in time 

2.1 Real Propagation Constant 

Determination of the optical properties of fibres is a very important issue due to the 

rapid development of optical fibre telecommunication. Advanced systems, such as 
DWDM, use fibres with specially designed refractive index profiles. Sensors use 

optical fibres whose refractive indices are significantly modified in order to meet the 

required applications. Thus, the refractive index is a crucial measure that is used to 

explore the optical properties of fibres and their parameters. One of the important 

optical fibre parameters is the propagation constant. It is the measure of signal phase 
difference and also of power loss during transmission of optical signals inside the 

fibre. The relation describing the correlation between the propagation constant ß, the 

power loss or the attenuation constant a and the signal phase constant y is given as 

=a+ iy (Adams 1981). 

The propagation constant depends on the constituents of the core. Other factors that 

may contribute to it are bending and the core-cladding index difference (Agraweal 

1995). The most popular method for determining the propagation constant of optical 

waveguides appears to be the effective index method (Krijnen, Hoekstra et al. 1994). 

By applying separation of variables to the dominant field component, the complete 

problem is subdivided into two scalar problems in the lateral and transverse 

directions. Making use of the strong transverse confinement, as observed in most real 
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waveguide structures, the nonlinear index changes of the various transverse sections 

can be lumped into nonlinear effective indices of the equivalent layered planar 

structures. By using a slab solver (e. g., making use of transfer matrices and solving 
for the propagation constants), the effective indices of the mode in the transverse 

sections can be found. Since the effective index method can significantly reduce the 

amount of computational effort, it is widely used for the calculation of the 

propagation constant. 
Lahart (1998), for a doubly clad fibre, has shown the dependence of the 

propagation constant on the radius of the core-inner-cladding and inner-outer- 

cladding layers for a constant set of refractive indices in the three regions. The 

variation of the optical fibre refractive index profile via index difference changes is 

reported by Hattori and Safaai-Jazi (1998) as the primary design tool for producing a 

class of depressed-core, low-nonlinearity, dispersion shifted fibres for very long- 

distance communications at 1.5 gm. Hou et al. (2003) use the end-etched fibre 

technique to separate all guided modes into individual rings. The propagation 

constant as a function of propagation angle and fibre parameters is measured for a 

single-mode fibre. 

A quasi-optical technique for characterizing micromachined waveguides is 

demonstrated with wideband time resolved terahertz spectroscopy (Hadjiloucas, 

Galvao et al. 2003). In the quasi-optical technique, a transfer function representation 
is adopted for the description of the relation between the signals in the input and 

output port of the waveguides. The propagation constant for the multimode 

propagation can be calculated by measuring the attenuated energy which passes 

twice through a waveguide section of unit length. In (Themistos, Rahman et al. 

1995), finite element analysis employing the vector magnetic field formulation, with 

the aid of the perturbation technique, is used to calculate the complex propagation 

constant for several different types of optical waveguides. 

It is also possible to define the constant b for a step index optical fibre in terms of 

the parameters of V= (U2 + W2)2 = ka(n; - n2) 2 so that 

b =1- 
U2= (ß/k) Z- n2 

= 
(ß/k) Z- n2 

where A is the relative refractive index 
v2 ný - n2 n; 0 

difference, which is merely the difference in the index of refraction between the core 
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nj and the cladding n2, A=( ni-n2)/ni. V is the normalized frequency, U is the core 

modal parameter and W is the cladding modal parameter. Referring to the expression 

for the guided modes given by n2k <, 8 < n1 k, the limits of 8 are n2k and n, k 

hence b must lie between 0 and 1. 

Most fibres of practical interest in optical communication systems are weakly 

guiding (A« 1), and support nearly transverse electromagnetic modes. In the weak 

guidance approximation the field matching conditions at the boundary require 

continuity of the transverse and tangential electrical field components at the core- 

cladding interface (at r= a). Therefore, using the Bessel function relations, an 

eigenvalue equation for the LP modes may be written in the following form 

U 
Jl ±' (U) 

_ ±W 
K' ±' (W) 

Solving this equation with U= a(n; k2- ß(3Z) 2 and Ji (U) Kr (W ) 

W= a(, ß2 - n2 k 2) 2 allows the eigenvalue U and hence 6 to be calculated as a 

function of the normalized frequency. In this way the propagation characteristics of 

the various modes, and their dependence on the optical wavelength and the fibre 

parameters may be determined. However, this technique is only applicable for step 

index optical fibres (Jeunhomme 1983). 

Considering the limit of mode propagation when 8= n2k , then the mode phase 

velocity is equal to the velocity of light in the cladding and the mode is no longer 

properly guided. In this case the mode is said to be cut-off and the eigenvalue W=O 

(Murakami and H. Tsuchiya 1978; Marcuse 1993). The single-mode operation only 

occurs above a theoretical cut-off wavelength A, given by AC = 
2'ran' 

(2A) 2, where Vý 

Vc is the cut-off normalised frequency for the LP11 mode. Dividing 

11 

A= 
27ran' 

(2A) 2 by V=2 n' (2A) 2 for the same fibre the inverse relationship 
VC 2 

-c =V can be obtained. Thus for a step index fibre where Vc =2.405, the cut-off 
A VV 

wavelength is given by 11c = 
VA 

(Jeunhomme 1983). For the operating wavelength 
2.405 

A> 2c 
, the fibre is single-moded, and at A< 2c the fibre is multi-moded. In practice, 
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the cut-off wavelength of the second order LP� mode is used for this definition. The 

standard method of determining the cut-off wavelength is to calculate the effective 

index /3 = ýß/k of the LP� mode at a particular wavelength, and vary the wavelength 

until ý= n2 is obtained. Boucouvalas and Papageorgiou (1982) have developed the 

resonance technique to obtain the cut-off wavelength for arbitrary refractive index 

profile optical fibres. The cut-off wavelength is also achieved by Bourillot et al. 
(1995) for planar optical waveguides. Officially, an effective cut-off wavelength is 

defined by the International Telephone and Telegraph Consultative Committee 

(1985) which is obtained from a 2m length of fibre containing a single 14cm radius 

loop. This definition is produced because the first order LPo1 mode is strongly 

affected by fibre length and curvature near cut-off. Recommended cut-off 

wavelength values range from 1100 to 1280 nm for single-mode fibres designed for 

operation in the 1300 nm wavelength region in order to avoid modal noise and 

dispersion problems. Moreover, practical transmission systems are generally 

operated close to the effective cut-off wavelength in order to enhance the 

fundamental mode confinement, but sufficiently distant from cut-off so that no 

power is transmitted in the second order LP� mode (Martynkien, Harris et al. 2000). 

Unguided or radiation modes have frequencies below cut-off when /3 < n2k , and 

hence W is imaginary. Nevertheless, wave propagation does not cease abruptly below 

cut-off. Modes exist when ß< n2 k but the difference is very small, such that some of 

the energy loss due to radiation is prevented by an angular momentum barrier formed 

near the core-cladding interface. Solutions of the wave equation giving these states 

are called leaky modes, and often behave as very lossy guided modes rather than 

radiation modes. However, leaky modes can be relatively low-loss, therefore they 

can carry a large amount of power in short fibres (Issa and Poladian 2003). 

Alternatively, as 8 is increased above n2k , 
less power is propagated in the cladding. 

As indicated previously, the range of n2k <ß <n, k signifies the guided modes of the 

fibre. 

The propagation of particular modes within a fibre may also be confirmed through 

visual analysis. The electric field distributions of different modes give similar 

distributions of light intensity within the fibre core. These waveguide patterns (often 
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called mode patterns) may give an indication of the predominant modes propagating 
in the fibre. The order of each mode is indicated by the number of field maxima 

within the core of the fibre. The electric field is at its maximum inside the core of the 

waveguide and diminishes toward the core-cladding boundary. HEI, is considered as 
the fundamental mode or the lowest order standing wave. As the number of field 

maxima increases, the order of the mode is higher. Generally, modes with more than 

a few (5-10) field maxima are referred to as high-order modes. The field intensity 

distributions for the three low-order LP modes are shown in Fig. 2.2. In Fig. 2.3, the 

mode patterns of two high-order LP modes are illustrated. 

LPo l HEI 1 

TEo1 

LP>> TMo 1 

HE2, 

EH� ý"ý 

LP21 
" 

HE3,0 
, 

". 

(a) (b) (c) (d) 

Figure 2.2 The electric field configurations for the three lowest LP modes illustrated in 
terms of their constituent exact modes: (a) LP mode designations, (b) exact mode 

designations, (c) electric field distributions of the exact modes, (d) intensity distributions of 
EX for the exact modes indicating the electric field intensity profile for the corresponding 

LP modes. 
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Figure 2.3 Sketches of fibre cross sections illustrating the distinctive light intensity 
distributions (mode patterns) generated by propagation of individual linearly polarized 

modes. 

2.2 Complex Propagation Constant 

Recently, the EDFA has been shown to be a potential alternative to the 

semiconductor laser amplifier, operating in the third communication window for 

optical fibre systems (Yamada, Shimizu et al. 1990; Giles and Desurvire 1991; Von- 

der-Weid, Passy et al. 1998). As compared to the semiconductor laser amplifier, the 

advantages of using an EDFA include high gain (Von-der-Weid, Passy et al. 1998), 

high saturation output power (Desurvire, Zyskind et al. 1990), polarization 

independent gain, no crosstalk, low noise figure, and low insertion loss (Giles and 

Desurvire 1991). The EDFA can be pumped by semiconductor laser diodes. The 

most interesting pump wavelengths are at 810,980, and 1480 nm (Lidgard, 

Digiovanni et al. 1992). The state absorption in the 810 nm pump band implies a high 

pump power to achieve a high gain. However, a high pump power results in a low 

operating life for the pump laser. The latest reports of high gain achieved with low 

pump power in the 980 and 1480 nm pump bands have stimulated the interest in 

these two pump bands (Shimizu, Yamada et al. 1990). 

Erbium-Doped fibre structure and its dopant profile are important factors which 

determine the pumping efficiency. It has been shown that confinement of the 

Erbium-Ions near the centre of the fibre core where pump intensity is highest results 
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in the best efficiency. The Erbium-Ion concentration and pump power determine the 

optimum amplifier length (Barnes, Laming et al. 1991). 

Analysis of real refractive index profile fibres has been an area of considerable 

research in recent years, with various methods being developed for the analysis of 

any weakly guiding fibre whose signal propagation can be described by the scalar 

wave equation. Current interest is drawn to the field of laser fibres or, in general, 

fibres whose refractive index profiles can be described in terms of a complex 

function. Of particular interest in laser fibres is the gain along the length of fibres. In 

order that this may be evaluated, the imaginary component ß; of the complex 

propagation coefficient 63 * must be found. Q; is critically dependent on the 

imaginary component of the complex refractive index profile. Hence it would be of 

great use to be able to evaluate 83, for arbitrary complex refractive index profile 

fibres. 

Some approximate or numerically cumbersome methods have been reported in the 

literature (Reisinger 1973; Sader 1990; Sunanda and Sharma 1999) for evaluation of 

the propagation characteristics of such fibres. The approximate method (Sader 1990) 

attempts to separate the real and imaginary parts of the complex scalar wave equation 

to obtain two real scalar wave equations. Under the assumption that the imaginary 

part of the field is much smaller than the real part, the imaginary part of the field is 

neglected. Thus, this method is accurate only for profiles in which the imaginary part 

of the refractive index is small. Another method for the analysis of such profiles has 

been the standard method of perturbation (Reisinger 1973), in which the restraining 

assumption is that the loss or gain exhibited by the fibre does not significantly alter 

the field and is also valid for profiles with low values of the imaginary part of the 

refractive index. In order to overcome this restraint, a numerical procedure (Sunanda 

and Sharma 1999) is developed, in which the Rayleigh-Ritz procedure, involving 

expansion of the field in terms of appropriate basis functions, has been extended to 

complex profiles by choosing the expansion coefficients as complex. This converts 

the problem to a complex matrix eigenvalue equation. Although this procedure does 

not neglect the imaginary part of the field, the number of basis functions required in 

the expansion, for sufficient accuracy, can often be as large as 50. Hence, the 

procedure requires evaluation of the complex eigenvalues of a matrix with complex 
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elements. This requires a cumbersome algorithm and the use of an optimized 

numerical algorithms group (NAG) library routine to attain the desired accuracy 

rapidly, taking a few seconds for one eigenvalue. Moreover, for any of the 

procedures to find direct application to EDFA gain calculations, the refractive index 

profile of the pumped Erbium-Doped fibre has to be defined. 

In (Qian and Boucouvalas 2004), the author first defines the complex refractive 

index profile at signal and pump wavelengths in an Erbium-Doped fibre pumped at 

980 nm and uses the TL procedure reported earlier for optical fibres with gain to 

obtain the modal gain or loss for both the signal and pump powers propagating in the 

EDFA. The complex refractive index profile depends on radial distance, pump and 

signal power levels, wavelength, and dopant profiles. A novel method that can easily 

be applied to fibres with arbitrary indices and dopant profiles is provided for looking 

at the gain characteristics of Erbium-Doped fibres. The TL method can be further 

extended to estimate the signal gain and pump loss for a given length of fibre by a 

beam-propagation type of procedure, in which the total length is divided into small 

segments and propagation is considered in terms of the local normal modes through 

each segment. 

2.2.1 Gain in Optical Fibres 

The two main approaches to optical amplification to date have concentrated on 

semiconductor laser amplifiers which utilize stimulated emission from injected 

carriers and fibre amplifiers in which gain is provided by either stimulated Raman or 

Brillouin scattering, or by rare earth dopants. Both amplifier types (i. e. 

semiconductor and fibre; specifically rare earth and Raman) have the ability to 

provide high gain over wide spectral bandwidths, making them eminently suitable 

for future optical fibre system applications. 

The gain flattening of EDFA has been a research issue in recent years, with the 

development of high capacity WDM optical communication systems. For single 

channel systems, the gain variation with wavelength is not a problem. However, as 

the number of channels increases, the transmission problem arises because a 

conventional EDFA has intrinsic non-uniform gain. EDFAs typically present gain 

peaking at about 1530 nm and the useful gain bandwidth may be reduced to less than 
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10 nm. The gain in EDFAs depends on a large number of device parameters such as 
Erbium-Ion concentration, amplifier length, core radius and pump power. To 

increase the gain bandwidth of an amplified lightwave system several methods can 
be used. 

These methods include the use of a waveguide Mach-Zehnder optical filter (Inoue, 

Kominato et al. 1991), an acousto-optic tuneable filter (Yun, Lee et al. 1999), gain- 

clamping in EDFA (Zhao, Bryce et al. 1997), long and short-period fibre Bragg 

gratings in EDFA (Rochette, Larochelle et al. 1999). However, many of these 

techniques involve the use of expensive components and complicated designs. The 

use of twin-core fibre, in which both cores are identically doped with Erbium, is also 

an obvious choice. This technique has been suggested by Laming, Minelly et al. 
(1993) and it involves the concatenation of a length of single core Erbium-Doped 

Fibre (EDF) with a length of twin-core EDF. The purpose of the twin-core EDF here 

is to introduce spatial hole burning which equalizes the output power at certain 

wavelengths. Wu and Chu (1994) have also suggested the use of twin-core EDF for 

power equalisation by launching pump power into both cores. The ratio of these 

powers has to be predetermined. However, this technique is not practical as it is 

difficult to have simultaneous access to the two input cores. 

Gain flattening filters, amplified spontaneous emission (ASE) filters in EDFAs, and 
band rejection filters are some examples where long period fibre gratings (LPFGs) 

can be applied with success. LPFGs are produced using the electric arc technique 

(Rego, Frazao et al. 2001). This method of fabrication has several advantages over 

others, namely, it does not require that the fibre be photosensitive and the arc- 

induced gratings possess high thermal stability. However, the writing of gratings at 

short wavelengths puts forward several problems. Usually, fibres are multimode for 

those wavelengths and therefore the filters on them are very sensitive to bending 

(even to micro-bends during their inscription) making the control of background loss 

difficult. Moreover, the well-known process of increasing the tension or the current 

to widen a spectrum or to have a deeper peak-loss also results in an increased 

background loss. Therefore, transposing what is known about the writing of LPFGs 

in the third telecommunication window to this particular issue is not straightforward. 
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Generally, the gain flatness is improved for smaller bandwidths. Further 

developments that implement advanced techniques for high performance WDM 

applications are being carried out. 

2.2.2 Loss in Optical Fibres 

The traditional way of compensating for optical loss in lightwave communication 

systems has been the rather cumbersome procedure of regeneration. Regeneration 

includes photon-electron conversion, electrical amplification, retiming, pulse shaping 

and finally electro-photon conversion (Desurvire 1994). In many applications, direct 

optical amplification of the light signal would be advantageous. Optical amplifiers 

can be used in any system that is loss limited, i. e. dispersion effects are not the 

limiting factor (Fleming and Whitley 1996). This is the case for most systems 

operating beneath the dispersion minimum at 1310 nm and for coherent lightwave 

systems. The use of optical fibre amplifiers as a booster for 1550 nm optical systems 

operating over 400km at 2.56Tbit/s has been demonstrated (Kaman, Zheng et al. 

2005), and reveals the potential of fibre amplifiers for upgrading optical systems. 

The spectrum of optical power loss in an optical fibre is a complicated function of 

absorption and scattering phenomena that are introduced during the drawing of the 

fibre, either because of impurities introduced during the drawing or because 

scattering centres increase or decrease according to the level of dopant used. The 

review in (Garrett 1983) gives a thorough account of single-mode fibre loss 

contributors, including: 

1) Scattering and absorption that is intrinsic to the glass compound used 

in the fibre. 

2) Impurity absorption, including the transition-metal contaminants and 

residual hydroxyl groups. 

3) Absorption and scattering centres that are introduced during the 

drawing process. 

The drawing-induced losses depend on drawing speed and temperature, and the 

resulting loss profile is thought to be approximately exponential in the core. Raleigh 

scattering is the important intrinsic loss mechanism in doped silica fibres and it is 

generally assumed that the scattering centres depend on the dopant, and hence will 
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probably have a profile that approximately replicates the refractive index profile. 
Raleigh scattering is caused by microscopic inhomogeneities of the refractive index 

of glass (Strohhofer and Polman 2001). These inhomogeneities are due to thermal 

fluctuations when the fibre is in the molten state. As the fibre solidifies, these 

fluctuations cause refractive index variations. Raleigh scattering is proportional 

to A4, where A is the wavelength of the light. The same phenomenon is responsible 

for the colour of the sky, the stronger scattering of light at shorter wavelengths gives 

the sky its blue colour. Raleigh scattering represents by far the strongest attenuation 

mechanism in silica fibres. It is responsible for 90% of the total attenuation. Fig. 2.4 

shows the attenuation characteristics of typical modern fibres in the infrared range 

(Heitmann and Klein 2004). Little reduction of Raleigh scattering can be achieved by 

improving fibre manufacturing techniques. Zervas and Laming (1995) have 

considered the Raleigh scattering effect on the gain efficiency and noise of EDFA in 

detail. Their analysis is based on an empirical relation between Raleigh 

backscattering coefficient and optical fibre NA obtained by fitting data from different 

sources and hence varying drawing conditions. Hartog and Gold (1984) have 

developed a comprehensive theory of backscattering in single-mode fibres that 

allows an arbitrary scattering loss distribution in giving results, but allows the 

average value in the core to differ from that of the cladding. 
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Figure 2.4 Typical fibre infrared absorption spectrum. The lower curve shows the 
characteristics of a single-mode fibre made from a glass containing about 4% of Ge02 

dopant in the core. The upper curve is for graded index multimode fibre. Attenuation in 
multimode fibre is higher than in single-mode because higher levels of dopant are used. 

The peak at around 1400 nm is due to the effects of traces of water in the glass. 
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The recently proposed methods of loss prediction include a perturbation method 
that works well when exact solutions of Maxwell's equations are available (Sabadash 

and Chaika 1991) and a variational method based on the optimization of a variational 

parameter (Oksanen and Lindell 1990). In the latter case, there are two parameters to 
be adjusted, a detail that renders the method cumbersome. Several loss profiles have 

been tried with a step-index fibre. Good results are obtained for some of the profiles 
but for certain other loss profiles results are less convincing (Oksanen and Lindell 

1990). In (Sabadash and Chaika 1991), the authors have assumed that only the 

cladding contributes to the loss because: 

a) The cladding is much thicker than the core. 
b) The core is usually formed at higher temperature than the cladding, 

inhibiting the formation of the hydroxyl groups in the core. 

They have assumed that the imaginary part of the index is constant in the cladding. 

Their methods can be used when the core contributes to the loss, even though the 

authors did not consider that case. 

In this thesis, a simple direct numerical procedure has been developed to evaluate 

the exact propagation characteristics of an optical fibre with an arbitrary complex 

refractive index profile. The direct method is especially useful for calculations in 

high gain (or loss) fibres where the earlier reported approximate methods are 

inaccurate. Furthermore, its practical application to evaluate gain in a typical 980-nm 

pumped EDF has been shown and the results have been compared with those 

obtained earlier. 
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2.3 Bragg Fibres 

Telecommunication has continued to push optical fibres towards ever more 
demanding applications, such as high bit rates, DWDM and long distance, and in 

response there has been renewed interest in alternative fibre designs to lift 

fundamental limitations of silica fibres. A particularly exciting departure from 

traditional fibres is fibres based on photonic band-gaps, forbidden frequency ranges 

in periodic dielectric structures that can confine light even in low-index or hollow 

regions. Recently all-dielectric waveguides have been introduced that confine light 

by means of one-dimensional (1-D), 2-D and 3-D photonic band-gaps 

(Joannopoulos, Meade et al. 1995). These new designs have the potential advantage 

that light propagates mainly through the empty core of a hollow waveguide, thus 

minimizing effects associated with material nonlinearities and absorption losses 

(Argyros and Bassett 2002). Moreover, because confinement is provided by the 

presence of at least a partial photonic band-gap, this ensures that light should be able 

to be transmitted around a bend with a smaller radius of curvature than is possible 

with the optical fibre. Two main classes of fibres have emerged using photonic band- 

gaps: photonic crystal holey fibres that use a two-dimensional transverse periodicity 

(Cregan, Mangan et al. 1999), and Bragg fibres that use a one-dimensional 

periodicity of concentric rings (Yeh, Yariv et al. 1978; Doran and Blow 1983; Fink, 

Ripin et al. 1999). 

The Bragg fibre combines some of the best features of metallic coaxial cables and 

dielectric waveguides. The metallic coaxial cables and dielectric waveguides are the 

backbone of modern optoelectronics and telecommunication systems, which are used 

in two separate regimes of the electromagnetic spectrum. For radio frequencies, the 

metallic coaxial cables are of greatest prominence (Waldron 1969). At optical 

wavelengths, the optical waveguides are done with the traditional index-guiding (that 

is, total internal reflection) mechanism, as exemplified by silica and chalcogenide 

optical fibres. Such dielectric waveguides can achieve very low losses (Saleh and 

Teich 1991). Although highly successful, silica waveguides have fundamental 

limitations in their attenuation and nonlinearities that result from the interaction of 

light with a dense, material-filled core. Prior to the emergence of silica fibres, hollow 
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metallic waveguides were seriously considered as candidate media for long-distance 

telecommunications. A weakness of metallic waveguides is that they become lossy at 
high frequencies due to the finite conductivity of metals. Thus, their use is restricted 

to low frequencies. This severely limits the ultimate bandwidth that they can 

transmit. By adding a dielectric coating on the inside of the metallic waveguides, 

their properties can be improved. Such metallodielectric waveguides have been 

developed for infrared wavelengths, in particular, for laser power delivery (Miyagi 

and Kawakami 1984). The limitations that exist in both the silica fibres and the 

hollow metal waveguides can be systematically reduced in the Bragg fibre due to its 

hollow core and the use of dielectric materials which are transparent at high 

frequencies. 

Bragg fibres are composed of a low index core (possibly air) surrounded by 

alternating annular layers with different dielectric constants. Bragg fibres are first 

proposed by Yeh, Yariv et al. (1978), while Doran (1983) points out that cylindrical 

Bragg fibres would not only be extremely difficult to fabricate but also give the ideal 

structure the losses would be larger than for the high index core case. Because Doran 

(1983) believes that loss due to radiation is only small for silica core structures. The 

hope of achieving very small losses by confining the field in a hollow core is 

unreasonable. However, the possibility of guiding light in air by Bragg fibres or 

photonic crystal fibres has recently attracted a lot of attention. Omni-fibres, which 

are Bragg fibres with very large cladding indices contrast, have been experimentally 

demonstrated (Fink, Ripin et al. 1999; Johnson, Ibanescu et al. 2001). 

It is also necessary to know that one variant of the original Bragg fibre, which has a 

uniform low-index core, is the so-called coaxial Bragg fibre (Ibanescu, Fink et al. 

2000). Coaxial Bragg fibres also guide light through Bragg reflection, except now 

that a smaller high index column is embedded in the centre of the low index core. In 

practice, in order to provide structural support it may be replaced by some dielectric 

material with a high index of refraction without greatly affecting the main 

observation of theoretical work. 

Several numerical approaches have been used to analyze the modal properties of 

Bragg fibres with air core and periodic claddings. In (Yeh, Yariv et al. 1978), Bragg 

fibres have been successfully analyzed using the transfer matrix method, where the 
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Bragg modes are considered as quasi-modes with minimum radiation loss. In (Xu, 

Ouyang et al. 2002), the photonic band-gap concept is used in the transfer matrix 

method. Photonic band-gap is an energy range (and corresponding wavelength range) 
for which a material neither absorbs light nor allows light propagation. Photonic 

band-gap materials are similar to semiconductors, where the electrons are replaced 
by photons (also known as light). By creating periodic structures out of materials 

with contrast in their dielectric constants, it becomes possible to guide the flow of 
light through the Photonic band-gap material in a way similar to how electrons are 
directed through doped regions of semiconductors. The period of the structure is 

related to the wavelength of light for which a Photonic band-gap will exist, for 

instance a few hundred nanometers for visible light. 

The authors have obtained the band-gap by searching for the fast increasing 

solutions. The increasing numerical errors make the field calculation very sensitive 

to the propagation constants. In (Ouyang, Xu et al. 2001; Xu, Yariv et al. 2003), 

periodic alternate cladding layers are approximated by planar Bragg stacks (Mizrahi 

and Schachter 2004) using the asymptotic approximation of Bessel functions; 

therefore, the Bloch theorem can be used to obtain an analytical eigen-equation. The 

drawback is that this simple asymptotic analysis may fail if the Bragg fibre core 
becomes too small and it is difficult to estimate the accuracy of the asymptotic 

results. In (Ibanescu, Fink et al. 2000), plane wave expansion for photonic crystal 

calculation is used along with the super-cell concept. Since a Bragg fibre is not 

strictly a photonic crystal, a plane wave method is not quite suitable nor efficient. 

The multipole method is a potential approach to calculate the modal properties of 

microstructured optical fibres (White, Kuhlmey et al. 2002), however it is at present 

limited to designs composed of nonintersecting circular inclusions. The Galerkin 

method makes use of a set of orthogonal associated Laguerre-Gauss functions to 

approximate the guided modes, and it has been used to calculate LP modes in 

conventional fibres (Sharma and Banerjee 1989). One advantage of this method is its 

versatility in treating circular fibres with arbitrary index profiles, and it is not limited 

to treating the step index profile. 

The transfer matrix method is the most accurate method, but it has no explicit form 

for obtaining the propagation constants. In order to obtain the field distribution of 
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Bragg fibre modes, highly accurate propagation constants may be needed. The 

transfer matrix technique may be quite demanding in terms of memory space and 

computation time if highly accurate results are required. The asymptotic method 

provides an explicit form for the propagation constants, and is generally stable if the 

asymptotic condition is satisfied. The transfer matrix method can be modified to 

calculate the leakage loss in Bragg fibres (Themistos, Rahman et al. 1995; Johnson, 

Ibanescu et al. 2001; Argyros 2002; Issa, Argyros et al. 2003) due to a finite number 

of high and low index (H/L) layers, which is more straightforward than the 

commonly used Chew's method (Chew 1999). The Galerkin method (Sharma and 

Banerjee 1989) is generally stable and gives good results when the mode is away 

from the cut-off region. Further, the method allows one to analyze fibres with 

arbitrary index profiles. 

Two of the most important parameters of Bragg fibres are the modal dispersion and 

the propagation loss. Fleming et al. (2002) have developed an asymptotic formalism 

that greatly simplifies the analysis of Bragg fibres. Xu, Yariv et al. (2003) have 

incorporated a leaky mode method into the asymptotic formalism. The extended 

asymptotic approach developed in (Fleming, Lin et al. 2002) is capable of fully 

characterizing the dispersion and loss in Bragg fibres, while retaining the simplicity 

and physical transparency of the original asymptotic approach. Fleming et al. (2002) 

have applied the asymptotic approach to analyze the guiding behaviour of a 

miniature Bragg fibre reported in (Cregan, Mangan et al. 1999) as a function of the 

absorption in the cladding layers, the geometries of the Bragg cladding, and the core 

radius. They find that only four Si/Si3N4 cladding pairs are required to achieve 

propagation loss below 1dB/cm. From asymptotic analysis results, they have 

established that the material absorption in the Si cladding layers has little influence 

on the propagation loss of the guided air core modes. Issa, Argyros et al. (2003) 

obtain a simple formula that characterizes the exponential reduction of the modal 

propagation loss as the number of cladding pairs increases. They find that the 

quarter-wave stack cladding geometry, which is commonly used in the literature, 

does not necessarily lead to optimal guiding. Due to the fabrication processes, it is 

difficult to realize the miniature Bragg fibres with perfect cylindrical symmetry. By 

using the finite difference time domain (FDTD) simulations (Ouyang, Xu et al. 
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2002), a deformed Bragg fibre is investigated and the Bragg fibre dispersion 

insensitive to the air core deformation is also demonstrated. However, the guided 

modes in the deformed Bragg fibre are no longer cylindrically symmetric, which may 
lead to a higher propagation loss. 

Bragg fibres are becoming an attractive optical waveguide for the delivery of high 

power laser radiation as well as for important temperature and chemical fibre sensor 

applications. In general, these guides enjoy losses of a few tenths of a dB/m and are 

quite flexible. Because the energy is carried in the hollow core, there is no core 

material that might be easily damaged by high peak or average laser powers as there 

would be in a comparable solid core infrared (IR) fibre. In addition, there is no 

Fresnel loss; this is especially important in comparison to the chalcogenide glass 

fibres where Fresnel loss can be as high as 25%. When selecting a hollow guide, it is 

important to remember that the optical principles of a hollow core guide differ from 

those of a solid core fibre. The most important distinctions are that the hollow guides 

have a loss that varies as the reciprocal of the core radius cubed and that there is an 

additional loss on bending which varies as 1/R, R is the core radius. These properties 

are not shared by conventional solid core fibres. However, most applications of IR 

fibres do not require tight bending radii and so the additional loss on bending is not 

prohibitive. The other potential advantage of hollow guides is important; these 

guides are nearly single-moded (Cregan, Mangan et al. 1999). 

The wave vector ,8 
has an imaginary part that is proportional to the radiative loss of 

the modes. This imaginary part decreases exponentially with the number of layers in 

the cladding; in the limit of an infinite number of layers these resonant modes 

become truly guided modes. For the cladding with only five layers, the imaginary 

part is of the order of 10 -4 x 2, r /d, where d (µm) is the unit length of periodicity in 

the cladding. This means that light can be confined in the hollow core for a distance 

equals to several hundred of wavelengths before it radiates away. For a waveguide 

intended for transmission of light over longer distance, more layers need to be added 

to the cladding. Fortunately, the imaginary part of the wave vector decreases 

exponentially with the increase in the number of layers. Thus, for pure TE modes, 

only 20 layers are enough to give radiative decay lengths of more than 100 km while 
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for TM modes and mixed modes, 40 layers are enough (Johnson, Ibanescu et al. 
2001). 

Note that while the silica fibre has a very low loss only for wavelengths near 
X= l . 55µm, the Bragg fibre can be designed to have a very low loss in the vicinity of 
any desired wavelengths, from infrared to visible wavelengths. 

In this thesis, from Maxwell's equations a T-circuit has been derived for the Bragg 
fibre cylindrical layer and it has been demonstrated how the T-circuit can be used to 
determine the mode effective index. TM modes of Bragg fibres, and mode band-gap 

structures can be analyzed using the TL method. Furthermore, the T-circuit model 
has been carried out to examine the inverse problem and synthesize the exact 

refractive index profile if the desired Bragg fibre electric field is available. The 

accuracy of the reconstructed Bragg fibre refractive index profile is examined 

numerically (Qian and Boucouvalas 2005). 

2.4 Delay and Dispersion 

2.4.1 Signal Distortion in Optical Fibres 

Fibre dispersion becomes increasingly important as the overall capacity is 

increased and it constrains all aspects of the transmission strategy. The multimode 

step index optical fibres exhibit the greatest dispersion of a transmitted light pulse, 

while the multimode graded index fibres give a considerably improved performance. 
The single-mode fibres give the minimum pulse broadening and thus are capable of 

the greatest transmission bandwidths which are currently in the gigahertz range (Lu, 

Chen et al. 2001), whereas transmission via multimode step index fibres is usually 
limited to bandwidths of a few tens of megahertz. However the amount of pulse 
broadening is dependent upon the distance the pulse travels within the fibre, and 
hence for a given optical fibre link the restriction on usable bandwidth is dictated by 

the distance between regenerate repeaters. Thus the measurement of the dispersive 

properties of a particular fibre is usually stated as the pulse broadening in time over a 

unit length of the fibre. Hence, the number of optical signal pulses which may be 

transmitted in a given period, and therefore the information carrying capacity of the 
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fibre, are restricted by the amount of pulse dispersion per unit length (Matsuda, Naka 

et al. 1996). 

The various dispersive mechanisms involved in the fibres are considered next. 
These are material dispersion, waveguide dispersion and intermodal dispersion. 

Material Dispersion 

Pulse broadening due to material dispersion results from the different group 

velocities of the various spectral components launched into the fibre from the optical 

source. A material is said to exhibit material dispersion when the refractive index 

variation with wavelength is non-linear. In general the second derivative of the 

refractive index with wavelength is non-zero (d 2n/ d22 #- 0 ). 

The material dispersion for optical fibres is sometimes quoted as the material 

dispersion parameter DM defined as DM which is expressed in units of 
C d2 2 

ps/nm/km. 

The material dispersion parameter DM varies with wavelength for pure silica, and 

tends towards zero in the linear wavelength region around 1300 nm (Mazzali, Grosz 

et al. 1999). This provides an incentive (other than low attenuation) for operation at 

longer wavelengths where the material dispersion is minimised. Furthermore, the use 

of lasers of narrow optical spectrum rather than light emitting diodes (LEDs) as 

optical sources leads to substantial reduction in the pulse broadening due to material 

dispersion, even in the shorter wavelength region. 

Waveguide Dispersion 

The waveguiding of optical fibres may also create waveguide dispersion. This 

results from the variation in group velocity with wavelength for a particular mode. 

Considering the ray theory approach, the waveguide dispersion is equivalent to the 

angle between the ray and the fibre axis varying with wavelength which 

subsequently leads to a variation in the transmission times for the rays. For a single- 

mode fibre, having a mode of propagation constant ß, the fibre exhibits waveguide 
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dispersion when (d 2ß / dß, 2) #0 . The waveguide dispersion is given by 

DW n' - n2 Vdd 
2V2 

and for a single-mode fibre it is always negative. 

In designing optical fibres for the 1550 nm zero dispersion region, designers make 

use of the fact that waveguide and material dispersions are of opposite sign and as a 

result shifts the zero dispersion for longer wavelengths (Frenkel, Heritage et al. 
1989). The waveguide dispersion value is affected by the refractive index profile of 

the optical fibre. A triangular core refractive index profile shifts the zero dispersion 

towards 1550 nm (Yabre 2000). Multimode fibres, where the majority of modes 

propagate far from cut-off, are almost free of waveguide dispersion and it is 

generally negligible in comparison with material dispersion. 

Intermodal Dispersion 

Pulse broadening due to intermodal dispersion (also called mode dispersion) results 

from propagation delay differences between modes within a multimode waveguide. 

As the different modes which carry the optical pulse power in a multimode fibre 

travel along the channel at different group velocities, the pulse width at the output is 

dependent upon the transmission times of the slowest and the fastest modes (Liu and 

De 2003). The step index multimode fibres have the largest intermodal dispersion. 

Parabolic index fibres have significantly reduced intermodal dispersion since the 

parabolic index profile equalises the group velocities of the modes. Single-mode 

fibres have no intermodal dispersion since only a single mode propagates. 

Dispersion in Multimode Step Index Fibres 

Using the ray theory model, the fastest and slowest modes propagating in the step 

index fibre may be represented by the axial ray and the extreme meridional ray 

(which is incident at the core-cladding interface at the critical angle q5) respectively. 

As both rays travel at the same velocity within the constant refractive index fibre 

core, the delay difference is directly related to their respective path lengths within the 

fibre. Hence the time taken for the axial ray to travel along a fibre of length L gives 

28 



the minimum delay time Tm;,, = 
distance 

_L= 
Ln, 

The extreme meridional ray 
velocity Tc / n, ) c 

exhibits the maximum delay time Tmax 
L/cos8 Ln, 
Cc/n, ) ccos8 

The delay difference c57 between the extreme rays may be obtained by 

b'1', = Tmax - 
Tmin 

" After some algebra, and replacing cos 0 with the sine of the critical 

angle, the delay difference is 57 - 
L(NA)z 

_ 
Ln, A_ Ln, A 

, where NA is the 
2n, c cn2 c 

numerical aperture for the fibre. NA is an important parameter to describe the light 

gathering ability of an optical fibre. It is used to define the maximum angle at which 
incident rays on the optical fibre core. Incident rays will enter the fibre and propagate 

via internal reflection. The numerical aperture is given by NA = sin 9Q = n, - n2 . 

Typical NA for single-mode fibre is 0.1. For multimode, NA is between 0.2 and 0.3 

(usually closer to 0.2). 

Dispersion in Multimode Graded Index Fibres 

Intermodal dispersion in multimode fibres is minimised with the use of graded 
index fibres. The optimum profile is very nearly parabolic, and a dramatic 

improvement in reducing dispersion is possible, hence greatly improving the 

bandwidth. For a parabolic index profile, the delay difference between the fastest and 
2 

c 
(Yabre 2000). slowest rays is given by c7 = 

Ln 
8c 

Dispersion in Single-mode Fibres 

The pulse broadening in single-mode fibres results almost entirely from inframodal 

effects (Hakki 1996). Hence the bandwidth is limited by the finite spectral width of 

the source. The transit time or the group delay is rg = 
1dß 

where c is the speed of 
cd2 

light in vacuum, 8 is the propagation constant of the mode in vacuum. The total 

dispersion of a single-mode fibre, D,. 
, 

is given by the derivative of the specific 

di- 
group delay with respect to the wavelength, as D,. _ d2 
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The rms pulse broadening caused by waveguide dispersion over a fibre length L is 

dr 
given by (total rms pulse broadening) 6. =L dA 

Detailed calculation of the above derivatives, gives rise to two composite 
dispersion components (Lin, Wu et al. 1992). They are: 

1. The material dispersion parameter DM defined by DM =d 
n' 

� where n is 
c dA 

either the core or cladding refractive index. 

2. The waveguide dispersion parameter DW , which may be obtained by 

DW - _(n, 
- n2 )V d2 () 

, where V is the normalised frequency as defined 
AC dV2 

earlier. 

Note that the material dispersion is positive at wavelengths longer than the zero 

material dispersion point. The waveguide dispersion component is always negative 

and when added to the material dispersion component, it shifts the zero dispersion 

point to longer wavelengths. 

2.4.2 Review of Dispersion Calculation Methods 

Calculation of optical waveguide mode propagation constants as a function of 

wavelength for optical fibres is a well-established problem and many different 

solution methods have been proposed and developed. For long distance high capacity 

transmission applications, an important concern of optical fibres is the pulse 

dispersion, measured in the unit of ps/nm/km. Understanding and controlling the 

variation of dispersion against wavelength is essential for the design of optical fibres. 

The dispersion characteristics such as dispersion shifted and dispersion flattened 

fibres have been extensively studied and investigated in the optical communication 

systems (Ainslie and Day 1986). Dispersion shifted fibre differs from standard fibre 

in that the zero dispersion point is shifted from 1310 nm to 1550 nm (Badolo and 

Emplit 1997). A fibre in which the dispersion is low over a broad wavelength range 

is defined as the dispersion flattened fibre. A few refractive index profiles for an 

optical fibre have been proposed in the past to get dispersion zero or flattened 
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characteristics over a wavelength range of 1300 nm to 1550 nm (Frenkel, Heritage et 

al. 1989; Hinata, Furukawa et al. 1994; Lundin 1994; Survaiya and Shevgaonkar 

1996). Dispersion can also be controlled using dispersion management (Ennser, 

Ibsen et al. 1998). Lengths of negative dispersion fibre are periodically placed in the 

network in order to cancel out the positive dispersion of the transmission fibre 

(Urquhart 2003). 

Owing to low-loss and low-dispersion characteristics, single-mode fibres are the 

solution for the large capacity and long-haul transmission system. Silica-based 

single-mode fibres have two distinguishing features; one is zero material dispersion 

in the vicinity of 1300 nm I (Payne and Gambling 1975), the other is intrinsic 

minimum loss of 0.2dß/km in the 1500 nm wavelength region (Miya, Nakahara et al. 

1983). 

Dispersion in a single-mode fibre is composed of material and waveguide 

dispersions. Dopant concentration dependence of material dispersion is small and 

consequently waveguide-structure dependence is also small. Waveguide dispersion, 

on the other hand, depends on features of the waveguide structure, such as the core 

radius, the refractive index difference between the core and cladding and the shape of 

the refractive index profile, which are suitable parameters for controlling dispersion 

in single-mode fibres (Lundin 1993). 

Dispersion describes the spreading of optical pulses as they travel through a fibre. 

The different optical frequencies that make up the pulses travel at different speeds 

due to the composition of the glass. In a long enough fibre span the dispersion can be 

sufficiently large so that the pulses will overlap, resulting in inter symbol 

interference at the receiver producing a high bit error rate. Dispersion limits the rate 

at which transmission can occur using an optical carrier. Thus, it is one of the major 

limitations placed on the speed of the optical communication systems (Matsuda, 

Naka et al. 1996). The standard single-mode fibre deployed today is manufactured to 

optimize transmission at 1310 nm by effectively eliminating dispersion at that 

wavelength. The dispersion in the 1550 nm window far exceeds that for 1310 nm on 

standard fibre and hence is a limiting factor in single channel or DWDM systems 

operating in that window. The advent of EDFA technology allowing for the 

In pure silica the material dispersion is zero at about 1300 nm, and the addition of germanium shifts the material dispersion 

curve to longer wavelengths. Other dopants available to the fibre fabricator have relatively less effect on the material dispersion. 
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amplification of multiple optical carriers in the 1550 nm window gives sufficient 
motivation for the development of fibres that have minimal dispersion at 1550 nm, 
one of which is dispersion shifted fibre. It is best suited for applications involving 

single channel transmission at 1550 nm providing the benefits of zero dispersion as 
well as taking advantage of the lower attenuation occurring at that wavelength. 

Numerical techniques for fast calculation of total dispersion from the mode 
propagation constant ideally should be as direct as possible. The methods must be 

theoretically exact hence correct prediction of even small values of dispersion would 
be possible and they must allow for the inclusion of material dispersion component. 
Analytical direct techniques are preferred in order to avoid high order curve fitting 

and subsequent numerical differentiation of data. 

The definition of dispersion involves the use of first (delay) and second (dispersion) 

derivatives of mode propagation constant with respect to wavelength, thus theoretical 

evaluation of dispersion requires the determination of such derivatives in the first 

instance. However, direct numerical calculation of the first and second derivatives 

from data points of mode propagation constant versus wavelength based on simple 
finite differences can result in errors due to approximations (Sammut 1979). 

Different improved procedures have then been proposed, aiming at obtaining good 

accuracy in calculation of the dispersion (Mammel and Cohen 1982; Sharma, 

Sharma et al. 1982; Sharma and Banerjee 1989). In (Mammel and Cohen 1982), the 

Rayleigh quotient is proposed to obtain the first derivative of the propagation 

constant, but the direct numerical differentiation is used in the calculation of the 

second derivative. E. K. Sharma et al. (1982) avoid numerical differentiations by 

solving three differential equations for the propagation constant and its first and 

second derivatives, respectively. Recently, A. Sharma and S. Banerjee (1989) have 

reported another method based on a matrix perturbation theory and showed that 

computational effort can be reduced compared to the method in (Sharma, Sharma et 

al. 1982). 

In this thesis, a new analysis leading to an exact and efficient algorithm is 

presented for calculating directly and without numerical differentiation the dispersion 

characteristics of cylindrical dielectric waveguides of arbitrary refractive index 

profiles (Boucouvalas and Qian 2005). The new algorithm is based on the equivalent 
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T-circuit model. The exact analytic formulas are derived for a recursive algorithm 
which allows direct calculation of delay and dispersion. This technique has been 
demonstrated by calculating the fundamental mode dispersion for step, triangular, 

and linear chirp refractive index profile optical fibres. The accuracy of the numerical 
results is examined. The proposed algorithm computes dispersion directly from the 

propagation constant without the need for curve fitting and subsequent successive 
numerical differentiation. It is exact, rapidly convergent and it results in savings for 
both storage memory and computation time. 

2.5 Refractive Index Profile Reconstruction 

It is of fundamental importance to be able to determine the refractive index profile 

of optical waveguides, as their main characteristics, bandwidth, spot size, single- 

mode propagation conditions, and inter waveguide coupling coefficients can all be 

related to their refractive index profiles. 

The conventional method of designing optical cylindrical waveguide structures is 

to assume a refractive index profile and solve the governing differential equations to 

find the various propagating modes and their propagation characteristics. If the 

results do not exhibit the expected behaviour, the propagation characteristics are 

again evaluated with the changed refractive index. This procedure is repeated until 

the expected propagation characteristics of the modes are obtained. Since the 

procedure is iterative, it is time consuming. Also, it is not possible to guess the 

correct initial refractive index profile to obtain a specific arbitrary transmission 

characteristic nor is it easy to determine the profile changes that are necessary to 

produce the required optical characteristics. In these cases, it is common to work 

with initial profiles that have a mathematically closed form, such as parabolic and 

secant hyperbolic forms. According to the disadvantages of the method mentioned 

above, the inverse techniques applied to the refractive index reconstruction from the 

measured field profiles have been the topic of research. Methods for reconstruction 

of the optical fibre refractive index profile, however, are generally mathematically 
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difficult. These methods are classified into three groups according to the types of 
measured data used: 

a) The far-field radiation pattern (Hotate and Okoshi 1979). 

b) The near-field radiation pattern (Morishita 1983). 

c) The mode effective index, which can be measured by a prism coupler 
(Ulrich and Torge 1973) et al.. 

2.5.1 Refractive Index Reconstruction from the Far-Field Radiation Pattern 

Several methods have been proposed to characterise single-mode step index optical 
fibres with circular core from the far-field radiation pattern (Gambling, Payne et al. 

1976; Hotate and Okoshi 1979; Gauthier, Auge et al. 1981). The far-field radiation 

pattern technique requires a large detector dynamic range and time-consuming 

computer calculations. This technique is particularly sensitive to dust on the fibre end 

face which causes variation in the reflectivity, and has the intrinsic error caused by 

the geometric optic approximation and the finite beam size. It requires great care to 

ensure uniform illumination of the core and cleanliness of the fibre and optics, 

because the information on the refractive index profile is expressed as a variable light 

intensity. In (Hotate and Okoshi 1979), the refractive index profile is computed from 

the measured far-field radiation pattern of the fundamental mode at the end of the 

single-mode fibre under test. This method is applicable to a fibre with an arbitrary 

index profile. It is possible by a computer-oriented measuring set up. The spatial 

resolution limit is half the wavelength of the light used in the measurement. A similar 

method is proposed in (Gambling, Payne et al. 1976), but only the core radius and 

the index difference between the core and the cladding in a uniform core single-mode 

fibre are determined from the far-field radiation pattern. 

The near-field is usually defined as the region within a2/? of the optical fibre end- 

face. The far-field applies at distances much greater than this, a is the radius of the 

fibre core and k is the wavelength of the propagated mode in the optical fibre. In the 

far-field pattern technique presented by Hotate et al. (1979), the index profile is 

obtained from the near-field pattern which is given by the inverse Hankel transform 

of the far-field pattern measured. The inverse Hankel transform, however, requires 

time consuming calculation. In (Qian and Boucouvalas 2003), the refractive index 
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profile is determined from the electric field of a propagation mode, i. e., the light 

intensity distribution across the output face of an optical fibre, by virtue of a new 

equation derived from the scalar wave equation. In this method, the mode electric 
field is measured directly and obtained easily without the laborious calculations. 

2.5.2 Refractive Index Reconstruction from the Near-Field Radiation Pattern 

In (Gauthier, Auge et al. 1981), the authors discuss both far-field and near-field 

methods. The near-field method is easier to set up and gives direct information on the 

index profile. The measurement accuracy and sensitivity rely upon the spot size and 

can be slightly improved by reducing the spot size to its ultimate limit. A number of 

techniques have been proposed for determining the refractive index distribution of 

optical fibres from the propagation mode near field, and the most well known rely on 

the seminal theoretical work by Morishita (1983). The refractive index profile is 

determined from the measurement of the near-field pattern of a propagation mode by 

an equation derived from the scalar wave equation. In this method, the error in the 

computed profile is very sensitive to the accuracy of the measured light intensity 

distribution and smoothing. In (Dhar, Lee et al. 1996), the measurement of the near 

field intensity is improved using a scanning optical microscopy technique rather than 

conventional optics, which is based on the measurement of the transmitted beam 

intensity near the guide facet. Improvements from Morishita (1983), have been 

recently reported by Lin and Chen (2002), which is a robust no-iterative method for 

noise and errors, but it is reported only for planar waveguides. Helms et al. (1990) 

have reported a method to reconstruct refractive index profiles of diffused Gaussian 

profile optical waveguides by analyzing the near field pattern of the waveguide. In 

this method, a computer simulation of measurement errors due to noise, quantization, 

defocusing and nonlinearity of the camera system is presented by using data of a 

typical camera measurement system. However, it is necessary to correct the intensity 

profile by a function with an inverse exponent. The reason is because some 

significant errors might be associated with the use of a non-linear IR-Vidicon 

camera. Most recently, Lassen et al. (2005) have presented a new technique for 

determining the refractive index profiles of axially symmetric optical fibres based on 

imaging phase gradients introduced into a transmitted optical field by a fibre sample. 
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However, as it is the case with quantitative phase microscopy, the ultimate spatial 

resolution and phase (and hence refractive index) sensitivity obtainable with the 

phase gradient technique are influenced by the choice of defocus distance. 

It has been shown that TL technique can be applied to optical fibres and can 
determine exactly the mode propagation constants (Papageorgiou and Boucouvalas 

1982), and cut-off wavelengths of waveguide modes (Boucouvalas and Papageorgiou 

1982). In general from knowledge of the refractive index, complete waveguide 

characterisation can be achieved, including mode field plots using this technique 

(Boucouvalas and Robertson 1985). 

In contrast to the traditional approaches, the proposed inverse solution of the TL 

method for refractive index reconstruction from electric fields requires no prior 
information on the functional form of the unknown quantities, no iterations in the 

calculating process, and no intensity smoothing in advance (Qian and Boucouvalas 

2003; Qian and Boucouvalas 2004). Furthermore, the advantages of this method are 

that the unknown quantities of the refractive index can be reconstructed directly and 

the inverse problem can be solved in a linear domain. It is different from the 

traditional methods using nonlinear least squares formulation, which require 

numerous iterations in the process or prior knowledge about the profiles to be 

determined, and which must perform the calculation in the nonlinear domain. This 

implies that the present model offers a great deal of flexibility. 

In this section, various methods for optical fibre refractive index reconstruction 

both from far-field and near-field patterns have been discussed. It is worth noting 

that some methods using the far-field radiation pattern do not give the exact profile 

of optical fibres, they merely give an equivalent step index refractive index profile. 

The optical waveguide refractive index can also be reconstructed from the mode 

effective index. However, this technique is mostly used for planar optical 

waveguides. In the following section, the inverse problem for planar optical 

waveguides will be discussed. 

36 



2.6 Planar Optical Waveguides 

Microwave electronics, integrated optics and laser technology are areas sharing a 
common interest in dielectric planar layered structures. Knowledge of the 

propagation constants and cut-off frequencies of the various modes in such 
waveguides is very important. 

The characterization of the refractive index profiles of planar waveguides also has 

a fundamental importance for the determination of their optical properties. Features 

such as bandwidth, single-mode condition, fibre-to-guide and guide-to-guide 

coupling efficiency are related to the refractive index profiles. Refractive index 

profiling is also a useful means in the study of the waveguide fabrication processes, 

as the profile can give valuable information about the physics of the fabrication 

process. Therefore the profiling permits the development of adequate analytical 

process models useful in relating the process itself to the optical parameters. 
A variety of well-established approaches have been developed in order to 

determine the planar waveguide refractive index profiles. Some of these approaches 

start with the required propagation characteristics of the planar waveguide to 

synthesize the refractive index profiles. Examples of these approaches are 

compositional measurements (Caccavale, Chakraborty et al. 1995), interferometric 

methods (Kaminow and Carruthers 1973; Ramadan, Fazio et al. 1996), the measure 

of effective indices ("m-lines") (Ulrich and Torge 1973; Mathey, Jullien et al. 1995; 

Caccavale, Gonella et al. 1996; Chiang, Wong et al. 1996). Recently, ellipsometry 

has also been successfully employed. However, a close agreement between refractive 

index profiles determined by the "m-lines" method and ellipsometry have been found 

only at depths above 0.5-0.6 gm (Tonova, Paneva et al. 1998). Among these 

approaches, compositional measurements require advanced knowledge of the relation 

between dopant concentration and refractive index variation in a given matrix, while 

interferometric methods are complicated because accurately polished surfaces are 

necessary. Very attractive features are obtained by "m-lines" measurement, together 

with a reconstruction algorithm based on the Inverse Wentzel-Kramers-Brillouin 

(IWKB) method. Examples of this are the Chiang and White-Heidrich methods 

(Chiang, Wong et al. 1996), (White and Heidrich 1976), the iterative Finite 
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Differences Method (Caccavale, Gonella et al. 1996) and the reflectivity method 
(Mathey, Jullien et al. 1995). However, the "m-lines" technique only gives best 

results when applied to multimode planar waveguides, while poor information can be 

extracted when the number of the modes is low (e. g., single mode waveguides). In 

order to overcome this limitation, new techniques making use of a combination of 

the effective indices measured for both mode types [transverse electric (TE) and 

transverse magnetic (TM)] and multiple wavelength methods have been proposed 
(Wang and Huang 1999; Wang and C. S. Hsiao 2001). Nevertheless, these methods 

have the disadvantage of requiring the knowledge of the dispersion properties of the 

waveguide substrate, as well as the dispersion properties of the coupling prism used 

to measure the effective indices (Chiang, Wong et al. 1996). Ulrich et al. (1973) have 

proposed a method for determining the thickness and refractive index difference of 

the guided layer of 2-D three-layer waveguides. Laser light is coupled into the 

epitaxial waveguide layer though the air gap between the prism base and the film. At 

certain angles the coupling is observed for the allowed modes of the waveguide. 

When the diffracted beam from the prism is viewed at those coupling angles, a 

decrease in the light intensity is observed as a vertical dark line in the middle of the 

laser spot. After measuring the coupling angles for all the available modes, the 

thickness and the index difference of the epitaxial layer may be obtained. In order to 

obtain these values, the thickness of the layer should be large enough to allow at least 

two modes in the waveguide. By using orthogonal polarizations for the laser light, 

ordinary and extraordinary refractive indices may be obtained for uniaxial crystals. 

However, their method is not applied to graded index waveguides. Bourillot et al. 

(1995) have also proposed a method for determining the parameters of the refractive 

index distribution function of graded index waveguides. However his method can not 

be applied where the number of parameters to be determined is not equal to the 

number of data, as his technique does not use the least squared method. 

Apart from the previous methods, Boucouvalas (1983) extends the far-field 

radiation pattern method (Gambling, Payne et al. 1976) to characterise a step index 

symmetric planar waveguide. The core thickness and the refractive index difference 

can be unambiguously determined from the far-field radiation pattern of the 

fundamental TE mode. However, an alternative most useful and accurate approach 
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for the refractive index determination is the transmitted near-field profiling from 

knowledge of the mode field distribution (Brooks and Ruschin 1996; Caccavale, 

Segato et al. 1998). It has been the industrial standard for the refractive index 

reconstruction. 
In this thesis, an inverse TL approach to the design of planar optical waveguides 

with propagation characteristics of TM modes has been presented. The refractive 

index profile of the planar waveguide is formulated as a solution to the electric field 

equation which is obtained from the application of Maxwell's equations. The only 

mathematics involved in this approach is the wave impedance transformation 

formulas, which have been widely used in the field of Microwaves. Because of its 

simplicity, the method can be implemented into short but effective computer codes. 

The method is exact and is shown to be very accurate in comparison to the exact 

analytical solutions when the refractive index profiles are of graded index shapes. 

This method can reconstruct smooth refractive index profiles for planar optical 

waveguides that support single-modes or multi-modes. The cases of both isotropic 

symmetric and asymmetric arbitrary refractive index profile planar optical 

waveguides are discussed. By using the inverse TL technique, the refractive index 

profiles of planar optical waveguides can be reconstructed from their electric field 

data without the disadvantages existing in the methods discussed above. 
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CHAPTER 3 

Forward Solution of Maxwell's Equations for Cylindrical 

Waveguides 

3.1 Propagation Constant 

Solution of the wave equation is necessary in order to obtain the mode propagation 

constants of cylindrical dielectric structures. Unfortunately this is analytically 

possible for only a few refractive index profiles. When the index profiles are derived 

from those for which analytical solutions exist, numerical methods for solving the 

wave equation are necessary. Approximate techniques, such as the variational 

method (Sharma, Sharma et al. 1982) and WKB (Hartog and Adams 1977), to 

mention but a few, are extensively used. 

The resonance technique which uses transmission line principles has been 

presented in this thesis. Equivalent circuits of optical cylindrical waveguides are 

derived for the TE, TM, HE, and EH modes from which the propagation constants are 

obtained from the resonance condition of the circuits. Results of this method are 

compared with methods using the characteristic equations. An optical waveguide can 

be divided into a large number of homogeneous cylindrical layers of thickness 8r , 

permittivity s, permeability p and conductivity u in Fig. 3.1. It is assumed that the 

time z and azimuthal behaviour of the fields are of the form exp{ j(wt + ßz + l, 9)}, 

where 8 is the propagation constant of a mode of azimuthal number 1. 

---> Z 

Sr 

Figure 3.1 Homogeneous cylindrical layer 
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The E and H components of Maxwell's equations for any such layer can be written 
as: 

ßrE0-lEZ=wprHr 

lH Z- , ßrH B= (cm -j 6) rE r 

-j cop (lHe +, 8 rHZ ) ar 

ö[(ws - ja)rE, ]- 
-(6 + jws)(lE0 + ßrEZ ) 

ör 

a(lH6 + ßrHZ ) 

ar 
a(lE0 + ,ß rEZ ) 

ar 

yl 
wprHr + 8HZ --HB jcop r 

2 (we-ju)rEr +ßE --E B 6+jwe r 

(3.1) 

(3.2) 

where y2 = ß2 + (l )2 - w2, Us + jwua , /ß is the propagation constant, Z is the azimuthal 
r 

mode number (integer), and co is the mode frequency. The analysis is restricted to 

the case o7= 0�u = , uo, E= n2go , where n is the refractive index of the layer at 

distance r from the axis. 

The following variable voltages and currents are defined: 

Vs = 
Vm 

+ VE V (sum) 
V-n 

Vd = 
V'" 

- V. / (difference) 
Nrn- 

(sum) Is =1M + 
IE 
V-n 

1d =1 MV-1 
(difference) 

n 

where 

VM _ 
1H0 + ßrHZ 

Z. (magnetic voltage) = 
jF, 

IM = 
colr (magnetic current) 

(3.3) 
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VE = 
lE0 +ßrEZ 

F 
Z0 

IE = wcon2rEr 

(electric voltage) 

(electric current) 

Zo =12oz the free space impedance, F= 
(fir) 2+1z 

r 

After algebraic derivatives, (3.1) and (3.2) can be transformed into: 

aV,, 
_ 

ys 
ör jwe0nF s (3.4) 

als 
-j wE o nFV ar 

aVd 
= -yä I ar jwsonF d (3.5) 

ald 
_ -jweonFVd ar 

2 where y2d= '8 
2 +(L) 2-n2 k2 + 

Or) 

k°+ ß1 

l2 
(- for HE, + for EH modes), and k° the free 

space propagation constant. 

Equations (3.4) and (3.5) represent two independent transmission lines with 

voltages VS , Vd and currents Is 3 Id . 
The corresponding characteristic impedances 

are: 

Z= 71 
j wE o nF (3.6) 

_Id Zd 
jcog 0nF 

The above equations are recognized as the well known transmission line equations 

with the solution represented by the following electric circuit Fig. 3.2. 
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ZB rrý 

ß"i- 

I(r+Jr) 
E° 

F(r+rr) 

ZB(r) 

1(r} 
zn-1 

i 

r+Sr r 

Figure 3.2 Equivalent circuit for an optical fibre cylindrical thin layer 

Z B= Z tanh( y i5r ) 
2 

Z (3.7) 

Z= P sinh( yS 8r ) 
A 

'Where Sr is the length of the transmission line. After combining (3.6) and (3.7), the 

following equations can be derived: 

ZB = sinn( y 
.: 
Sr) tann( y, 

Sr 
)ZP 

2 

17 _ 
Ydz° 

GP = 

jnrk0(, ß2 + (1)2)sinh( yä Sr) 
r 

Since Sr is infinitesimal, (sY « 1) , 
hence: 

r 

ZB =2 r)2YdZP 

77 

Z0 

GP = 

jnr8rka(ß2 + (l )2) 
r 

l2 nk ON/ýl 
with ys2 +(-) 

2- 2k0+22 

dr(, ßr) +l 

Normalizing (3.9) with respect to ko gives: 

ZB =1 (ý)2 y? ZP 
Zd 

GP = 

(ýß 2+ (l )2 ) jnr& 

(3.8) 

(3.9) 

(3.10) 
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where r= rk°, ö = 5rk0,8 =ß, y? = y? /k2 ß2 +(l )2 -n2 + 
_2nß1 5 ko° `' dr(, ßr)2 +I 2 

Zp =Zp xKO, ZB =ZB xKO. 

We have come to the conclusion that the electromagnetic behaviour of a 
homogeneous cylindrical dielectric layer of thickness Sr can be described from the 

analysis of independent T-circuits, (3.10). The first T-circuit (sum) corresponds to the 

HE modes, and the second to the EH modes (difference), l#0. For the TE and TM 

modes, l=0, from (3.10) ZP= ZO /j ö1F and ZP= ZO / jn 2 JFF can be obtained 

respectively, where F=F/ Ko . 

The T-circuits representing the thin consecutive layers can be connected in tandem. 

The series of T-circuits are terminated by the characteristic impedance of the core 

medium at r=0 and the characteristic impedance of the outer cladding medium at 

r= oo , 
Fig. 3.2. For HE and EH modes, the characteristic impedances become 

Z(r = oo) =0 and Z(r = 0) = ZO / jn, l 
, n, being the refractive index at r=0. For 

TE and TM modes, Z(r = 0) = cc and Z(r = oo) =0 (Appendix B). 

The total reactance up to the core-cladding interface, from infinity and from the 

centre of the fibre, can be found by varying 8. The propagation constant of a mode 

can be determined when the total reactance is zero, i. e. the circuit resonates. 

Therefore a root searching technique is required to locate ý8 at resonance. The 

convergence of the resonance method for a segmented index profile optical fibre 

with core radius a, =4583nm, inner cladding radius a2 =8685nm, outer cladding 

radius a3 =13150nm, n, =1.51508, n2 =1.508 , n3 =1.512, and V-value V=5, as a 

function of the number of layers, is illustrated in Table 3.1, where 

b= ((ß/K0)2 -n 
2) /(n; - n2) . 

The accuracy level of the technique, using 600 

homogeneous cylindrical layers and ör /r=0.02, is illustrated with the aid of the 

graded index profiles. The speed of the method decreases with increase of the 

number of layers, and an efficient root searching technique would greatly reduce the 

computation time. As a final demonstration of this technique, Fig. 3.3b shows b 

against V, where V= ko a3 (n; - n2 )'"2 , 
for the segmented index profile optical fibre 

shown in Fig. 3.3a. 
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In Fig. 3.3b, we can see that the HE,, mode is the first mode that propagates in the 

optical fibre. Thus it has the highest propagation constant when a search is carried 
out at frequencies where higher order modes also propagate. The cut-off frequency is 
found from V=2.825. Only the lowest HE mode, HE, 1, has no cut-off 
frequency. For 0<V<2.825, it is the only mode that propagates in the fibre. In a 

multimode fibre the different modes corresponding to the same V-value have 

different propagation constants. In addition, the propagation constant for each mode 
depends on the V-value. In a single-mode fibre the dependence of the propagation 

constant on V is the only cause of waveguide dispersion. 

TABLE 3.1 

Root-searching technique is a function of the number of layers 

No. of layers 500 600 700 800 Exact 
(The asymptotic value) 

bHE11 0.83827 0.84062 0.84067 0.84067 0.84075 

bHE12 0.21032 0.21481 0.214909 0.21491 0.21490 

1.518 

as 

1.515 

V 

1.512 

-°' 1.509 
0 

d 
I- 

1.506 
0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 4.0 

Normalised radius 

(a) 
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Figure 3.3 (a) Segmented index profile of the optical fibre with core radius a, =4583nm, 

inner cladding radius a2 =8685nm, outer cladding radius a3 =13150nm, core 

index n1=1.51508, cladding index n2 =1.508, n3=1 . 512, and V=5 

(b) b/V diagram for a segmented index profile optical fibre Fig. 3.3a. 

3.2 Field Plot 

As mentioned previously, an optical fibre is envisaged as consisting of a large 

number of thin, homogeneous, consecutive cylindrical layers. The long series of 
layers can be described as a long series of equivalent T-circuits connected in tandem. 

The nth layer impedance can be expressed in terms of the (n-1) layer by the formula 

Zn = 
(Zn-1 + ZB'n )Z 

p, n + ZB 
,n 

for n =1,2,3... , N, where ZB 
�, 

Zpn are the series and 
Z, 

_1 
+ZBn +Zpn 

parallel elements of the T-circuit representation of the nth layer. In order to achieve 

resonance, the total impedance of the circuit, the sum of ZN and Zair (the 

characteristic impedance of the surrounding air medium) must be determined. ZN is 

computed starting with Z, as Zn 
-l and using Z" _ 

(Z"_' + ZB'" )Z 
p'" + ZB 

" 
for n Zn-1+ZB"+Zp" 

=1,2,3..., N. The resonance condition is achieved when ZN + ZQI,. =0 is satisfied. 

Using a root searching technique the appropriate value of the propagation constant 
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,ß can be found. The series of the equivalent T-circuits are terminated with the 

characteristic impedance of the medium at the axis (r = 0), and the characteristic 
impedance of the outer cladding (r = oo ). Using an elementary circuit theory, starting 

from large r in the cladding, the total impedance Z., up to the cladding-core 

boundary can be found and similarly, Z;,, the total impedance from r=0 to that 

boundary. When Z;,, and Zou, are equal and opposite, the circuit resonates and 

therefore the appropriate value of 8 can be obtained. 

Once ß is obtained by root searching method on the basis of the resonance 

technique, the electric fields for different modes and different refractive index profile 

optical fibres can be plotted. From (3.10), the electric current I and electric field Er 

can be derived: 

VHE = 

VM 

+ VE n(r) Vn(r) 

VM 
VEH = 

n(r) 
- 

VE n(r) 

IHE 
-IM n(r) + 

IE 

n- ) 

IE 
EH IM n(r) 

n(r) 

(3.11) 

(3.12) 

The E/M field of the HE mode in terms of the variables IHE and VHE will be 

determined, I EH = VEH =O can be set when the HE modes are of interest. This implies 

that: 

IM n(r) =1E 
n(r) (3.13) 

_ V= 
VE in (r) 

(r) 

Substituting into (3.11) and (3.12), the following equations can be derived: 

n(r) VfrE = 2VE n(r), IHE = 2IM lf' 
VM 

_ 
1E 

(3.14) 

VILE =2 (r) II HE2 n(r) 
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Note that IHE , VHE are also referred to as IS ,V respectively. 
S 

Hence: 
VS IS 

V_2 
n(r) 

IM2 
n(r) 

_ 
VS fn (r) IS n(r) (3.15) 

VM 
2' 

IE 
2 

2 I, = WEon (r)rEr 

Hence: 
IE ZOIE 

Er 
wson2r kon2 (r)r 

and: 

Er = 
ZO I E_ (3.16) 

n2 (Y)r 

Therefore if the refractive index as a function of radius is known, the electric field 

E. can be plotted out precisely by using (3.16) with knowledge of n(r) and IE 

which can be known at the initial condition and they can be calculated at every layer 

using circuit theory. Fig. 3.4 shows the plotted electric fields of step, parabolic, 

triangular index profile single-mode optical fibres. As we see, in the step index 

single-mode optical fibre, most of the light travels in the high index core, while in the 

parabolic index single-mode optical fibre, a significant proportion (up to 20%) of the 

light actually travels in the cladding. This implies that the electric field distribution 

depends on the refractive index profiles of optical fibres. Fig. 3.5(a) shows how 

different modes propagate in different propagation channels on a multimode optical 

fibre. For lower order mode HE,,, the electric field is concentrated near the centre of 

the optical fibre, as shown in Fig. 3.5(b). The higher order modes HE, Z and HE21 

penetrate further into the cladding. For the HE12 and HE21 modes, the electric fields 

are distributed more toward the outer edge of the core, as shown in Fig. 3.5(c) and 

Fig. 3.5(d) respectively. 
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Figure 3.4 Electric field plot for step, parabolic and triangular index profiles single-mode 

optical fibres with core radius a=4583nm, core axis index n1=1.51508, cladding index 

n2 =1.508, and V=5 
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Figure 3.5 (a) Electric field plot for HE,,, HE12, and HE21 modes on the segmented index 

profile optical fibre with core radius a1=4583nm, inner cladding radius a2 =8685nm, outer 

cladding radius a3 =13150nm, core index n1=1.51508, cladding index n, =1.508, n3=1.512, 

and V=5, (b) HE, mode 3-D electric field distribution, (c) HE12 mode 3-D electric field 

distribution, (d) HE21 mode 3-D electric field distribution. 

As mentioned above, compared to conventional optical fibres, Bragg fibres utilize 

different guiding mechanism. One such example is the possibility of guiding light in 

air through Bragg reflection. The structure of the Bragg fibre considered here is: 

layerl has an index of refraction n, =4.6 and a thickness d, =0.333d, whereas layer2 

has an index of refraction n2 =1.6 and a thickness d2 =0.667d. Here d= d, + d2 is the 

unit length of periodicity of the multilayered structure. The Bragg fibre has a uniform 

core with an index of refraction no =1 (i. e. an air-core Bragg fibre) and a radius 

ro =1.4d. Fig. 3.6(a) shows the Bragg fibre index profile. It is worth noting that in 

practice, in order to provide structural support the uniform core may be replaced by 

some dielectric material with a low index of refraction without greatly affecting the 
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main observation results. In Fig. 3.6(b), the electric field E. is plotted out by using 

(3.16) for TM,,, mode. We note from Fig. 3.6(b) that the TMo1 mode has a large Er 

component inside the core. For the TMo1 mode, E. is proportional to the zeroth order 

Bessel's function Jo (kor) 
, where k, 

0 
is the transverse wave-vector inside the core. 

Assuming Jo (0) =1 is known, we see that EY would necessarily be large. We 

observe that the boundary matching imposes a small jump discontinuity at the 

boundary for Er . 
This is because of the contrast of the indices in the core and 

cladding. It is worth noting that each pair of claddings is exactly of half-wave 

thickness. The half-wave thickness of a given layer means that the transverse Bessel 

function field solution varies between maximum and minimum values between two 

adjacent zeros in that thickness. Since the zeros of Bessel function are not equally 

spaced, the cladding thicknesses are not identical. However, they tend to become 

similar as r becomes large. This is due to the asymptotic form of the Bessel functions 

which approaches that of sine and cosine functions. 

In the forward solution of Maxwell's equations for cylindrical optical waveguides, 

the propagation constant of optical fibres can be worked out by using the root 

searching method on the basis of resonance technique. The mode electric field can be 

plotted for single-mode and multimode optical fibres and Bragg fibres using the 

obtained propagation constant. Also, the complex propagation constant of the 

complex refractive index profile optical fibres can be calculated out by using the 

same method. The solution to this problem will lead into working out the gain and 

loss in Erbium-doped optical fibres. It will be discussed in the next section. 

52 



rn 
5 

CD 
cv 
m 
.ý4 0 
x 
a> 

3 

Co 
L 

d 

cc 

0 
a, 

I 
0.0 0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4 

Normalised radius 

sn 

(a) 

1.2 

a 
z 0.9 
V 

.r 0.6 
C, 
-a 
0) CA 0.3 

E 
0 

0.0 

-0.3 
0.0 0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4 

Normalised radius 

(b) 

Figure 3.6 (a) The Bragg fibre structure: core index no =1, thickness ro=1.4a, layerl 

index n, =4.6, thickness d, =0.333d, layer2 index n2 =1.6, thickness d2 =0.667d. 

d= d, + d2 is the unit length of periodicity of the multilayered structure. 

(b) E,, field distribution for the TM mode Bragg fibre with the Fig3.6a 

structure, the normalised propagation constant 8 =1.25, V-value V=8. 

ti ýk 

ti 
t 
x 
ti 

x 
1 

S 
1 

1 
It 

r`- 
1 ýr ýw 

r 
ýr 

i, 

53 



3.3 Complex Propagation Constant 

With the advent of fibre lasers and doped fibre amplifiers, attention has been drawn 

to the analysis of optical fibres whose refractive index profile can be described in 

terms of complex numbers. Complex refractive index profiles result in complex 

mode propagation constants offering information on the loss or gain properties of 

optical fibres. Some approximate or numerically cumbersome methods have been 

reported in the literature (Reisinger 1973; Sader 1990; Sunanda and Sharma 1999; 

Singh and Sharma 2001) for evaluation of the propagation characteristics of such 
fibres. 

In this section, a rapidly converging numerical technique is presented for the 

evaluation mode characteristics of circularly symmetric optical fibres with an 

arbitrary complex refractive index profile. The calculation process can be described 

as follows; since the normalized propagation constant is the function of the complex 

refractive index, the obtained normalized propagation constant is also complex. 

Using the TL technique and resonating the circuits to locate the real part of the 

complex refractive index at the root, the imaginary part gives the gain and loss. 

Therefore, the attenuation can be calculated using 8.686k0) (dB / m) (Desurvire 

1994), where ) is the imaginary part of the complex normalized propagation 

constant. To illustrate the capacity of the procedure, it has been applied to circularly 

symmetric fibres with complex step, parabolic and segmented refractive index 

profiles. This method has been used to evaluate and control the gain in a typical 980 

nm pumped EDF as well as to calculate the attenuation of optical fibres when radial 

loss factors are presented. 

3.3.1 Definition of Complex Refractive Index In Erbium-Doped Fibre 

The signal gain in an EDFA is obtained by creating population inversion, using a 

pump at 980 nm. The assumption of a three-level laser system for the EDFA provides 

a means of defining a complex refractive index profile for the pumped EDFA at 

signal and pump wavelengths. The complex refractive index profile of the core- 

doped fibre can, in general, be written as (Sunanda and Sharma 1999): 
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nI (r) + inl (r) r<a 
n(r) - (3.17) 

1In r>a 2 

where a is the core radius. 
The procedure is illustrated by analyzing a step index fibre with step index Erbium 

dopant concentration in the core, p(r) = po for r<a and p(r) =0 for r>a, with 

po = 1.6 x 1025 m-3, and a pump wavelength of 980 nm. p(r) is the Erbium-Dopant 

profile, rp , 
(r) are the fibre mode profiles at the pump and signal wavelengths, and 

for step index refractive index profile are simply given by (Singh and Sharma 2001): 
22 yrpS(R<1)=Jö(Up'sR) 

J2(U ) 
VIP's (R > 1) =2p, S Kö (Wp, 

SR) K0 (Ws) 

(in the core) (3.18) 

(in the cladding) (3.19) 

where R=r /a 9 Ups 1p ,s, 
and WP 

,s 
are the conventional fibre parameters 

(Desurvire 1994) of the undoped fibre, and Jo (Z) is the Bessel function of first kind 

of order zero. Equations (3.18) and (3.19) are valid only for step index profile 

waveguide, for other profile waveguides, (3.16) can be used to obtain the electric 

field, and the square of the field is yr p, 
s 
(r). 

6U (AS) and ae (AS) are the absorption and emission cross-sections respectively , at 

signal wavelength As and ii(2S) = 6e (AS) / 6Q (AS) . Also, p and q indicate the signal 

and pump powers guided in the fundamental mode normalized to their respective 

saturation powers p= PS (z) / Psat ()S) 
,q= Pp (z) / Psa, (2 

p) , with 

PSa, (A, ) defined as: 

hcKLOS 

Psu, BAs) - As6u SAS ) 11 + 77(2s )]T 

Psat (Ap) _ 
hczrwp 

2p6Q(2,, )r 

Psat (2S) and 

(3.20) 

(3.21) 

where h is Planck's Constant 6.62 x 10-34 m2kg /s, c is the light speed in free 

space, z is the life time of the upper laser level 1X 10-2 s, -, 
is the mode power 
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radius given by (Sunanda and Sharma 1999): 

The imaginary part of refractive index n; in the pumped Erbium-Doped fibre can 

w2 s =2 
0 
fýVps(r)rdr (3.22) 

be written as in (Sunanda and Sharma 1999): 

ni (signal )= 
p(r)6as As [h1 s9I ql p (r) 12 

- 11 

(3.23) 

ni (Pump) = 

4iz[1 + ql yip (r)I 
2+ 

pltps (r)l2 ] 

p(r)6ap2 pP+ (7s) /(1 + 77S)pl's (r)l21 

4z[1 + ql ty p (r)I 
2+ 

pl yis (r)l2 1 
(3.24) 

The positive (negative) sign of the imaginary part indicates a gain (loss) medium. 

Once nl is defined, the modal gain and loss can be obtained. The corresponding gain 

per unit length, defined as g= (1 / p)(dp / dZ), is given by g=2,8j. The gain or loss of 

the propagation signal and pump power, in decibels per meter, is hence 

8.686k0ß, (dB / m) (Desurvire 1994). 

3.3.2 Numerical Results and Discussion 

To compare the results presented here to those in (Sunanda and Sharma 1999), the 

same parameters are used in this work. The core radius of the analyzed optical fibre 

is a=1.5, um , 
index in the core is n, = 1.46 and NA = 0.24 . 

The absorption and 

emission cross-sections of the signal are o7,5 =7x 10- 25 m2 and 

Ges = 0.926as respectively. The absorption cross section of the pump is 

bap =2x 10-25 m2. Using the above (3.17), complex refractive index profile, and using 

the transmission line technique the complex index ne and corresponding values of 

gain at different wavelengths can be obtained in the 1.53, um range. The typical radial 

index profiles of the imaginary part of the complex refractive index at pump and 

signal wavelengths respectively are shown in Figs. 3.7 and 3.8 (at As =1.53pm) for 

several pump power levels q under the small-signal approximation (p =2x 10-'). A 
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comparison is also shown with results in (Sunanda and Sharma 1999). As the pump 
power increases, the population density in the lower level decreases, and lower 

steady-state absorption of pump power is obtained. Positive and negative values of 

n; represent gain and loss. Hence the curves imply that, in uniform dopant, at low 

pump levels the gain attained from a part of the fibre cross section is cancelled by 

loss from another part, a condition that can be corrected by the use of dopant only in 

the central region. The figures also show higher values of gain at higher pump levels 

but with a saturating behaviour. Associated with Figs. 3.7 and 3.8 are in Tables 3.2 

and 3.3 comparing the accuracy of the TL method with (Sunanda and Sharma 1999). 

From Tables 3.2 and 3.3, we can see that with the increase of the input pump power 
levels, the result differences between the TL method and Sunanda's are getting 

smaller. 

Fig. 3.9 and Fig. 3.10 show examples for greater values for the imaginary part of the 

refractive index. The dopant concentration in the core is now increased to 

2.68 x 1027 m-3 (Yb3+) (Limpert, Schreiber et al. 2002). For the ease of comparison 

with EDFA, the other parameters are same. This demonstrates that the TL technique 

is not only appropriate for profiles in which the imaginary part of the refractive index 

is very small, but can also be used for refractive index profiles with a much greater 

imaginary part. 
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Figure 3.7 Radial profile of the minus imaginary part of the pump index against radius in 

the core at different input pump power levels q (marked in mW) by the present method (P) 

and Rayleigh-Ritz method (R) of (Sunanda and Sharma 1999). 
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TABLE 3.2 
The difference of pump index imaginary part 

[100%x(R-P)/Pý 

The difference (%) 

Radius r (nm) 
q=5mw q=20mw q=50mw 

0 3.57 0 0 
100 0 0 0 
500 3.12 0 0 
1000 2.22 5.88 0 
1400 1.49 2.94 5.88 

TABLE 3.3 
The difference of signal index imaginary part 

1100%x(R-P)/Pý 

The difference (%) 

Radius r (nm) 
q=5mw q=20mw q=50mw 

0 -4.41 -0.98 -0.43 
100 -4.45 -0.739 -0.22 
500 -6.02 -1.02 -0.44 
1000 -1.69 -1.75 -0.69 
1400 4.98 -6.76 -1.85 
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3.3.3 Gain in Optical Fibres 

For different values of input pump power, a plot of signal gain for an input signal 

of 100nW versus wavelength is obtained by using the TL method. The results are 

compared with those in (Singh and Sharma 2001). The comparison is shown in 

Fig. 3.11. As expected, the present results are practically coincident with the results 

of the more cumbersome Rayleigh-Ritz calculations. The uneven gain wavelength 

response of the Erbium-doped fibre is also readily recognizable. It is well known that 

the gain flatness of an optical amplifier is very important for DWDM optical systems, 

and that there have been many attempts to design gain flattened optical amplifiers for 

this reason. Next the TL method is demonstrated that it can be used in assisting with 

investigations into how to make the gain higher and flatter by modifying the optical 

fibre refractive index profile and the radial Erbium dopant concentration in the core. 

a). Calculation of Gain By Varying Refractive Index Profile 

Fig. 3.12 shows the signal gain of a parabolic refractive index profile, but with 

uniform Erbium dopant concentration in the core. The parabolic refractive index 

profile step Erbium-doped fibre can not obtain the same gain as a step index profile 

fibre with the same Erbium dopant parameters, however, the gain is flatter compared 

to the step index case, Fig. 3.11. 

Fig. 3.13 is another example of signal gain for a uniform doped core optical fibre 

with the segmented refractive index profile. We observe that the value of the derived 

achieved gain is similarly not as high as that obtained from a step index core 

(Fig. 3.1 1), but the overall gain curve is flatter. Fig. 3.14 shows the effect of gain 

flattening with varying the inner core index dip and for uniform core dopant. We see 

that the gain difference increases with increasing inner core index are not significant. 

Minimum gain ripple in this case occurs when the inner core index is less than 

1.4420. 
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index= 1.46, cladding index= 1.4401). 
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b). Calculation of Gain By Varying Radial Dopant Concentration 

The Erbium amplifier gain is a function of pump power, signal wavelength, fibre 

length and Erbium dopant concentration. Using the TL method, a test is attempted to 

ascertain if any improvements can be achieved by experimenting with radially 

varying the dopant concentration (normally constant) for different refractive index 

profiles. It is expected to result in an increase in the gain of the fibre amplifier. The 

dopant concentration is changed in inverse proportion to the radial field power, 

multiplied by the dopant constant at r=0, of 1.6 x 1025 m-3 . The normalized powers 
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in the core for different refractive index profile optical fibers are shown in 

Fig. 3.15(a). The corresponding radial dopant profiles for the three different refractive 
index profiles considered here are shown in Fig. 3.15(b). All the dopant concentration 

values in the core are greater than the dopant constant po =1.6 x 1025 m-3 , 
but vary 

radially and non-uniformly. Using the dopant profiles of Fig. 3.15(b), the Erbium 

amplifier stored energy (related to gain) profiles are obtained, as shown in Figs. 3.16- 

3.18. Fig. 3.16 shows the increased gain profile resulting from step refractive index. 

The maximum gain is increased significantly while keeping the gain ripple nearly the 

same as in the case of in Fig. 3.11. Similar conclusions are drawn from Fig. 3.17 and 

Fig. 3.18 for parabolic and segmented core index profiles, with dopant distribution 

according to Fig. 3.15(b). 
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Figure 3.15 (a) Normalised power ((Powercore/EPower)100%) against core radius for 

different optical fiber refractive index profiles. 
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Figure 3.15 (b) Dopant concentration values changing with inverse field values of different 

optical fiber refractive index profiles, used for results of Figs. 3.16-3.18. 
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64 



12 

11 

j1: 

8 

7 

6 

50 mW 

. lop .. \ ------- 5mW 

1.525 1.529 1.533 1.537 1.541 1.545 

Wavelength (Pm) 
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different input pump power levels (marked in mW) using dopant profile of Fig. 3.15(b). 

3.3.4 Loss in Optical Fibres 

In contrast and in order to illustrate further the capacity of the TL technique, let us 

now consider how to determine the optical fibre loss from varying radial attenuation. 
The spectrum of optical power loss in an optical fibre is a complicated function of 

absorption and scattering phenomena that are introduced during the drawing of the 

fibre, either because of impurities introduced during the drawing or because 

scattering centers increase or decrease according to the level of dopant used. In this 

work, for the purpose of comparison with results in (Gallawa, Goyal et al. 1993), the 

same parameters are used as only the following case is assumed: 

a) The cladding is lossy. 

b) The imaginary part of the refractive index is constant in the cladding, 

having the value 5x 10-10 

The fibre radial attenuation results of the electric circuit resonance technique are 

given in Table 3.4 for a step index single mode fibre having V=2.5 . The table 

includes the results in (Gallawa, Goyal et al. 1993) for comparison, and agreement 

with the TL technique is demonstrated. 

To allow a comparison with the recently published perturbation method (Gallawa, 

Goyal et al. 1993), the following scenario is assumed although unlikely, which can 

facilitate the comparison as expected. The real part of the index is taken as a step 
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function. The electric field distribution is determined from a lossless step index fibre. 

However, the imaginary part of the index varies in the core according to different 

profiles as shown in Fig. 3.19. Using the TL technique and the imaginary index 

profiles of Fig. 3.19 for the distribution of absorption or scattering centers, the 

attenuation is subsequently calculated. The calculated attenuation results are given in 

Table 3.5. The step index fibre is used simply to allow comparison with published 

methods, but the TL method as demonstrated from the Tables 3.4 and 3.5 is accurate 

and applicable for determining arbitrary loss distributions and arbitrary fibre index 

profiles. 
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Figure 3.19 Loss profiles, Exponential, Quadratic, and Parabolic. 
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TABLE 3.4 

(Q, x io1°) Loss only in the cladding, Step index fibre V=2.5 

Profiles Exponential Quadratic Parabolic 

Ref. 3.3228 3.3083 3.3059 
Present 
Method 3.2459 3.2750 3.2662 

Ratio (Ref. /P) 1.0236 1.0101 1.0121 

TABLE 3.5 

(, 81 x io9) Loss only in the core, Step index fibre V=2.5 

Profiles Exponential Quadratic Parabolic 

Ref. 1.098 0.4121 1.353 
Present 
Method 1.0938 0.41256 1.3325 

Ratio (Ref. /P) 1.0038 0.9988 1.0153 

Note: Ref in Tables 3.4 and 3.5 stands for the reference (Gallawa, Goyal et al. 1993). 

3.4 Band-gap of Bragg Fibres 

3.4.1 Characteristics of Bragg Fibres 

In conventional optical fibres, the light is guided in the solid-core version by total 

internal reflection and photons propagate mainly in the high index centre core. A 

completely different confinement mechanism, air-core photonic crystal fibres or 

photonic band-gap fibres, such as a Bragg fibre, guides light by band-gap (so-called 

transmission window) effects in contrast to total internal reflection. Bragg reflection 

provides an alternative way of guiding light. Since Bragg fibres and conventional 

optical fibres utilize different guiding mechanisms, it is not surprising that Bragg 

fibres offer many possibilities that are difficult to achieve in conventional fibres. The 

biggest promise of air-core Bragg fibres has been the potential of guiding light in air, 

which allows low loss when material absorption is large for silica core fibres and low 

nonlinear (1000 times less than silica) transmission of light signals. This is a very 

attractive proposition for high-power applications (Cregan, Mangan et al. 1999). A 
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Bragg fibre within certain length can also be designed to support a single guided 
mode without azimuthal dependence (i. e. the TE or TM mode). In contrast with the 
fundamental mode in conventional fibres, which is always doubly degenerate, these 
Bragg fibre modes are truly single-moded. It is worth noting that there are no strictly 

guided modes in Bragg fibres, all the modes transmit on Bragg fibres are leaky 

modes. The structure around the Bragg fibre core that provides the guiding 

mechanism (pseudo-mirror) is finite in extent and therefore the Bragg fibre only 

support leaky modes. The single-modedness of a Bragg fibre means that the Bragg 

fibre only has one low-loss mode after a certain length. 

In this work, the TL technique has been extended to calculate the effective index of 
leaky modes and it has been demonstrated by using the model of the Bragg fibre. In 

conventional step and graded index fibres there are strict definitions for guided and 

leaky modes: guided modes are radially evanescent in the depressed cladding layer 

whilst leaky modes have oscillatory fields in the cladding, allowing power to leak out 

of the fibre (Snyder and Love 1983). Equivalently, guided modes are described by 

real mode effective indices and leaky modes are described by complex mode 

effective indices, where the loss is proportional to the imaginary part of the effective 

index (Snyder and Love 1983). 

Next, the TL technique has been extended and applied to leaky mode circular 

waveguides using the Bragg fibre with air core and periodic claddings as an example 

where the band-gap structures of TM modes can be obtained. 

A Bragg fibre can be represented as a cascade of T-circuits connected in tandem. 

The series is terminated with the characteristic impedance of the medium at the axis 

(r=0) and the outer cladding (r=oo) of the fibre. Using T-circuit theory, starting from 

large r in the cladding, Zout the total impedance up to the cladding-core boundary can 

be found and similarly, Z,, the total impedance from r=O to that boundary. Z,, ,1 and 

Z,,, can be easily determined by the following equation: 

Z;,, ZB(a±l)+ 1 
out + 

1 
1 

1 

(3.25) 

ZP(a±1) ZB(a±l)+Zß(a±2)+ 

1 
ZPrev + Zan -1) 
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where the characteristic impedance Zprev 0 at large r when the positive sign is used 
or it becomes Zprev oo at r=0 when the negative sign is used, a is the core radius. The 

total circuit resonates when Z;,, and Z0,1 are equal and opposite, hence 
Ztotal-Zin+Zout=O, at the effective index value of any mode. Therefore, as before the 

unknown effective index, 8 can be obtained by using a root searching method which 

locates the roots of the total impedance of the T-circuits, Ztotal=0. In the case of air 

core Bragg fibres (no=1), the root searching for locating leaky mode effective index 

is carried out in the range of 0<8<n0. 

In general, a Bragg fibre can be described by seven parameters: no, n1, n2, ro, d1, d2, 

and N, Fig. 3.20, where they represent the refractive indices of the core and the 

alternating high-low index layers, the core radius, layer thickness and the number of 

cladding pairs respectively. The effect of changing one or more of these parameters 

has been considered previously (Johnson, Ibanescu et al. 2001), but only over a 

limited range and not in the context of single-modedness. 

Consider a Bragg fibre having the structure like the one shown in Fig. 3.20. The 

core of the waveguide is an air hole, whose radius is denoted by ro, at the center of 

the cross-section. The cladding consists of a coaxial periodic structure, where the 

radius of the ith boundary is defined by: 

rn(dl +d2)+ro 
r` 

n(dl +d2)+d1 +ro 

The refractive index for the ith layer is defined by: 

nl 
ni _ 

n2 

i=2n-1 

i=2n 

i=2n 

i= 2n +1 
(n = 0,1,2,3... ) (3.26) 

(n =1,2,3... ) (3.27) 

To compare the present results with those of existing techniques, the same 

parameters for a Bragg fibre have been chosen from (Ouyang, Xu et al. 2001). The 

cladding structure of the Bragg fibre is: n, =4.6 and thickness d, =0.333d, n2 =1.6 and 

the thickness d2 =0.667d. Here, d= d, + d2 is the unit length of periodicity (cladding 

pair) of the multilayered structure. The Bragg fibre has a core with no= I and the 
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radius ro =1.4d. In practice, Bragg fibres have a finite number of layers and support 

only leaky modes (Johnson, Ibanescu et al. 2001). 

(a) (b) 

Figure 3.20 (a) Refractive index profile of a Bragg fibre, the air-core no= 1 and radius ro, 
the alternating high-low indices and thickness n� d1 and n� d2 respectively. 

(b) Fibre side view. Shaded regions represent areas of higher refractive index and unshaded 

regions represent a uniform cladding region with lower refractive index. 

3.4.2 Numerical Results and Discussion 

The Bragg fibre leaky mode effective index can be achieved by using the root 

searching method locating the resonance of the electric T-circuit cascade. The 

solution to this problem allows working out the band-gap structures of TM modes for 

example and also the electric field distribution of the Bragg fibre. The effective index 

calculation is related to the number of concentric homogeneous cylindrical layers. In 

Fig. 3.21(a)-(d), 200,400,600,1000 layers (equivalent T-circuits) are used 

respectively. As we see, with the increase of the number of layers, a guided mode 

TMo1 comes out in the band-gap. It is worth pointing out that there is no difference 

between Fig. 3.21(c) and (d), the complete TMo1 mode can be seen in the band-gap. 

To save computation time, 600 concentric homogeneous cylindrical layers will be 

used for the rest band-gap calculations of the Bragg fibre. A total of 5 cladding pairs 

are used for the Bragg fibre, which should provide good mode confinement based on 

the author's experience. Hence the thickness of the homogeneous cylindrical layers 

is 5r- =[5(d, + d2 )+ ro ] /600 . 
This results in the band diagram of Fig. 3.21(a)- 

(d). Only one guided mode (TMol) exists in the band-gap. This implies that in this 

range only the TMo1 mode can propagate in agreement with (Ouyang, Xu et al. 

2001). 

In this section, a novel and accurate TL technique has been extended to work out 

the propagation and band diagrams of leaky mode waveguides and specifically Bragg 
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fibre TM modes. The method uses transmission line principles and relies on the 

modeling of a cascade of thin uniform homogeneous cylindrical layers of a Bragg 

fibre to transmission line circuits. Simulation results demonstrate the potential of this 

new method for modeling properties of Bragg fibres. 
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Figure 3.21 Band diagram of the Bragg fibre: core index no=l, thickness ro=1.4d, layerl 

index nl=4.6, thickness d1=0.333d, layer2 index n2=1.6, thickness d2=0.667d, d=dl+d2 is the 

unit length of periodicity of the multilayered structure. (a)200 layers, (b)400 layers, (c)600 

layers, (d) 1000 layers 
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3.5 Delay and Dispersion 

The TL technique has been shown to be extremely powerful and it can be easily 
applied to optical fibres in order to determine the mode propagation constants and 

mode electric fields exactly (Qian and Boucouvalas 2004). 

In this section, the TL theory is extended and a novel method based on the T-circuit 

technique is presented for calculating the dispersion of optical fibres of known but 

arbitrary refractive index profiles. Firstly, the equations for the derivatives of the 

propagation constant with respect to the wavelength are derived analytically. By 

using a recursive formula, for a given wavelength, the first derivative can be 

expressed in terms of equivalent circuit impedances at the wavelength of interest and 

the second derivative can be expressed in terms of circuit impedances and the first 

derivative. Secondly, by calculating the derived equivalent circuit formulas, the 

impedances can be worked out at the specified wavelength using the TL technique. 

Once these along with the material dispersion information are provided, the total 

dispersion can be accurately calculated from its definition. Numerical results on 

convergence speed for the TL method as compared with the methods (Ainslie and 

Day 1986; EL-Ibiary 1986; Survaiya and Shevgaonkar 1999) will be given. The 

following section describes the basic theory the technique is based upon. 

3.5.1 Derivation of The Master Equations 

From the TL forward solution, the following equations can be expressed for the 

parallel and vertical impedances of the T-circuit: 

ZB = sinh(ya Sr) tanh(y, (5r)Z, 
d2 

- 
)770 (3.28) 

L. p= 

jnrko (ß2 + (l )2) sinh(ys Sr) 
r 

Since Sr is infinitesimal, 
gr 

«1, from (3.28) the following equations can be derived: 
r 
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1 
ZB =2 (Sr)27 ZP 

zo (3.29) 
ZP = 

jnr&k0(, Q2 +(l )2) 

r 

The equivalent T-circuit impedances (3.28) or (3.29) are functions of wavelength 

and the propagation constant, so the first and second derivatives of the propagation 

constant can be extended as follows: 

az 
N 

aý _ as I ß=ßo 
asazN 

(3.30) 

a, ß 1.1= 20 

a2ZN aß a2ZN 
a2ßa aß 

_ 

as 2 aA aßaz (3.31) 
a22 az a2 aZ N 

aß 
Where ßo is the propagation constant at the wavelength of interest A. (Boucouvalas 

and Papageorgiou 1982). Delay and dispersion can therefore be calculated if the 

derivatives in the equations (3.30) and (3.31) are known. ZN can be calculated 

recurrently from Zn = ZB +(1+ 
1)-1 

, 
(n=1,2... N), which is the nth 

ZB + Zn-1 Z, 

characteristic impedance of cylindrical layers. N is the total number of cylindrical 

layers, zN is the total impedance. 

Equations (3.30) and (3.31) are equations related to derivatives of the impedances 

in each transmission line. The recursive equations can be used to determine delay 

and dispersion directly from equivalent T-circuit characteristic impedances. 

3.5.2 Dispersion Solution Procedure 

It is well known that the total dispersion in the single-mode regime includes 

material and waveguide dispersions. The concept of zero total dispersion by 

cancellation of the material and waveguide dispersions was proposed as long ago as 

1970 in (Dyott and Stern 1970). The waveguide dispersion arises from the variation 

74 



in group velocity. It depends not only on the core radius and the refractive index 

difference between the core and the cladding of optical fibres, but also on the shape 

of the refractive index profile. The material contribution results from the wavelength 

dependence of the refractive index. The algorithm allows calculation of both material 

and waveguide dispersions. The material refractive index dependence on wavelength, 

(Survaiya and Shevgaonkar 1999), is included in the calculations and it is given by: 

n1 (/ý) = CO + Cl /ý2 + C2/ý4 +2-C 

03.035 
+ 

(ý, 2 
-0C. 

4 

035)2 (ý, 
+ 

2-0 

C. 
S 

035)3 
(3.32) 

ý. 

Where, Co=1.4508554, C1=-0.0031268, C2=-0.0000381, C3=0.0030270, C4=- 

0.00007799 C5=0.0000018. 

The following steps detail the solution procedure for the mode delay and 

dispersion. From (3.30) and (3.31), delay and dispersion equations are given by 

(Safaai-Jazi and Lu 1990): 

T=LZ2 
aß 

(3.33) 
2zc öff. 

D= 
1 öz 

=1 (22aß +22 
ai ß) (3.34) 

L 8A 2, rc aA as 

where r is the delay, D is the dispersion, L is the optical fibre length, c is the 

velocity of light in free space. 

The equations for aZ N, az N, 
aZZN and a2ZN are derived analytically which are 

aA a, fl as apa2 

to be used in the recursive algorithm: 

aZB azn_1 azP 
azN 

_ 

azB 
+( 

1+1 
)-2 ( 

a2 U+ a2 

2/1 02 ZB + Zn-1 ZP 
1 

(ZB + Zn-1 )2 z2 

(3.35) 
Öz 

B 
az 

n _, 
az 

p 

az N_ aZB +( 1+ 1) -z ( aß aß 
z+z2 

ß) 
aß aß ZB +Zn-1 ZP (ZB +Zn-1 ) 
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az B+ az n_1 az P 
+ 

a2zN a2z22--+ 2( 1+1 )-3( 32 02 + as )2 
a'ý2 322 ZB + zn 

1 
ZP (ZB + Zn-1 )2 ZP 

a2ZB 
+ 

a2Z2-1 
2`OZB + 

aZn-1 
l2 

+ 

a2ZP 
2`aZP )2 

r1+12 as 
2 

as _l aa, aa, 
I 

aa, _l aa, `ZB 
+ Zn-1 ZP (ZB + Zn-1) 2 (ZB + Zn-1 )3 ZP 23 ZP 

aZ B 
B113 a/ý 

+ a2ZN a2Z 

+ aßa2 - aßa2 2ýZB 
+ z, _, 

+ ZP } <(ZB 
+ 

a2ZB 
+ 

a2Zn-1 
2( 

azB 

!I+i _2 ( CPCA oPon, 
_ 

CA G't ap cp 
+ 

opoIt 
`ZB 

+ Zn-1 ZP VB + Zn-1 )2 VB + Zn-1 )3 z 

aZ 
n_I 

az p 
aA + a2 

Z2 Z2 n-1) P 

+8Z n-1)(aZ B IN 11 llý n 

az 
B+ 

az 
n-, 

aß aß 
z+ (ZB + Zn-1 

z 
+ 

aZn-1 a zi 

az P 

ZP 

2azP 
aZp 

a/% aß 

Z3 / P, 

(3.36) 

The first derivatives of the impedance equations (3.29) as a function of the fibre 

layer physical and optical parameters are given by: 

az p 2zo/3 
aß 

nrSrk0(ß2 + (l )2)2 
r 

an (3.37) 

az p-zo a/, 
z r8rk0(F' 

2+ (l )2)2 n 

r 

aZB 
_ 

sr2 aye Z2 aZP 
aß 2 aß P+Y aß (3.38) 

aZB 

_ 

5r2 ay2 
zp 

,+ y2 

aZP 

aA 2 aA aA 

Where 

l2n, ßlk 0 
y2 =ý32+(Y)2 -n 

2 kö 
(ßr)2 

aye 
=2ß- 

2nik0(12 -(, ßr)2) 

8ß ((ßr)2 + l2 )2 

aY2 an 2 2koß1 an 

a2 = -2n a2 
ko 

(ßr)2 + 12 a2 ' 
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än 
= 2C, ß, + 402,, 3 - 

2032 4042 6052 
äl, (22 -0.035)2 (22 -0.035)3 (A2-0.03 5)4 

For the second derivatives of the impedance equations (3.29): 

an 
a2zp 2z0ß aA 
aßa2 

r8rk 0 
(ß 2+ (lý 2) 2n2 

rl 

a2ZP 

aA2 
-zo 

rörk0(ß2 + (l )2) 
r 

a2n 
2(an)2 

aß 
2-l 

aA l 
n n3 

a2zB 
= 

Sr2 ( a272 ZP a)l 2 azP +W L94 +2 a2Zp 
a, ýaa 2 a, ß8A P aß aa, a2 aß Y aßa2 

(3.39) 

(3.40) 
a2ZB Sr2 a2 y2 ay2 aZP a2zP 

2 

a22 2 - aý2 
zp+2 

a/ý, (3/1 
+7 ) 

(3, Z2 

Where 

azy2 -21ko(12 -(ßr)2) an 

aßaa ((ßr) 2+l 2) 2 aA 

ö272 
2 

an 
2a2n2, ßk01 ö2n 

322 - -2ko (( 
aA) 

+n 
322) (, ßr)2 + 12 322 

a2n- 
2C' +12C2 22 +6C3 

A2 + 0.0703 
+ 

200422 +0.14C4 420522 + 0.2105 

öß. 2 (22 -0.035 )3 (22 -0.035 )4 (22 -0.035 )5 

To test the accuracy of (3.37)-(3.40) derived from the approximate impedance 

equations (3.29), the exact first and second derivatives from the exact impedance 

equations (3.28) have also been worked out, in Appendix C. The equations (3.37)- 

(3.40) have been found to be accurate for the purpose. Approximations are not 

however essential in this analysis and if the exact equivalent equations are preferred 

they can be used. In this solution procedure, almost all the computation time is spent 

in calculating (3.35) and (3.36). The derivatives ZN 
, 

azN and a2zN 
, 

a2zN can now 
aA ap aß, 2 aßaA 
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be obtained very efficiently. Therefore, delay and dispersion can be calculated 
accurately and recursively. 

3.5.3 Numerical Results and Discussion 

For the comparative numerical results, an optical fibre with a well known 

refractive index profile radial dependence is considered as follows (Adams 1981): 

A( r 
aä n(r) __ 

n2 >1 
ä 

(3.41) 

where A= (n, - n2)/n, , n, is the maximal refractive index, n2 is the refractive index 

of the outer and uniform cladding, a controls the decay or growth of the profile 

envelope, a is the normalized core radius, and r is the normalized cylindrical layer 

radius. A variety of refractive index profiles can be generated by varying a (a =1 

triangular profile, a=2 parabolic profile, a= oo step profile). 

Furthermore, in order to introduce refractive index wavelength dependence, since 

(3.41) is proportional to n, it scales as a function of wavelength according to (3.32). 

Convergence and accuracy are important factors for any numerical techniques. The 

typical standard step, triangular, and linear chirp index fibre profiles have been 

chosen as the results are well known. For all the computations, the thickness of the 

cylindrical layers, inside and outside the core, is taken to be 6/Y =0.02.600 to 1000 

homogeneous cylindrical layers are, in general, sufficient for this cf/Y ratio. 

The dispersion characteristics for step index optical fibres are calculated by 

applying the novel technique and using delay and dispersion equations, (3.33) and 

(3.34), within the wavelength range used in optical communications. The step index 

profile optical fibre used has typical values of core radius ai=2.2 µm and index 

difference A =0.012 (Ainslie and Day 1986). In Fig. 3.22, the exact normalised 

propagation constants (effective indices) for the step index fibre calculated using 

Bessel functions are compared with the results obtained with the TL technique. The 

TL results are presented in two curves, one using the exact impedance equations 
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(3.28) and the other plot using the approximate impedance equations (3.29). The 

curves are also presented by varying as a parameter the number of layers set to 600 

and 1000 for this algorithm. The numerical results show /r =0.02 offers good 
homogeneity to the cylindrical layers and the accurate results can be obtained. With 

1000 layers, the algorithm using either (3.28) or (3.29) gives accurate results in 

agreement with the Bessel functions while maintaining efficient computation speed. 
Therefore, the number of 1000 layers is chosen for the dispersion calculation. 
Table3.6 shows the accuracy of the TL method in calculating the effective mode 
indices at the wavelength 1.30103 µm using (3.28) and (3.29). Both compare very 

well to the exact Bessel functions solution. Results based on (3.28) are slightly closer 

to the result from Bessel functions. Both (3.28) and (3.29) however offer excellent 

accuracy. Fig. 3.23 compares dispersion results using this algorithm for the range 1.2 

µm and 1.6 gm. It includes a dispersion curve generated using Bessel functions for 

the effective index and dispersion plots using an effective index obtained by the TL 

method, (3.28) and (3.29). As expected, for the step index optical fibre the zero 

dispersion point is at 1.30103 µm. Table3.7 shows a comparison of some numerical 

results of calculated zero dispersion wavelengths. The results of the TL method agree 

very well with the result from Bessel Functions. As expected, using (3.28) gives 

slightly more accurate results than (3.29), however, for 1000 layers this difference is 

not significant. The two dispersion curves in Fig. 3.24 are derived using Bessel 

functions for the exact effective mode index. One dispersion plot uses numerical 

differentiation and the other uses the dispersion algorithm. The zero dispersion 

wavelength obtained using this algorithm is X0=1.30133 pm and X=1.30835 pm is 

based on numerical differentiation respectively. The result demonstrates the accuracy 

of this algorithm (exact A0=1.30103 pm). 

To allow further comparison with the existing publication on the dispersion 

calculation (EL-Ibiary 1986), the triangular refractive index profile fibres are also 

considered. Fig. 3.25 shows dispersion curves plotted against wavelength for the two 

values of core radius a,, namely, 1.92 pm and 3.29 pm, and index difference 

A =0.01, with zero dispersion wavelength at 1.55 pm. Fig. 3.25 shows the excellent 

agreement in the calculated dispersion for triangular optical fibres using the different 

methods with different core radii. In this case there is negligible difference between 
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the results using (3.28) and (3.29). The results match perfectly with those given in 

(EL-Ibiary 1986). 
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Figure 3.22 Effective mode index difference versus wavelength curves for the step index 

single-mode optical fibre with core radius a, =2.2µm and A =0.012. ( off =0 
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Figure 3.23 The dispersion difference versus wavelength curves for the step index optical 

fibre with core radius a1=2.2µm and A =0.012. (AD = 
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Figure 3.24 The dispersion of fundamental mode of a step index optical fibre using the 

algorithm compared to the result using numerical differentiation for a core radius a, =2.2µm 

and A =0.012. 
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Figure 3.25 The variation of dispersion versus wavelength curves for the triangular 
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attain the zero dispersion point at 1.55µm. 
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TABLE 3.6 

The accuracy of the TL method for calculating ß for a step index optical fibre at 

'21.3 =1.30103 µm 

at //) 1 3 
AY = 

G6 'besseI 
(%) 

. 18 Besse! 

Bessel Function ( Abesse, ) 1.48020635 0.0 

Exact [Eqn. 3.28] 
1.48020794 1.0742x 10' 

600 layers 

Approximate [Egn. 3.29] 
1.48020795 1.0809x 10-4 

600 layers 
TL Method 

Exact [Egn. 3.28] 
1.48020644 6.0802x 10-6 

1000 layers 

Approximate [Egn. 3.29] 
6 1.48020645 6.7558x10 

1000 layers 

TABLE 3.7 

The accuracy of the TL method for calculating the zero dispersion wavelength 20 

for a step index optical fibre. 

2O (10_6) AA = 
`a, 0 - 

A1.3) 
(%) 

A1.3 

Bessel Function ( 213) 1.30103 0.0 

Exact [Eqn. 3.28] 
1.30183 0.06149 

600 layers 

Approximate [Egn. 3.29] 
1.30218 0.08839 

600 layers 
thod TL M e 

Exact [Eqn. 3.28] 
1.30133 0.02306 

1000 layers 

Approximate [Egn. 3.29] 
1.30168 0.04996 

1000 layers 
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It is well known that the dispersion flattened characteristics of an optical fibre are 

very important for WDM optical systems. There have been many attempts to design 

dispersion flattened optical fibres (Francois 1983; Davies and Sahm 1986; Safaai- 

Jazi and Lu 1990). The TL method can be used in the design of dispersion flattened 

optical fibres quite efficiently. The optical fibre considered here is with linear chirp 

refractive index profile, of core radius a, =7.2 µm and index difference 0 =0.0102, as 

shown in Fig. 3.26, and it has been studied in (Safaai-Jazi and Lu 1990). Fig. 3.27 

shows the calculated dispersion as a function of wavelength using the TL method. It 

can be seen that the dispersion magnitude is less than 2 ps/nm/km over the entire 

range of 1.35-1.6 µm wavelength. There is no significant difference using the TL 

method with (3.28) or (3.29). The results in Fig. 3.27 also agree very well with the 

results in (Safaai-Jazi and Lu 1990). 
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Figure 3.26 The linear chirp refractive index profile of core radius a1=7.2µm and 

A =0.0102. 
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Figure 3.27 The dispersion versus wavelength curves for the linear chirp refractive index 

profile of Fig. 3.26 over a wavelength range from 1.35 to 1.6µm. 

In this section, a novel, efficient and accurate algorithm for calculating the mode 

dispersion of cylindrical dielectric waveguides has been developed from TL 

principles. This method uses Transmission-Line representation of cylindrical 

dielectric waveguides and relies on the modeling of a thin uniform concentric 

cylindrical layer of an optical fibre to a T-circuit. The method requires knowledge of 

only the mode propagation constant and the refractive index profile. It is direct and 

exact, and avoids the use of numerical differentiation twice. From the mathematical 

point of view, it may be especially useful for designing and predicting complicated 

refractive index profile optical fibres where the earlier reported approximate methods 

are slow. The performance of this technique has been demonstrated by evaluating 

dispersion versus wavelength for step, triangular and linear chirp index profile 

optical fibres. The results support the claim that this algorithm provides direct 

calculation of dispersion with high degree of accuracy. 

In the following chapter, the inverse solution of TL technique will be presented. 

The problem addressed can be stated as follows: the guided mode electric field is 

known, can the inverse transmission line principles be used for determining the 

refractive index profile? It is well known that inverse problems are much more 

difficult to solve, they often are non-linear, and suffer from stability problems. A 

new simple inverse TL technique is offered which does not require direct inversion of 
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the scalar wave equation, but uses a recursive algorithm which reconstructs the 

refractive index directly with the appropriate radius. 
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CHAPTER 4 

Inverse Solution of Maxwell's Equations for Cylindrical 
Waveguides From Mode Electric Field 

4.1 Inverse TL Theory 

The refractive index profile of the optical fibre plays an important role in 

characterizing the properties of the optical fibre. It allows the determination of the 

fibre's numerical aperture and of the number of modes propagating within the optical 

fibre, while defining intermodal and material dispersion caused by the optical fibre 

itself. Furthermore, since the impulse response and, consequently, the information- 

carrying capacity of the optical fibre is refractive index profile-dependent, it is 

essential for optical fibre manufacturers to produce controlled optical fibre index 

profiles with great accuracy. It is important to establish an efficient and accurate 

method for measuring the refractive index profile. Accurate knowledge of the 

refractive index profile allows designers to reduce optical fibre device manufacturing 

costs through tight control of the optical fibre fabrication processes. As a result, there 

is a need for accurate methods of optical fibre refractive index profiling. 

In this chapter, the inverse solution of the TL method will be applied to the optical 

fibre refractive index reconstruction from the mode electric field. The equivalent T- 

circuit for a cylindrical thin dielectric layer, Fig. 3.1, of constant refractive index n 

and thickness fir at distance r from the core is represented as an electric circuit in 

Fig. 4.1. At r= oo , 
Zprev ==O and n(oo) = n2 are assumed. From circuit theory, the 

following recursive relation has been derived to determine the values of Z, "' , 

ZB 
n and Zprev Z� for the nth layer. 
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Figure 4.1 Equivalent circuit for a cylindrical thin layer at constant refractive index n and 
thickness 8Y at distance Y from the core 
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,ß is the effective refractive index and for typical waveguides lies between n1 and 

n2. For the time being, the knowledge of 20 ,r, 
5 and n(oo) = n2 is assumed to be 

known. Hence I (r- + 6F), V (r- + 5) can be calculated for any radius. 

Hence the refractive index n(r) can be worked out as follows: 

IS 
2IE (r) 

n(r) 
IE(r)ZO 

EY (r) = 
n2 (r-)r- 

and finally 

= E()= 

I (r- ) 

ý' (iý } 

E( T) 

(4.1) 

(4.2) 

(4.3) 
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n(J) = 

is (1)ZO 
) 2/3 

2Er ( `Y 1 (4.4) 

Since mode electric field E. (F) and current IS (F) are known, hence the refractive 
index n(F) can be reconstructed. This formula can be applied to single-mode and 
multimode optical fibres and Bragg fibres. 

The inverse solution of the TL method can be stated as follows: the guided mode 
electric field Er (r) is known. At r= oo ,Z prey 01 I 

prey =i o-3 , and n(oc) = n2 . Zn 

is computed starting with Z 
prey as Zn_1 and using Zn = 

(Zn-1 + ZB 
,n 

)Z 
p, n +Z Bn for 

Zn-1 + ZB, 
n 

+Zp 
,n 

n=1,2,3..., N. Similarly, In = In-, (1 + 
ZB n+ 

Zn-1 

Z 
). From (4.4), the refractive index 

p, n 

profile of the optical fibre can be reconstructed directly with radius. It can be applied 
to any kind of cylindrical and angularly uniform optical fibres. The advantages of 
this method are that no prior information is needed on the functional form of the 

unknown quantities, no iterations in the calculating process are necessary. Some 

essential examples are shown in the following sections. 

4.2 Refractive Index Synthesis from the Fundamental Mode Electric Field 

In this section, the TL method is used to determine the refractive index profile of an 

single-mode optical fibre from the electric field of the HE,, mode. Fig. 4.2(a) shows 

the electric field distribution of the HE,, mode of the optical fibre used. Fig. 4.2(b) 

shows the reconstructed refractive index profile of a single-mode step index optical 

fibre. It has a refractive index n, =1.4811 and n2=1.4801, core radius a =4.583 gym, 

and V=2.5. In order to compare its accuracy with the original refractive index which 

has been used to derive the electric field of Fig. 4.2(a), Fig. 4.2(c) shows the % error 

versus the normalised radius. 

The error in the refractive index oscillates about the exact value in the core. The 

error in the cladding is zero. The error oscillations in the core are centred about the 

exact value of n, and the ripple depends on the number of homogeneous cylindrical 
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layers used for the reconstruction of the index as shown in Fig. 4.3. We see in Fig. 4.3 

that less than 1% error due to the ripple in on can be achieved with up to 30,000 
homogeneous layers. There are two factors that are responsible for the obtained 

error; one factor is due to the use of the approximate impedance equations (3.29) 

instead of the exact impedance equations (3.28), the other factor is that the 
homogeneous cylindrical layers must be very thin in order to apply the inverse 

solution of the TL method accurately. 

Fig. 4.4(a) shows the effect of inaccuracies in on the ripple in the reconstructed 

An. The ripple increases with the use of the incorrect, ß. The minimum error occurs at 

the exact 8. However, this is not a problem if it is unknown, since the reconstruction 

can be simply started with 8= n2 and the process is repeated with a ,ß change within 

n2 nj until the ripple is at a minimum. At this minimum ripple point the exact P 

is achieved, and the reconstructed refractive index is also exact. The same conclusion 

can also be obtained from (4.4), as with the exact ß the mode electric field is also 

exact, hence the reconstructed refractive index is the most accurate. To further 

illustrate the accuracy of the inverse TL technique, ß =1.4805 is chosen from 

Fig. 4.4(a) to reconstruct the refractive index, as shown in Fig. 4.4(b). For this kind of 

refractive index profile, ß =1.4805 is the exact 6, shown in Fig. 4.4(c). 
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Figure 4.2 (a) Electric field plot for single-mode step index profile optical fibre with core 

index n1=1.4811 and cladding index n2 =1.4801, core radius a=4.583 pm, V=2.5. 

(b) The reconstructed refractive index using (4.4). 
(c)The error (%) in refractive index difference due to ripple 

(I00(0 nexact - nreconstructed) nexact )% 
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Figure 4.3 The refractive index difference, error (%) of the synthesized refractive index 
versus the number of homogeneous layers. 
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Figure 4.4 (a) The refractive index difference, error (%) of the synthesized refractive index 
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,8 offset from the exact. 

91 

1000 7000 13000 19000 25000 

Layers 

1.48025 1.4804 1.48055 1.4807 1.48085 1.481 

Normalised propagation constant 



1.4850 

a) 
v 1.4830 
cc 
a> L 

M 
.21.4810 

.r U) 
o 1.4790 
d I- 4) 

L 

~ 1.4770 

Normalised radius 
(b) 

70 

40 
C, 
CL Q- 30 

20 

10 

0 

60 
50 

1.4801 1.4803 1.4805 1.4807 1.4809 1.4811 

Normalised propagation constant 
(C) 

Figure 4.4 (b) The reconstructed refractive index 
(c) The refractive index difference, error (%) of the synthesized refractive index versus values 

for p offset from the exact. 

In another example, Fig. 4.5(b) shows the reconstructed segmented refractive index 

profile obtained from the electric field of HE,, mode as shown in Fig. 4.5(a). The high 

degree of accuracy of the reconstruction is demonstrated in Fig. 4.5(c), where the % 

error in An is shown. The % error is less than 1.6%. 

Finally, Fig. 4.6(b) shows the example reconstruction of a parabolic refractive index 

profile from the HE,, mode electric field of Fig. 4.6(a). Fig. 4.6(c) shows the % error in 

An which is less than 0.06%. Clearly the parabolic index profile optical fibre is less 

demanding in reconstruction than the step and segmented index profile optical fibres. 
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Figure 4.5 (a) Electric field plot of HE11 mode from a segmented index profile optical fibre 

with core radius a1=4.583 , um, inner cladding radius a2 =8.685 , um, outer cladding radius 

a3 =1.315 , um, core index n, =1.4811, cladding index n2 =1.4801, n3 =1.4806, and V=2.5 

(b) Example of a reconstructed segmented refractive index profile from the electric field 
(c) The refractive index difference, error (%) of the synthesized segmented refractive index of 

Fig. 4.5(b). 
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Figure 4.6 (a) Electric field plot of single-mode parabolic index profile optical fibre with 
core radius a, =4.583 um, core index n, =1.4811, cladding index n2 =1.4801, and V=2.5 

(b) A parabolic refractive index reconstruction from the electric field. 
(c) The refractive index difference, error (%) of the synthesized parabolic refractive index 

of Fig. 4.6(b). 
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In order to illustrate further the power of the inverse TL technique, optical fibres 

with arbitrary specific electric field distributions are considered. Fig. 4.7(a) shows 
two examples of desired triangular HE, 1 mode electric fields with different slopes. In 
Fig. 4.7(b), we can see the refractive index reconstructions supporting the fields. It is 

demonstrated that the inverse TL method can reconstruct the refractive index profiles 

successfully for these special electric fields. In Fig. 4.7(c), the cladding index has 

been forced to be constant n2. This is allowed with the inverse TL technique and 

results in deeper grating in the core since the technique is compensating for this 

enforcement in a shorter radius range (core only). Fig. 4.8(a) is another example of 

sigmoid electric field profiles. Sigmoid fields are very interesting because they offer 

mode field distributions in the core which are very flat, unlike ordinary step index 

fibres which support Bessel functions mode field distributions. Sigmoids show 

constant core field intensities. The fibre refractive index reconstructions using 

sigmoid electric fields are demonstrated in Fig. 4.8(b). Also, the cladding index has 

been forced to be constant n2. By comparing Fig. 4.7(c) and Fig. 4.8(b), we can see 

that the larger the contrast of the electric field distribution in the core and cladding, 

the deeper the grating in the core is. 
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Figure 4.7 (a). Examples of HE1 I mode electric field (triangular profile) with different 

slopes. (b). The reconstructed refractive index profiles from the triangular profile electric 
fields. (c). The reconstructed refractive index profiles with constant cladding index from the 

triangular profile electric fields. 
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Figure 4.8 (a). Examples of HE, I mode electric field (sigmoid profile) with different slopes. 
(b). The reconstructed refractive index profiles with constant cladding index from the 

sigmoid profile electric fields. 
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4.3 Refractive Index Synthesis from Higher Order Mode Electric Fields 

In this section, the same refractive index profile can be reconstructed by not only 
using the fundamental mode electric field, but also the HE12 and HE-, higher order 
mode electric fields, demonstrating that the TL technique can be generally applied to 

any guided mode electric fields. 

Fig. 4.9 shows the exact electric field amplitude of HE,,, HE,, and HE2, modes of a 

segmented optical fibre. By using (4.4) with wave number / =1 for HE,, and HE,,, 

and l=2 for HE,,, the inverse TL method can be used to reconstruct the refractive 
index profile of the segmented optical fibre. 

Fig. 4.10(a) shows the reconstructed refractive index profile of a segmented optical 

fibre of refractive index n, =1.51508, ) n2 =1.508, and n3 =1.512 using the HE,, field 

data of Fig. 4.9. In order to compare its accuracy with the original refractive index, 

Fig. 4.1O(b) shows the % error versus the normalised radius. The error in refractive 

index shows small oscillations about the exact value in the core. The error in the 

cladding is smaller. 

Fig. 4.1O(c) shows the effect of inaccuracies in 8 on the ripple in the reconstructed 

An. The ripple increases by using the incorrect /3 
, and the minimum error can be 

obtained at the exact, ß. At the observed minimum error ripple corresponding to the 

exact /3 
, the reconstructed refracted index is also exact. 
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Figure 4.9 Electric field plots for HE, 1, HE12, and HE, 1 modes on the segmented 

index profile optical fibre with core radius a, =4.583 pm, inner cladding radius 

a2 =8.685 µm, outer cladding radius a3 =1.315 pm, core index n, =1.51508, cladding 

index n2 =1.508, n3 =1.512, and V=5 
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Figure 4.10 (a) The reconstructed refractive index using (4.4) and HE, mode field data in 
Fig. 4.9. 

(b) The error (%) in refractive index difference due to ripple 
0 (IOO(fexact 

- nreconstracted l/ nexact ). 

(c) The refractive index difference, ripple (%) of the synthesized refractive index versus 
values for ß offset from the exact value 
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Fig. 4.11(a) shows an example refractive index reconstruction for multimode 
segmented fibre using the HE12 mode electric field of Fig. 4.9. The inverse TL method 
can reconstruct the refractive index profile successfully for this and other higher 

order mode electric fields using 30,000 homogeneous cylindrical layers. In 

Fig. 4.11(a), we can notice that there are two spikes in the reconstructed refractive 
index profile. The reason is because the HE12 mode field goes to zero at these radii 
(divided by zero). We can also reach the same conclusion from the equation (4.4). 

The good accuracy of the index reconstruction using the HE12 mode is demonstrated 

in Fig. 4.11(b), where the % error in An is shown. The % error is less than 5%. 

Clearly the HE,, mode is less demanding in reconstructing the refractive index 

profile than the HE12 mode. Fig. 4.11(c) shows the effect of inaccuracies in 8 on the 

ripple in the reconstructed An. 
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Figure 4.11 (a) Example of a reconstructed segmented core refractive index profile from the 
electric field of the HE12 mode Fig. 4.9. 

(b) The % error in the reconstructed refractive index profile, (the difference between the exact 
and reconstructed refractive index profile). 

(c) The refractive index difference, ripple (%) of the synthesized refractive index versus 
values for 

,8 offset from the exact value 

Fig. 4.12(a) shows another example refractive index reconstruction for multimode 

segmented fibre using the HE2, mode electric field of Fig. 4.9. The notable accuracy 

of the index reconstruction using the HE2, mode electric field is shown in 

Fig. 4.12(b), where the % error in An is less than 8%. The HE12 mode seems to be 

less demanding in reconstructing the refractive index profile than the HE2, mode. 

Fig. 4.12(c) also shows the effect of inaccuracies in 8 on the ripple in the 

reconstructed An. 
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Figure 4.12 (a) Example of a reconstructed segmented core refractive index profile from the 
electric field of the HE21 mode Fig. 4.9. 

(b) The % error in the reconstructed refractive index profile, (the difference between the exact 
and reconstructed refractive index profile). 

(c) The refractive index difference, ripple (%) of the synthesized refractive index versus 
values for # offset from the exact value 
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4.4 Refractive Index Synthesis from the Noisy Electric Field 

In this section, to examine the possibility and accuracy of the inverse TL method 
for refractive index profiling from the noisy electric field of an optical fibre, the 
white Gaussian noise (SIN=20) is added to the original single-mode step index 

optical fibre electric field data. S/N is the signal to noise ratio. The noisy HE» mode 
electric field is shown in Fig. 4.13(a). The next step is to compare the refractive index 

reconstruction results both from the noisy field and the smoothed field, as well as the 

effect of the smoothing filter can affect the inverse TL technique results. Here, the 
least squares smoothing filter (also called digital smoothing polynomial filter) is 

applied. It is typically used to "smooth out" a noisy signal. Fig. 4.13(b) shows the 

smoothed field obtained by using a polynomial filter. 

Since the noisy mode electric field in the cladding is asymptotic to zero, the 

refractive index reconstruction result is very sensitive to the noisy electric field 

distribution in the cladding of the optical fibre. To examine how the noisy electric 

field distribution in the core and cladding affect the refractive index reconstruction 

results, the refractive index is to be reconstructed from two directions; one direction 

is from the cladding to the core of the optical fibre, and the other direction is from 

the core to the cladding. Fig. 4.14(a) shows the reconstructed refractive index error of 

single-mode step index optical fibre against the S/N for the direction from the 

cladding to the core, while Fig. 4.14(b) shows the reconstructed refractive index error 

against the S/N for the direction from the core to the cladding. In fact, the 

reconstructed refractive index error of step index single-mode fibre in Fig. 4.14(a) 

and Fig. 4.14(b) decreases with the increase of S/N value. In this work, to demonstrate 

the accuracy of the inverse TL technique, the worst noise condition SIN=20 is used 

for the rest calculation. It can also be seen that the reconstructed refractive index 

error in Fig. 4.14(a) is much smaller than that in Fig. 4.14(b). There are two reasons 

that are responsible for this fact; one reason is because when the refractive index 

reconstruction is started from the cladding to the core, it matches the TL forward 

solution direction. In the TL forward solution, the electric field is plotted from the 

cladding to the core. The other reason is because the electric field value in the 

cladding is much closer to zero than the field value in the core. When the refractive 

index is reconstructed from the cladding to the core, the reconstructed index error is 
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mainly from the cladding, on the contrary when the refractive index is reconstructed 
from the core to the cladding, the reconstructed index error from the core is 

accumulated in the cladding. 
For the reasons mentioned above, the direction from the cladding to the core is 

used to reconstruct the refractive index profile from both the noisy electric field and 
the smoothed electric field of the single-mode step index optical fibre. Fig. 4.15(a) 

shows the reconstructed refractive index profile of a step index optical fibre with 

refractive index n, =1.4811, n2 =1.4801 by using the noisy HE,, field data of 

Fig. 4.13(a). In order to compare its accuracy with the original refractive index, 

Fig. 4.15(b) shows the reconstructed refractive index % error versus the normalised 

radius. The error in refractive index shows small oscillations about the exact value in 

the core. The error in the cladding is larger. Fig. 4.16(a) and (b) show that by using 

the least squares smoothing filter, the accurate refractive index profile can also be 

reconstructed from the smoothed HE,, mode electric field of Fig. 4.13(b). 

In the case of a set of examples, we can see that the % error in the computed 

profiles is not very sensitive to the accuracy of the measured electric field intensity 

distribution and smoothing using filtering. By using the efficient inverse TL 

technique presented above, even the noise in the measurements is considered, the 

refractive index profiles can still be successfully reconstructed without complexity or 

loss of accuracy. 
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Figure 4.13 (a) Noisy electric field plot for single-mode step index optical fibre with core 
radius a =4.583 µm, core index n1=1.4811, cladding index n2 =1.4801, and V=2.5 

(b) Smoothed electric field from Fig. 4.13(a) by least squares smoothing filter 
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Figure 4.15 (a) Example of a reconstructed step refractive index profile from the noisy 
electric field of the single-mode Fig. 4.13(a), at SIN=20 

(b) The % error in the reconstructed refractive index profile, (the difference between the exact 
and reconstructed refractive index profile). 
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Figure 4.16 (a) Example of a reconstructed step refractive index profile from the smoothed 
electric field of the single-mode Fig. 4.13(b), at SIN=20 

(b) The % error in the reconstructed refractive index profile, (the difference between the exact 
and reconstructed refractive index profile). 
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4.5 Refractive Index Synthesis from the Bragg Fibre Electric Field 

The calculation of Bragg fibre electric fields in the band-gap is very sensitive to the 
propagation constants. In order to get a decaying mode field, the propagation 
constant should have a high degree of accuracy, which can be obtained by finding the 
root to satisfy the resonance condition. It is necessary to know the Bragg fibre 

effective index ß for the inverse problem. The structure of the Bragg fibre 

considered here is as follows: layerl has an index of refraction n, =4.6 and a 
thickness d, =0.333d, whereas layer2 has an index of refraction n2 =1.6 and the 

thickness d2 =0.667d. Here, d= d, + d2 is the unit length of periodicity of the 

multilayered structure. The Bragg fibre has a uniform core with an index of 

refraction no =1 (air-core Bragg fibre) and a radius ro = 1.4d. 

Using (4.3), the TMOI electric field EY (r) is plotted in Fig. 4.17(a) with 

parameters, effective index 8 =1.25 and V-value V=8. For high index difference, 

boundary matching imposes jump discontinuities at the periodic layer interfaces for 

E. (r) 
. 

For the inverse problem, applying the refractive index profile synthesis 

method developed in (Boucouvalas and Qian 2003), and using (4.4), together with 

the electric field E. (r) of the TMo1, the Bragg refractive index profile can be 

synthesized directly. The result is shown in Fig. 4.17(b). In order to compare its 

accuracy with the original refractive index, Fig. 4.17(c) shows the % error versus the 

normalized radius. The error in refractive index shows small oscillations about the 

exact value in the cladding, and the values in the air core are very accurate. The 

oscillations in the cladding depend on the number of homogeneous cylindrical layers 

used for the reconstruction of the index as shown in Fig. 4.18, where less than 8% 

error due to the ripple in On can be achieved with 6000 up to 10000 homogeneous 

layers. This could be due to the use of the approximations (3.29) instead of the exact 

ones (3.28), as well as the fact that the layer must be very thin in order to apply this 

theory accurately. To save computation time, 6000 homogeneous cylindrical layers 

are used in the inverse calculations. 
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Figure 4.17 (a) Electric field profile for the TMmode Bragg fibre with the core index 

no =1, thickness ro =1.4d, layerl index n1=4.6, thickness d1=0.333d, layer2 index n2 =1.6, 

thickness d2 =0.667d. 
d =dl +d2 is the unit length of periodicity of the multilayered structure, the normalised 

propagation constant =1.25, V=8. 
(b) Example of a reconstructed Bragg structure refractive index profile from the electric field 

of the TMmode Fig. 4.17(a) 
(c) The % error in the reconstructed refractive index profile, (the difference between the exact 

and reconstructed refractive index profile). 
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Figure 4.18 The refractive index difference, maximum % ripple (error) of the synthesized 

refractive index versus the number of cylindrical layers. 

From the results obtained in chapter 4, it appears that sufficient accuracy and 

robustness of the solutions can be achieved by using the inverse TL technique, which 

is based on the propagation mode electric field scanning technique. The inverse TL 

technique is examined by reconstructing the refractive index profile of single-mode, 

multimode optical fibres and Bragg fibres. The inverse TL technique is also able to 

reconstruct optical fibre refractive index profile supporting modes of nearly arbitrary 

field distributions, which can be very useful in many applications in fibre optic 

sensing and other applications such as refractive index profiling instrumentation. It 

can be concluded that the inverse TL technique is useful for refractive index profiling 

from the practical point of view. In the next chapter, the capability of the inverse TL 

technique will be examined by reconstructing planar optical waveguide refractive 

index profiles form mode electric fields. 
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CHAPTER 5 

Forward and Inverse Electric Field Solutions of Maxwell's 
Equations for Planar Optical Waveguides 

In this chapter, the TL method will be developed for the forward and inverse 

electric field solutions of Maxwell's equations for planar optical waveguides. The 

case of both symmetric and asymmetric arbitrary refractive index profile planar 
optical waveguides will be discussed. Maxwell's equations for source-free, time- 
dependent fields are: 

VxE-_-B 
at (5.1} 

DxHaD 
at 

where E(t) , H(t) , B(t) and b(t) are time-dependent vectors of the electric and 

magnetic fields, and magnetic and electric flux densities, respectively. 

5.1 Physical Model of The Planar Optical Waveguide 

An inhomogeneous planar optical waveguide is shown in Fig. 5.1. The top and 

bottom cladding indices are n3 and n2 and the core index profile is n(z) . The 

thickness of the thin planar layer in the core is d, a is the radius of the core. It is 

assumed that the transverse electric and transverse magnetic fields have periodic time 

dependence of the form exp(j wt) and a direction of propagation along the y axis of 

an anisotropic medium with dielectric constants cy along the x and y directions and 

. 6Z along the z direction, where co presents the frequency of laser radiation. 
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Figure 5.1 Physical structure of the inhomogeneous planar optical waveguide. 

It is now necessary to transfer the field components equations (5.1) into the 

following reduced equations by applying the space Fourier transforms along the x 

and y axes with respective wave numbers l and 8: 

By defining the variables 

VM =lHx +/3Hy 

VE = lEX + /3E 
y 

IM=a BZ = w1c0 HZ =ßE, - lE 
y 

x IE= wD, = wtZ EZ = lH 
y -PH 

Po °z 
al lx 

X _ jweo6yEy 
az PO 

lHy - ßHX= wDZ 

jßDZ aEy 
= _jwpoHx 

SoSZ az 

aEX J DZ 
jc9poHv 

az -OEZ 
lEy - ßEX = -wBZ 

OH 
y jßBZ 

- ý, _= jwsocyEx 

(Magnetic Voltage) 

(Electric Voltage) 

(Magnetic Current) 

(Electric Current) 
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The relationships deduced from (5.2): 

aVM Y2 
I Öz J wjto 

m 

aI M= 
öz -J copo VM 

aVE 

__ 

yz 

az jws0n, 
IE 

alE 
__ jweon2vE 

aZ 

(5.3) 

(5.4) 

where yy = l2 +, (32 -n 2kö and yZ = l2 + ß2 -n Z 
kö , ko = 2)r/2o ( 20 is the free-space 

wavelength), E}, =ny and EZ = nZ (n 
y, nZ are the corresponding refractive indices). 

Equations (5.3) and (5.4) are the well-known transmission line equations. Equations 

(5.3) are defined to represent a magnetic line, and equations (5.4) to represent an 

electric line. They have different propagation factors, yy and y, and different 

characteristic impedances, ZM and ZE : 

ZM =), 
-y 

J (0f1o 

YZ ZE _ JwSonyfl 

(5.5) 

Let us now consider a dielectric planar layer of thickness d and refractive indices 

ny and nZ along they and z directions, as shown in Fig. 5.1. With the z axis chosen 

to be normal to the layer boundary planes, a wave is to be propagating along the y 

axis. For the planar layer c9/ax =0 and equations (5.3), (5.4) and (5.5) are 

independent of 1, hence: 

2_n2k2 I-yo 
(5.6) 

22-n2k2 
Yz - fi o 
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The thin planar layer in the core (thickness d) can be represented by two 
transmission lines, and therefore by two equivalent T-circuits, Fig. 5.2, with elements 
given by: 

ZS, M = ZM tanh(y}, d/2) 

ZP, M = ZM /sinh(y., d) (5.7) 

ZS 
E= 

ZE tanh(y. d/2) 

ZP, E = ZE/sinh(yZ d) (5.8) 

(a) (b) 

Figure 5.2 Equivalent T-circuits of the transmission lines representing the thin planar layer 

in the core shown in Fig. 5.1, (a) Magnetic equivalent circuit, (b) Electric equivalent circuit 

Therefore, a set of successive thin planar layers can now be represented by a set of 

equivalent T-circuits connected in tandem with their elements given by equations 

(5.7) and (5.8). 

The resonance condition gives the propagation constants of the TE modes by using 

the magnetic equivalent circuit Fig. 5.2(a), and of the TM modes by using the electric 

equivalent circuit Fig. 5.2(b). In such circumstances, equations (5.3) and (5.4) can be 

solved by using the resonance technique, which has the advantages of providing an 

easily understood physical representation of the problem and keeping the numerical 

computations involved fairly simple. An inhomogeneous anisotropic core between 

two uniform, anisotropic cladding is considered, shown in Fig. 5.3(a). The top 

cladding (left hand side) has refractive indices ny T and n-- 
,T, 

the bottom cladding 

(right hand side) has indices ny B and n,,,, , along they and z directions respectively. 
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Propagation is in they direction. For TM modes, the characteristic impedances of the 
top cladding Z,. and the bottom cladding ZB are given by (5.9), similarly for TE 

modes (5.10): 

%ý2 
_ nz k2 1/2 

ZT 
ý/ 

z, T 0 

0OEOYl 
yT 

nz T 

i(ß2 zB= - 
-2 

kZ '/2 
z, B 0 

wEonyanyB 

2- 
nY, T 

k2 )I/2 

Zr 
opo 

y, B 2 
Z 

n2 k)Il2 

ZB=- 
(0iuo 

Z -4 i 

nZ 
nz, T , ny, T 

ZT 0 ZB 

(5.9) 

(5.10) 

(b) 

Figure 5.3 (a) An inhomogeneous anisotropic planar waveguide, 

(b) The equivalent transmission line consisting of a large number of equivalent T-circuits of 

thin layers in tandem. 

(a) 

nz, B, ny, B 
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The arbitrary index profile core is represented by a large number, N, of adjacent 
uniform thin layers (thickness d) in a stair-like configuration. The equivalent T- 
circuits of the successive layers are connected in tandem, as shown in Fig. 5.3(b), and 
are terminated by Z,. and ZB 

. Using elementary circuit theory, the impedance of the 

nth layer can be expressed in terms of the impedance of the (n-1)th layer by the 
recurrence relation: 

Zn _ 

(Zn-1 + ZS, 
n 

)G 
P, n 

Zý7 ý7 
n-1 

+GSn +GPn 
ZS 

n 
(n=1,2,3 

..., N) (5.11) 

where ZS�, ZP 
n are the series and parallel elements of the T-circuit representation 

of the nth layer. 

For there to be resonance, the total impedance of the circuits is determined as the 

sum of ZN and ZT 
. 

ZN is computed by starting with the bottom cladding impedance 

ZB as Z, 
z_1 and using (5.11). ZT is the characteristic impedance of the top cladding. 

Resonance occurs when the condition (5.12) is satisfied: 

ZN + ZT =0 (5.12) 

As we noted previously, the analysis for TE and TM modes are similar, so that for 

the rest of this work only the TM case is examined. By using the propagation 

constant 8 obtained from the resonance technique, the electric field EZ can be 

worked out, which is derived from the variables of (5.2): 

_ 
IE 

_ 
ZOTE 

EZ 
cwson2 (z) kon2 (z) 

(5.13) 

Therefore if the refractive index n(z) as the function of radius is known, the 

electric field EZ can be plotted out precisely by using (5.13). 
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For determining the refractive index profile from knowledge of EZ , the following 
boundary condition is assumed: At r= oo , 

Zprev 
= ZB 

and n(oo) = n2 . From circuit 
theory, using Fig. 5.3(b), the values of ZS 

Z and ZpZ are determined. ß= ß/ko is 
the effective refractive index and for typical waveguides lies between the indices of 
the core and the cladding. Both the free space wavelength 20 and the thin uniform 
layer thickness d are known. Since electric field EZ and current IE are known, the 
planar optical waveguide refractive index n(z) can be calculated as follows: 

n(z) = (Z°I E) `ý2 

k0EZ 

5.2 Design Examples and Discussion 

5.2.1 The Isotropic Symmetric Planar Waveguide 

(5.14) 

In the case of TM modes, for the isotropic symmetric planar optical waveguides, 

dielectric constant Ey equals to 6Z (refractive indices ny = nZ ) and the bottom 

cladding impedance ZB equals to the top cladding impedance ZT 
. By using a root 

searching technique, propagation constant 8 can be located. Results of sample 

computations for the well-known step index profile for TM modes in the isotropic 

case are given in Fig. 5.4. In this work, the same parameters are used as Figure 2.26 

in (Adams 1981) for the ease of comparison, core radius a= ljcm , wavelength 

A=0.633 pm , core index n, =1.517 , the bottom and top cladding indices 

n2=n3=1.5. 

Fig. 5.5 shows the TMo1 mode field distribution and the reconstructed refractive 

index profile of the step index planar optical waveguide. In order to show the 

accuracy of the inverse TL technique, Fig. 5.6 shows the % error versus the 

normalized radius by comparing the reconstructed index with the original refractive 

index. The error in refractive index oscillates about the exact value in the core and 

the top cladding, while the error in the bottom cladding is zero. The reconstruction 
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calculation is started from the bottom cladding to the top cladding, so the error in the 
bottom cladding is at a minimum and it is accumulated in the core and the top 

cladding. The oscillations in the core and the top cladding depend on the number of 
uniform thin layers used for the reconstruction of the index as shown in Fig. 5.7. This 

figure shows that less than 5% error due to the ripple in An can be achieved with up 
to 30,000 layers. As expected, the larger the number of uniform thin layers, the better 

the accuracy and convergence can be achieved. However, the error ripple obtained 
by using 10,000 layers is almost the same as the error ripple obtained by using 

30,000 layers. To save computation time, 10,000 layers are used for the remaining 

calculations. The application of this method to arbitrary refractive index profile 

planar waveguides is favoured by the simplicity of the computing program and its 

accuracy and efficiency. 

For the reconstructed An, Fig. 5.8 shows the effect of inaccuracies in 8 on the 

error ripple. We can see that the error ripple increases with the use of the incorrect 

,3. The minimum error can be achieved at the exact ,ß. The reconstructed refractive 

index is also exact at this minimum ripple point. 
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Figure 5.4 b-V for step index planar waveguide v=koa (�, ' -�2ý ýi' and 
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Figure 5.5 The reconstructed step index profile from the step index planar waveguide TMor 

mode electric field. 
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Figure 5.6 The % error in the reconstructed refractive index profile, (the difference between 
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Figure 5.7 The refractive index difference, maximum % ripple (error) of the synthesized 
refractive index versus the number of T-circuit equivalent planar layers. 
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Fig. 5.9 shows the refractive index reconstruction for a parabolic core planar 
waveguide. The remarkable accuracy of the reconstruction is demonstrated in 
Fig. 5.10, where the % error in An is shown. The % error is less than 0.5%. Clearly 
the parabolic profile is less demanding in reconstruction than a step index profile 
planar optical waveguide. 
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Figure 5.9 The reconstructed parabolic index profile from the parabolic index planar 

waveguide electric field. 
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between the exact and reconstructed refractive index profile) 
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Inverse TL technique can be applied to synthesize the refractive index profile of a 
planar optical waveguide from a desired fundamental mode electric field, as well as 
from higher order mode electric fields. Fig. 5.11(a) and (b) show the reconstructed 
refractive index profiles of isotropic symmetric planar optical waveguides from 

given higher order mode electric fields. 

Fig. 5.11(a) shows a given higher order TM mode (TM02) electric field distribution 

and the reconstructed refractive index profile from it the corresponding step index 

planar optical waveguide. In Fig. 5.11(a), we notice that there are two spikes in the 

reconstructed refractive index profile. The reason is because the TM02 mode electric 

field goes to zero at these radii. The same conclusion can also be obtained from 

(5.13). The extraordinary accuracy of the index reconstruction using the TM02 mode 

electric field is demonstrated in Fig. 5.11(b), where the % error in An is shown. The 

error in refractive index shows small oscillations about the exact value in the core 

and the top cladding. The error in the bottom cladding is zero, this is because the 

inverse calculation is started from the bottom cladding to the top cladding and the 

error can be accumulated. 
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Figure 5.11 (a) Example of a reconstructed step core refractive index profile from the 
electric field of TM02 mode. (b) The % error in the reconstructed refractive index profile, (the 

difference between the exact and reconstructed refractive index profile) 
(100 x (nexact - nreconstructed )/ nexact )% 

The error oscillations in the core and the top cladding depend on the number of thin 

planar layers used for the numerical reconstruction of the index as shown in Fig. 5.12. 

As expected, the larger the number of layers is, the better the accuracy and 

convergence can be obtained. Again, 10,000 layers are used for the rest calculations. 

Fig. 5.13 shows the effect of inaccuracies in the given 83 on the ripple in the 

reconstructed An. We can see that the ripple increases by using the incorrect 8. The 

minimum error occurs at the exact, 8 
. 

Hence the prior knowledge of ) can be 

avoided. 
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Figure 5.12 The refractive index difference, maximum % ripple (error) of the synthesized 

refractive index versus the number of planar layers. 
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Figure 5.13 The refractive index difference, ripple (%) of the synthesized refractive index 
versus values for ß offset from the exact. 

In order to illustrate further the power of the inverse TL technique, the arbitrary 
refractive index profile reconstruction for the asymmetric planar waveguides is 

considered in the next section. 

5.2.2 The Isotropic Asymmetric Planar Waveguide 

For the isotropic asymmetric planar optical waveguide, dielectric constant Ey 

equals to eZ (refractive indices ny = nZ ), while Z,. > ZB 
, n3 > n2 and the effective 

index n3 <, O < n, . 

The reconstructed refractive index profile of an asymmetric step index planar 

waveguide with top cladding index n3 = 1.504 is shown in Fig. 5.14. The accuracy 

compared with the original refractive index shows the % error against the normalized 

radius, Fig. 5.15. The error in the bottom cladding is the smallest compared to those 

in the core and the top cladding. Also, we can see that the % error difference between 

Fig5.6 and Fig. 5.15. For the asymmetric step index planar waveguide, the % error in 

refractive index difference is larger than for the symmetric step index planar 

waveguides. By varying the top cladding index n3 between the bottom cladding 

index n2 and the core index n, , 
(n2 < n3 < n, ), it is possible to obtain the exact 
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normalised propagation constants and the related reconstructed index errors against 
the increasing top cladding indices, Fig. 5.16. From which we see that the % error 
becomes larger as the top cladding index n3 increases. 
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Figure 5.14 The reconstructed asymmetric step index profile from the step index planar 

waveguide electric field. 
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Figure 5.15 The % error in the reconstructed refractive index profile, (the difference 

between the exact and reconstructed refractive index profile) 
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Figure 5.16 The % maximum error in refractive index difference due to ripple versus the 

top cladding index. 

Fig. 5.17 shows another example of the asymmetric parabolic planar waveguide 

refractive index reconstruction. The top cladding index is n3 =1.504. Fig. 5.18 

demonstrates the accuracy of the asymmetric parabolic refractive index 

reconstruction, in which the % error in An is less accurate compared to the % error in 

Fig. 5.10. The maximum % error is about 0.7%. Obviously the asymmetric parabolic 

planar waveguide is less demanding in reconstruction than the asymmetric step index 

planar waveguide described above. The obtained exact normalised propagation 

constants and the related reconstructed index errors against the increasing top 

cladding indices n3 have also been plotted for the asymmetric parabolic planar 

waveguide, as shown in Fig. 5.19. 
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Figure 5.17 The reconstructed asymmetric parabolic index profile from the parabolic index 

planar waveguide electric field. 
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Figure 5.19 The % maximum error in refractive index difference due to ripple versus the 

top cladding index. 

In chapter 5, the inverse TL technique has been discussed for the planar optical 

waveguide refractive index profile reconstruction. The concept of this work is based 

on modelling a planar optical waveguide as simple equivalent electric circuits, such 

that the waveguide modal properties translate and can be derived from the resonant 

frequencies of the equivalent circuits. This is common sense in electrical 
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engineering, and standard circuit theory can subsequently be applied to the circuits. 
From Maxwell's equations, the T-circuits are derived for the arbitrary refractive 
index profile isotropic symmetric planar waveguide. This model is used to carry out 
the inverse problem and synthesize the exact refractive index profiles of isotropic 

symmetric planar waveguides numerically from the electric fields. The numerical 

simulations performed show the effectiveness of this method. Reconstructions with 

arbitrary isotropic asymmetric refractive index profile planar optical waveguides 
have also been carried out in order to test the robustness of this algorithm. 
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CHAPTER 6 

Conclusions and Suggestions for Further Research Work 

6.1 Conclusions 

The aim of this thesis, the analysis of optical waveguides using the TL forward and 
inverse solutions has been achieved. Both optical fibres and planar optical 
waveguides have been studied. The main contributions of this thesis are: 

" In the forward solution, the TL technique has been applied to circularly 
symmetric optical fibres with complex step and graded index profiles. This 

method has been used to evaluate and manipulate the gain in a typical 980 

nm pumped EDF as well as to calculate the attenuation of optical fibres 

when radial loss factors are presented. 

9 The TL technique has been applied to calculate the effective index of leaky 

modes and demonstrated by using the model of the Bragg fibre with air 

core and periodic coaxial claddings as an example of where the band-gap 

structures of TM modes can be obtained. 

"A new analysis leading to a novel algorithm has been presented for 

calculating directly and without numerical differentiation the dispersion 

characteristics. This method only requires knowledge of the mode 

propagation constant and the refractive index profile. It is straightforward 

and avoids the use of numerical differentiation twice. It is useful for 

designing complicated refractive index profile optical fibres. 

" In the inverse solution of the TL technique, the refractive indices have been 

accurately reconstructed from the electric fields for both optical fibres and 

planar optical waveguides. 

129 



6.1.1 Conclusions for The Forward Solution of The TL Technique 

a) In the forward solution of Maxwell's equations for optical waveguides, the 
resonance technique, which uses transmission line principles to locate the 
propagation constants of optical waveguides has been presented. Because 
different modes transmitted on the optical waveguides have their own 
propagation constant, when the propagation constant is obtained by using the 

root searching method on the basis of the resonance technique, it can be used 
to plot the electric field for different modes and different refractive index 

profile optical waveguides. 
b) To illustrate the capacity of the TL procedure, it has been applied to calculate 

the complex propagation constant of optical fibres with complex refractive 

index profile. The potential of this technique has been examined by 

describing two methods to flatten the gain spectrum: one is by varying 

refractive index profile, and the other one is by varying the core dopant 

concentration. In contrast and in order to illustrate further the power of this 

technique, it has been applied to determine the optical fibre radial attenuation. 

c) The Bragg fibre leaky mode effective index can be obtained by using the root 

searching method locating the resonances of the electric T-circuit cascade. 

The solution of this problem allows the band-gap structures of TM modes to 

be worked out and the electric field distribution of the Bragg fibre to be 

plotted. 

d) The forward TL theory has been extended and a novel method based on it has 

been presented for calculating the dispersion of optical fibres of known but 

arbitrary refractive index profiles. Two master equations have been 

analytically derived for the derivatives of the propagation constant with 

respect to the wavelength. The first derivative can be expressed in terms of 

equivalent circuit impedances at the wavelength of interest and the second 

derivative can be expressed in terms of circuit impedances and the first 

derivative. Once the information along with the material dispersion is given, 

the dispersion can be accurately calculated from its definition. 
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6.1.2 Conclusions for The Inverse Solution of The TL Technique 

a) In the inverse solution, equivalent T-circuits for the optical fibre have been 
derived from Maxwell's equations. Based on knowledge of the electric field, 

the numerical reconstruction results of single-mode and multimode step, 

graded index optical fibre and Bragg fibre refractive index profiles have been 

successfully demonstrated. The accuracy of the reconstructed waveguides has 

been examined numerically. In contrast to the traditional approach, this 

proposed inverse method requires no prior information on the functional form 

of the unknown quantity, no iterations in the calculating process and no 

intensity smoothing in advance. Furthermore, the advantage of this method is 

that the unknown quantity of the refractive index can be reconstructed 

directly. This implies that the present model offers a great deal of flexibility. 

Consequently, the results show that the proposed inverse method is an 

accurate, robust and efficient inverse technique for reconstructing the 

refractive index of any kind of single-mode and multimode optical fibres. 

b) A method based on the inverse TL technique has also been developed. This 

method can be used to design planar optical waveguides. The method uses 

inverse TL principles and relies on the modelling of a thin uniform layer of a 

planar waveguide to a T-circuit. The method requires knowledge of the 

electric field of the planar waveguide and the reconstruction is theoretically 

exact. Simulation results demonstrate the potential of this novel method for 

reconstructing arbitrary refractive index profiles of isotropic symmetric and 

asymmetric planar optical waveguides. 

In this thesis, the research results and directions will be timely and applicable in 

practical implementation. This type of conclusion can indicate the direction to be 

taken by further research work. 
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6.2 Suggestions for Further Research Work 

a) The problem of designing an optical fibre from the mode electric field has 

previously been resolved within this thesis. Knowledge of the electric field 

will allow the design of suitable fibre refractive index profiles. The TL 

technique can be extended even further into the more difficult problem of 
designing a fibre profile starting from knowledge of fibre dispersion. There 

are no easy methods for dealing with this problem, and all available 

techniques are difficult to work with. The exact design of the optical fibre 

refractive index profile from dispersion is very important. It allows the zero 
dispersion point to be shifted to any desired wavelength, thereby increasing 

the bandwidth of the optical fibre. Dispersion of an optical fibre is one of the 

main limitations on the bit rate and length of the fibre within optical 

communication systems. By using the extension of the inverse TL technique 

developed in this thesis, the suitable refractive index profiles can be designed 

from the desired dispersion characteristics. This would be a great 

demonstration of the capability of TL technique. From the mathematical point 

of view, it is much harder than the forward solution of dispersion. 

b) The TL technique, which is an efficient tool in analyzing linear optical 

waveguides, can be modified to analyze nonlinear waveguides, both in planar 

and cylindrical geometry. The similar deduction developed for linear optical 

waveguides can be applied directly in a fibre with a nonlinear index behavior 

in the core and/or in the cladding. However, the complication of mode 

analysis in nonlinear fibres requires an in-depth study, giving attention to 

combined nonlinearity and geometry. The use of nonlinear materials for the 

core and/or the cladding of the optical waveguide either for Kerr or Saturable 

type lead to more complicated power depending phenomena for the 

propagation constant and field profiles (Stathopoulos 2004). A strong 

motivation exists in order to extend the TL technique to calculate the 

nonlinear refractive index profile from knowledge of the mode electric field 

radial distribution. This is an inverse problem corresponding to the linear 

inverse problem already tackled in this thesis. If this is possible it would be 
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interesting to be able to examine the influence of the finite thickness and 
number of the cladding layers in the calculation of the nonlinear refractive 
index. The problem could be examined in both planar and cylindrical 

coordinates. Both Kerr and Saturable nonlinearities are considered and 
different strengths of nonlinearities in the core and cladding can be examined. 

c) Bragg fibres are optical fibres that consist of a core surrounded by layers of 

alternating high and low refractive index. The light is confined to the core by 

Bragg reflection off the alternating layers, which approximately form a Bragg 

grating and have a one dimensional band-gap. In practice, Bragg fibres have a 

finite number of layers and support only leaky modes. The band-gap of TMo 1 

mode has been evaluated by using the TL technique within this thesis. If the 

Bragg fibre supports a leaky mode with a sufficiently lower loss than all other 

leaky modes, it can be considered effectively single-moded. The same 

method developed for calculating the loss in conventional optical fibres can 

be applied to obtain the loss in Bragg fibres. The response of the modes of a 

Bragg fibre to changes in the core radius and the number of layers can be 

examined and explained in terms of simple models for the cavity condition 

and the guiding mechanism. The results allow for the role of the core radius 

and number of layers to be better incorporated into the design and 

optimization process, when designing such Bragg fibres for particular 

applications. Further optimization of these single polarization non-degenerate 

mode fibre designs, especially relating to minimizing confinement loss, will 

be investigated in the future. 
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Appendix A. Physical Properties of Optical Fibres 

V- value 

This optical fibre parameter is defined so as to include most of the physical fibre 

parameters. It is given by v=2n; - n2 , where a is the fibre core radius, and 

A is the operating optical wavelength. 

Multimode 

For step index fibres, (i. e. fibres with core and cladding refractive indices uniform, of 

values n, and n2 respectively), when the V-value of the fibre is greater than 2.405, 

then the optical fibre can support more than one mode, hence it is called multimode . 
Multimode in ray theory terms means that there are many angles of preferential 

propagation of the light inside the fibre. 

Single-mode 

If a waveguide can support only one mode, (a single ray parallel to the fibre axis, of 

nearly zero incidence angle) then it is called single-mode. This mode is the lowest 

order bound mode, which can propagate at the wavelength of interest. It is notable 

that the lowest order bound mode is ascertained for the wavelength of interest by 

solving Maxwell's equations for the boundary conditions imposed by the fibre, e. g. , 

core (spot) size and the refractive indices of the core and cladding. The solution of 

Maxwell's equations for the lowest order bound mode will permit a pair of 

orthogonally polarized fields in the fibre, and this is the usual case in a 

communication fibre. In step index guides, single-mode operation occurs when the 

normalized frequency V is less than 2.405. 

Classification of Optical Fibres 

Optical fibres are manufactured as single-mode, or multimode as mentioned above. 

Optical fibres have also a refractive index profile such as step index, and graded 

index. Step index single-mode and multimode waveguides have constant refractive 

index in the core and cladding. The basic structure of a step index optical fibre is 
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shown in Fig. A l. It consists of a cylindrical dielectric rod, surrounded by a tubular 
cladding. For a wavelength of operation 2, the core and cladding are transparent to 
the light. The core is of higher refractive index n, , than the cladding, of refractive 
index n2 . 

`ý 
ý ý-ý 
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nary 

n, 

n2 

r 

Figure Al The cross section of a step index optical fibre, the core n, , surrounded by the 

cladding of slightly lower refractive index n2 ,a the radius of the core. 

Graded index fibres do not have a constant refractive index in the core, but a 

decreasing core index n(r), with radial distance from a maximum value of n, at the 

axis, to a constant value n2 beyond the core radius `a' in the cladding. This 

refractive index variation may be represented as: 

n(Y )_ 
[n1x[1_Ax(rl 

ýr <CI 
A. 1 jn2 

r>ä 

where A= (n, - n2) / n, , n, is the refractive index at the axis of the optical fibre, 

a controls the decay or growth of the profile envelope, ä is normalised core radius. 

A variety of profiles can be generated by varying a, as shown in Fig. A2 below 
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-a Core axis a Radial distance (r) 

a =1 Triangular index profile 
a=2 Parabolic index profile 
a= oo Step index profile 

Figure A2 Possible fibre refractive index profiles for different values of a 
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Appendix B. Impedance Z for Different Modes 

Mode 
y2 Z,, Z(r = 0) Z(r = oo) I (r = 0) I (r = oo) l 

TE X32 -n2Kö 
jZ°2 

Kor 00 0 Z(r = 0) 1 0 

TM ß2 -n2K2 K, JZ°y 
K. rß2nZ 00 0 1 

Z(r = 0) 1 0 

ß2 +(1)2 -nK2+ 
2nKo/31 -jyZo Z 

2 2 1 HE/EH r (ßr') +1 
nrk 0 (ß2 + (1)2) jn, l 0 

= 0) Z(r 1 1 
r 

After normalization 
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TE ß 2- n2 
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Jrß n 
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ß (1) 
2nß1 Z -n2 z+ -Z0 

1 2 2 HE/EH r (ßr) +1 jnr(ßz +(1)Z) .n1 
0 Z(r =0) 

1 1 
F 

Where Zo =120, r ,1 
is the wave number. 
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Appendix C. Derivation of The Exact Impedance Equations 

To shorten the equations, the following definitions are made: 

A=ßz+ (1) 2, B= sinh( y6r ), C= cosh( , 5r), D= cosh(y 
2r 

E= tanh(y r 
r2 

The first derivatives of the exact impedance equations (3.28): 

a7 
c 8r 

ay 
8Z ,_ zo aß 2Q aß 

ýý 
aß nrk o AB YA2B 

AB 2 

a 
Zp_ zo a 

(nB >- y(49 B+ nC Sr a 
11 

a2 rkoA n' B' 
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= (C (5r 

ay E +B sr a' y-) z+ BE az p 
ap aQ DZ2 aQ a)6 
ZB a ýE = (c sr B 2Y äý >z + BE + 
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ý 
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(C. 1) 

(C. 2) 
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The second derivatives of the exact impedance equations (3.28): 
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